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dV = dxdydz . ✭✶✳✸✮
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dS

−→
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dV
. ✭✶✳✺✮
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Qtot =

∫∫∫

V

ρv(
−→r )dV . ✭✶✳✻✮
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✶✳ ❖♥ ❝♦♥%✐❞?"❡ ✉♥❡ ❞❡♥%✐&5 ✈♦❧✉♠✐*✉❡ ❞❡ ❝❤❛"❣❡ ❞♦♥♥5❡ ♣❛" ρv (x, y, z) = ρ0
a6
xy2z3 A ❧✬✐♥&5"✐❡✉"

❞✬✉♥ ❝✉❜❡ ❞❡ ❝N&5✱ a ✭❧❡ ❝✉❜❡ ♦❝❝✉♣❡ ❧❛ "5❣✐♦♥ a > x > 0✱ a > y > 0✱ ❡& a > z > 0 ❡& ρ0 ❡&

a %♦♥& ❞❡% ❝♦♥%&❛♥&❡%✮✳ ▲❛ ❝❤❛"❣❡ &♦&❛❧❡ ❝♦♥&❡♥✉❡ ❞❛♥% ❧❡ ❝✉❜❡ ❡%& ♦❜&❡♥✉❡ ❡♥ ✐♥&5❣"❛♥& %✉" ❧❡

✈♦❧✉♠❡ ✿

Qcube =

∫∫∫

cube

ρ (x, y, z) dV =

∫ a

0

dx

∫ a

0

dy

∫ a

0

dz
ρ0
a6

xy2z3

=
ρ0
a6

×

∫ a

0

xdx

∫ a

0

y2dy
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z3dz

=
ρ0
a6

×
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2
×

a3

3
×

a4

4
=

ρ0
24

a3 .
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✷✳ ❖♥ ❝♦♥&✐❞)*❡ ✉♥ *❡❝-❛♥❣❧❡ ❞1✜♥✐ ❞❛♥& ✉♥ ♣❧❛♥ z = cte ❛✈❡❝ ✉♥❡ ❧❛*❣✉❡✉* a &❡❧♦♥ ❧✬❛①❡ Ox ❡-

✉♥❡ ❧♦♥❣✉❡✉* b &❡❧♦♥ ❧✬❛①❡ Oy✳ ❙❛ ❞❡♥&✐-1 &✉*❢❛❝✐9✉❡ ❡&- ❞♦♥♥1❡ ♣❛* σ (x, y) = σ0

ab3
xy3✳ ❚*♦✉✈❡*

❧❛ ❝❤❛*❣❡ -♦-❛❧❡ ❞❡ ❝❡ *❡❝-❛♥❣❧❡✳ ■❝✐✱ ❧❡ ❢❛✐- 9✉❡ z ❡&- ❝♦♥&-❛♥- ♥♦✉& ❞✐❝-❡ 9✉❡ dz = 0 ❡- ❧✬19✳✭✶✳✹✮

♥♦✉& ❞♦♥♥❡ ♣❛* ❝♦♥&19✉❡♥❝❡ 9✉❡

−→
dS ≡ n̂dS = ẑdxdy ❝♦♠♠❡ ✐❧ &❡ ❞♦✐-✳ ❖♥ ♥❡ &✬✐♥-1*❡&&❡ ✐❝✐ 9✉✬C

❧✬❛♠♣❧✐-✉❞❡ dS = dxdy ❞❡ ❧❛ ❞✐✛1*❡♥-✐❡❧❧❡ ❞❡ &✉*❢❛❝❡✳ ❖♥ ♦❜-✐❡♥- ❧❛ ❝❤❛*❣❡ -♦-❛❧❡ ❞✉ *❡❝-❛♥❣❧❡

❡♥ ✐♥-1❣*❛♥- σ &✉* &❛ &✉*❢❛❝❡ ✿

Qrect =

∫∫

rect

σ (x, y) dS =
σ0
ab3

∫ a

0

xdx

∫ b

0

y3dy

=
σ0
ab3

a2

2

b4

4
=

abσ0
8

.

●!❛❞✐❡♥' ❡♥ ❝♦♦!❞♦♥♥*❡+ ❝❛!'*+✐❡♥♥❡+

▲❛ ❞✐✛1*❡♥-✐❡❧❧❡ ❡♥ ❝♦♦*❞♦♥♥1❡& ❝❛*-1&✐❡♥♥❡& ❞✬✉♥ ❝❤❛♠♣ &❝❛❧❛✐*❡ Φ &✬❡①♣*✐♠❡ ✿

dΦ =
∂Φ

∂x
dx+

∂Φ

∂y
dy +

∂Φ

∂z
dz . ✭✶✳✼✮

▲❡ ❣*❛❞✐❡♥- ❡♥ ❝♦♦*❞♦♥♥1❡& ❝❛*-1&✐❡♥♥❡& ❡&- ❞1✜♥✐ -❡❧❧❡ 9✉❡ ✿

dΦ =
−−−→
gradΦ · d

−−−→
OM . ✭✶✳✽✮

❊♥ ✐♥&1*❛♥- ❧❡& ❡①♣*❡&&✐♦♥& ❞❡ ❧✬19✳✭✶✳✷✮ ❡- ✭✶✳✼✮ ❞❛♥& ✭✶✳✽✮ ♦♥ ❡♥ ❞1❞✉✐- 9✉✬❡♥ ❝♦♦*❞♦♥♥1❡& ❝❛*-1&✐❡♥♥❡&

9✉❡ ❧✬♦♣1*❛-❡✉* ❣*❛❞✐❡♥- &✬❡①♣*✐♠❡ ✿

−−−→
grad = x̂

∂

∂x
+ ŷ

∂

∂y
+ ẑ

∂

∂z
. ✭✶✳✾✮

✶✳✶✳✷ ❘❡♣&'❡ ❝②❧✐♥❞'✐.✉❡

❘❡♣*!❛❣❡ ❞✬✉♥ ♣♦✐♥' ❡♥ ❝♦♦!❞♦♥♥*❡+ ❝②❧✐♥❞!✐3✉❡+

❊♥ ❝♦♦*❞♦♥♥1❡& ❝②❧✐♥❞*✐9✉❡&✱ ✉♥ ♣♦✐♥- M ❞❡ ❧✬❡&♣❛❝❡ ❡&- *❡♣1*1 ❝♦♠♠❡ ✉♥ ♣♦✐♥- ❞❡ ❝②❧✐♥❞*❡ ✭❞*♦✐-✱

C ❜❛&❡ ❝✐*❝✉❧❛✐*❡✮ ❞♦♥- ❧✬❛①❡ Oz ❡&- ❣1♥1*❛❧❡♠❡♥- ❝♦♥❢♦♥❞✉ ❛✈❡❝ ❧✬❛①❡ Oz ❞✉ *❡♣)*❡ ❝❛*-1&✐❡♥✳

▲❡ ♣♦✐♥- M ✭♦✉

−→r ✮ ❡&- *❡♣1*1 ♣❛*

✖ ❧❡ *❛②♦♥ ρ ❞✉ ❝②❧✐♥❞*❡ &✉* ❧❡9✉❡❧ ✐❧ &✬❛♣♣✉✐❡

✖ z &❛ ❞✐&-❛♥❝❡ ♣❛* *❛♣♣♦*- ❛✉ ♣❧❛♥ ❞❡ *1❢1*❡♥❝❡ xOy

✖ φ ❧✬❛♥❣❧❡ (Ox,OM ′) ♦N M ′
❡&- ❧❛ ♣*♦❥❡❝-✐♦♥ ❞❡ M &✉* ❧❡ ♣❧❛♥ xOy✳

▲❛ ♥♦-❛-✐♦♥

−→r (ρ, φ, z) ✈✐❡♥- &❡ &✉❜&-✐-✉❡* C

−→r (x, y, z) ❞✉ *❡♣)*❡ ❝❛*-1&✐❡♥✳ ❱♦✉& ♣♦✉✈❡③ ❢❛❝✐❧❡♠❡♥-

✈1*✐✜❡* 9✉❡✱ ♣♦✉* ✉♥ ♣♦✐♥- ❞♦♥♥1✱ ❧❡& ❝♦♠♣♦&❛♥-❡& ❝❛*-1&✐❡♥♥❡& ❡- ❝②❧✐♥❞*✐9✉❡& &♦♥- ❧✐1❡& ♣❛* ✿

x = ρ cosφ y = ρ sinφ z = z . ✭✶✳✶✵✮

❘❡♣*!❛❣❡ ❞✬✉♥ ✈❡❝'❡✉! ❡♥ ❝♦♦!❞♦♥♥*❡+ ❝②❧✐♥❞!✐3✉❡+

◆♦✉& ♥♦✉& ♣♦&♦♥& ❧❛ 9✉❡&-✐♦♥ ❞❡ *❡♣1*❡* ✉♥ ✈❡❝-❡✉* ❞♦♥- ❧❡ ♣♦✐♥- ❞✬❛♣♣❧✐❝❛-✐♦♥ ❡&- &✐-✉1 ❛✉ ♣♦✐♥-

M(ρ, φ, z)✱ ♦✉ −→r (ρ, φ, z)✳ T♦✉* ❝❡❧❛ ♥♦✉& ❛--❛❝❤♦♥& C M ✉♥ *❡♣)*❡ ♦*-❤♦♥♦*♠1 ❧♦❝❛❧

(
ρ̂, φ̂✱ẑ

)
✳ ◆♦✉&

❧✬❛♣♣❡❧♦♥& ❧♦❝❛❧ ♣❛*❝❡ 9✉✬✐❧ ♥✬❡&- ♣❛& ❧❡ ♠U♠❡ ♣♦✉* -♦✉& ❧❡& ♣♦✐♥-& M ❞❡ ❧✬❡&♣❛❝❡✳ ❈❡ *❡♣)*❡ ❧♦❝❛❧ ❡&-

❢❛✐- ❞❡ ✸ ✈❡❝-❡✉*& ✉♥✐-❛✐*❡& ❞❡ ❜❛&❡ ♦*-❤♦❣♦♥❛✉①

(
ρ̂, φ̂✱ẑ

)
✿

✖ ρ̂ ✭ ♦✉

−→u ρ ✮ ❡&- ✉♥ ✈❡❝-❡✉* ♣❛*❛❧❧)❧❡ C

−−−→
OM ′

✳

✖ φ̂ ✭♦✉

−→u φ✮ ❡&- ❞❛♥& ❧❡ ❞❡ ❝*♦✐&&❛♥❝❡ ❞❡ φ✱ ❝✳✲C✲❞✳ ✉♥ ✈❡❝-❡✉* ❝♦♥-❡♥✉ ❞❛♥& ❧❡ ♣❧❛♥ xOy ❡-

♣❡*♣❡♥❞✐❝✉❧❛✐*❡ ❛✉ ✈❡❝-❡✉* ρ̂✳

✽
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M ’

f

O

z

x

y

r

r

M

r

z

f

r

f

❋✐❣✉$❡ ✶✳✷ ✕ ❝♦♦%❞♦♥♥+❡- ❝②❧✐♥❞%✐0✉❡-✳

✖ ẑ ✭♦✉

−→u z ✮ ❡*+ ♣❛.❛❧❧0❧❡ 1 ❧✬❛①❡ Oz✳

❊♥ ❝♦♦.❞♦♥♥8❡* ❝②❧✐♥❞.✐;✉❡*✱ ✉♥ ✈❡❝+❡✉.

−→
E (M) ✭♦✉ *✐♠♣❧❡♠❡♥+

−→
E (−→r )✮ ❛++❛❝❤8 ❛✉ ♣♦✐♥+ M(ρ, φ, z)

❡*+ .❡♣8.8 ♣❛. +.♦✐* ❝♦♠♣♦*❛♥+❡* (Eρ, Eφ, Ez) ❞❛♥* ✉♥ .❡♣0.❡ ♦.+❤♦♥♦.♠8 ❧♦❝❛❧

(
ρ̂, φ̂, ẑ

)
✿ ❉❛♥* ❝❡

.❡♣0.❡✱ ❧❡ ✈❡❝+❡✉. ❝❤❛♠♣ 8❧❡❝+.✐;✉❡ ❛ ✸ ❝♦♠♣♦*❛♥+❡* ❡+ *✬8❝.✐+

−→
E (M) = Eρρ̂+ Eφφ̂+ Ezẑ ♦✉

−→
E (M) =




Eρ

Eφ

Ez


 .

❆✉ ♣♦✐♥+ M ✱ ❧❛ .❡❧❛+✐♦♥ ❡♥+.❡ ❧❡* ✈❡❝+❡✉.* ✉♥✐+❛✐.❡*

(
ρ̂, φ̂✱ẑ

)
❡+ ❧❡* ✈❡❝+❡✉.* ✉♥✐+❛✐.❡* ❝❛.+8*✐❡♥♥❡*

(x̂, ŷ, ẑ) *✬8❝.✐✈❡♥+ ✿

ρ̂ ≡

∂
−−→
OM

∂ρ∣∣∣∂
−−→
OM

∂ρ

∣∣∣
= cosφ x̂+ sinφ ŷ

φ̂ ≡

∂
−−→
OM

∂φ∣∣∣∂
−−→
OM

∂φ

∣∣∣
= − sinφ x̂+ cosφ ŷ

ẑ ≡

∂
−−→
OM

∂z∣∣∣∂
−−→
OM

∂z

∣∣∣
= ẑ , ✭✶✳✶✶✮

♦D ♥♦✉* ❛✈♦♥* ✉+✐❧✐*8 ❧❛ .❡❧❛+✐♦♥

−−−→
OM = ρ cosφx̂+ ρ sinφŷ + zẑ , ✭✶✳✶✷✮

;✉❡ ❧✬♦♥ ❛ ♦❜+❡♥✉❡ ❡♥ ✐♥*❡..❛♥+ ❧❡* .❡❧❛+✐♦♥* ❞❡ ❧✬8;✳✭✶✳✶✵✮ ❞❛♥* ❧✬❡;✳✭✶✳✶✮✳

❖♥ ♣❡✉+ ✈♦✐. ❧❡* .❡❧❛+✐♦♥* ❞❡ ❧✬8;✳✭✶✳✶✶✮ ❝♦♠♠❡ ✉♥❡ .❡❧❛+✐♦♥ ♠❛+.✐❝✐❡❧❧❡ ✭+❡♥*♦.✐❡❧❧❡✮ ✿




ρ̂

φ̂

ẑ


 =




cosφ sinφ 0

− sinφ cosφ 0

0 0 1







x̂

ŷ

ẑ


 = T




x̂

ŷ

ẑ


 .

✾
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▲❡" #❡❧❛&✐♦♥ ✐♥✈❡#"❡" "♦♥& ♦❜&❡♥✉❡" ❡♥ ♣#❡♥❛♥& ❧✬✐♥✈❡#"❡ ❞❡ ❧❛ ♠❛&#✐❝❡ T ✳ 3✉✐"4✉❡ ❧❡" ❞❡✉① ❜❛"❡" "♦♥&

♦#&❤♦♥♦#♠7❡"✱ ♦♥ ❛ T−1 = T t
♦9 T t

❡"& ❧❛ &#❛♥"♣♦"❡ ❞❡ ❧❛ ♠❛&#✐❝❡ T ✳ ❖♥ ♦❜&✐❡♥& ❞❡ ❝❡&&❡ ♠❛♥✐;#❡ ❧❡"

✈❡❝&❡✉#" ✉♥✐&❛✐#❡" (x̂, ŷ✱ẑ) ❡♥ ❢♦♥❝&✐♦♥ ❞❡"
(
ρ̂, φ̂✱ẑ

)
✿




x̂

ŷ

ẑ


 = T t




ρ̂

φ̂

ẑ


 =




cosφ − sinφ 0

sinφ cosφ 0

0 0 1







ρ̂

φ̂

ẑ


 ,

❝✬❡"&✲?✲❞✐#❡ ✿

x̂ = cosφ ρ̂− sinφ φ̂

ŷ = sinφ ρ̂+ cosφ φ̂

ẑ = ẑ . ✭✶✳✶✸✮

❖♥ ♣❡✉& 7❣❛❧❡♠❡♥& ✈7#✐✜❡# ❝❡" #❡❧❛&✐♦♥" ❛✈❡❝ ❞❡ ❧❛ ❣7♦♠7&#✐❡✳

❉!♣❧❛❝❡♠❡♥) ✭❞✐✛!.❡♥)✐❡❧❧❡✮ ❡♥ ❝♦♦.❞♦♥♥!❡1 ❝②❧✐♥❞.✐3✉❡1

❊♥ ❝♦♦#❞♦♥♥7❡" ❝②❧✐♥❞#✐4✉❡" ❧❡ ✈❡❝&❡✉# ♣♦"✐&✐♦♥ "✬❡①♣#✐♠❡

−−−→
OM = ρρ̂+ zẑ ,

❡& ❧❛ ❞✐✛7#❡♥&✐❡❧❧❡ ❞❡ ❞7♣❧❛❝❡♠❡♥& ❡"& ❞♦♥❝ ✿

d
−−−→
OM =

∂
−−−→
OM

∂ρ
dρ+

∂
−−−→
OM

∂φ
dφ+

∂
−−−→
OM

∂z
dz .

❙✐ ❧✬♦♥ ✈❡✉& ❡①♣#✐♠❡# d
−−−→
OM ❡♥ ❝♦♦#❞♦♥♥7❡" ❝②❧✐♥❞#✐4✉❡"✱ ✐❧ ❢❛✉& &❡♥✐# ❝♦♠♣&❡ ❞✉ ❢❛✐& 4✉❡ ❧❡ ✈❡❝&❡✉#

✉♥✐&❛✐#❡ ❧♦❝❛❧ ρ̂ ❞7♣❡♥❞ ❞❡ ❧❛ ❝♦♦#❞♦♥♥7❡ φ ✭✈♦✐# ❡4✳✭✶✳✶✶✮✮ ✿

∂
−−−→
OM

∂ρ
= ρ̂+ ρ

∂ρ̂

∂ρ
= ρ̂

(
puisque

∂ρ̂

∂ρ
= 0

)

∂
−−−→
OM

∂φ
= ρ

∂ρ̂

∂φ
= ρ

∂

∂φ
(cosφx̂+ sinφŷ) = ρ (− sinφx̂+ cosφŷ) = ρφ̂ .

❯♥ ❞7♣❧❛❝❡♠❡♥& ❡♥ ❝♦♦#❞♦♥♥7❡" ❝②❧✐♥❞#✐4✉❡" "✬❡①♣#✐♠❡ ❞♦♥❝

d
−−−→
OM = ρ̂dρ+ φ̂ρdφ+ ẑdz . ✭✶✳✶✹✮

❈❡&&❡ ❢♦#♠✉❧❡ ❡"& &#;" ✉&✐❧❡ ❛✜♥ ❞✬❡♥ ❞7❞✉✐#❡ ❞❡" ✈♦❧✉♠❡" ❡& ❞❡" "✉#❢❛❝❡" 7❧7♠❡♥&❛✐#❡"✳ 3❛# ❡①❡♠♣❧❡✱

✉♥ 7❧7♠❡♥& ❞❡ ✈♦❧✉♠❡ 7❧7♠❡♥&❛✐#❡ ❡♥ ❝♦♦#❞♦♥♥7❡" ❝②❧✐♥❞#✐4✉❡" ✭♣❧✉" ♣#7❝✐"❡♠❡♥& ❧❛ ❞✐✛7#❡♥&✐❡❧❧❡ ❞✉

✈♦❧✉♠❡✮ "✬❡①♣#✐♠❡ ✿

dV = (dρ) (ρdφ) (dz) = ρdρdφdz . ✭✶✳✶✺✮

❖♥ ♣❡✉& 7❣❛❧❡♠❡♥& "❡#✈✐# ❞❡ ❧✬74✳✭✶✳✶✹✮ ❛✜♥ ❞✬❡①♣#✐♠❡# ❧❛ ❞✐✛7#❡♥&✐❡❧❧❡ ❞❡ "✉#❢❛❝❡ ♦#✐❡♥&7❡ ✿

−→
dS = ρ̂ρdφdz + φ̂dρdz + ẑdρρdφ . ✭✶✳✶✻✮

✶✵
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❊①❡♠♣❧❡& ✿

✶✳ ❖♥ ♣❡✉' ✉'✐❧✐*❡+ ❧✬-.✳✭✶✳✶✺✮ ❛✜♥ ❞❡ ❞-+✐✈❡+ ❧❛ ❢♦+♠✉❧❡ ♣♦✉+ ✉♥ ❝②❧✐♥❞+❡ ❞❡ +❛②♦♥ R ❡' ❞❡ ❝♦'❡ L ✿

❱♦❧✉♠❡

❝②❧✐♥❞&❡ R,L
=

∫∫∫

cylindre

dV =

∫ R

0

dρ

∫ 2π

0

ρdφ

∫ L

0

dz = L

∫ R

0

ρdρ

∫ 2π

0

dφ

= 2πL

∫ R

0

ρdρ = πR2L .

✷✳ ❖♥ ♣❡✉' ✉'✐❧✐*❡+ ❧✬-.✳✭✶✳✶✻✮ ❛✜♥ ❞❡ ❝❛❧❝✉❧❡+ ❧❛ ❝❤❛+❣❡ '♦'❛❧❡ ❞✬✉♥ ❞✐*.✉❡ ❞❡ +❛②♦♥ a ❡' ❞❡ ❝❤❛+❣❡

*✉+❢❛❝✐.✉❡ σ (ρ) = σ0
ρ2

a2
✳ A✉✐*.✉✬✐❧ *✬❛❣✐' ❞✬✉♥ ❞✐*.✉❡✱ ♦♥ ❛ dz = 0✱ ❡'

−→
dS = dSn̂ = ẑρdρdφ

❛✈❡❝ n̂ = ẑ ❝♦♠♠❡ ❧❡ ✈❡❝'❡✉+ ❞✐+❡❝'❡✉+ ❞❡ ❧❛ *✉+❢❛❝❡✳ A♦✉+ ❝❡''❡ ✉'✐❧✐*❛'✐♦♥✱ ♦♥ ♥✬❛ ❜❡*♦✐♥

.✉❡ ❞❡ ❧✬❛♠♣❧✐'✉❞❡✱ dS = dρρdφ✱ ❞❡ ❧❛ ❞✐✛-+❡♥'✐❡❧❧❡ ❞❡ *✉+❢❛❝❡✳ ❖♥ ❝❛❧❝✉❧ ❧❛ ❝❤❛+❣❡ '♦'❛❧❡ ❛✈❡❝

❧✬✐♥'-❣+❛❧❡ *✉✐✈❛♥'❡ ✿

Qdisque =

∫∫

disque

σ (ρ) dS =

∫ a

0

ρdρ

∫ 2π

0

dφσ0
ρ2

a2

=
2πσ0
a2

∫ a

0

ρ3dρ =
2πσ0
a2

ρ4

4

∣∣∣∣
a

0

=
πσ0a

2

2
.

●)❛❞✐❡♥. ❡♥ ❝♦♦)❞♦♥♥1❡& ❝②❧✐♥❞)✐3✉❡&

▲❛ ❞✐✛-+❡♥'✐❡❧❧❡ ❡♥ ❝♦♦+❞♦♥♥-❡* ❝②❧✐♥❞+✐.✉❡* ❞✬✉♥ ❝❤❛♠♣ *❝❛❧❛✐+❡ Φ *✬❡①♣+✐♠❡ ✿

dΦ =
∂Φ

∂ρ
dρ+

∂Φ

∂φ
dφ+

∂Φ

∂z
dz . ✭✶✳✶✼✮

▲❡ ❣+❛❞✐❡♥' ❡♥ ❝♦♦+❞♦♥♥-❡* ❝②❧✐♥❞+✐.✉❡* ❡*' ❞-✜♥✐ '❡❧❧❡ .✉❡ ✿

dΦ =
−−−→
gradΦ · d

−−−→
OM . ✭✶✳✶✽✮

❯♥❡ ❝♦♠♣❛+❛✐*♦♥ ❡♥'+❡ ✭✶✳✶✹✮✱ ✭✶✳✶✼✮ ❡' ✭✶✳✶✽✮ ♠♦♥'+❡ .✉❡ ❧✬❡①♣+❡**✐♦♥ ❞✉ ❣+❛❞✐❡♥' ❡♥ ❝♦♦+❞♦♥♥-❡*

❝②❧✐♥❞+✐.✉❡* *✬-❝+✐' ✿

−−−→
gradΦ =

∂Φ

∂ρ
ρ̂+

1

ρ

∂Φ

∂φ
φ̂+

∂Φ

∂z
ẑ ✭✶✳✶✾✮

❊①❡♠♣❧❡ ✿ ▲♦+*.✉❡ ❧❡ ♣♦'❡♥'✐❡❧ -❧❡❝'+✐.✉❡ V (M) ❡*' ❡①♣+✐♠- ❡♥ ❝♦♦+❞♦♥♥-❡* ❝②❧✐♥❞+✐.✉❡* (ρ, φ, z)✱

❧❡* ❝♦♠♣♦*❛♥'❡* ❞✉ ❝❤❛♠♣ -❧❡❝'+✐.✉❡ ❞❛♥* ❧❡ +❡♣L+❡ ❝②❧✐♥❞+✐.✉❡ ❛''❛❝❤- ❛✉ ♣♦✐♥' M *♦♥' ❞♦♥♥-❡* ♣❛+ ✿

−→
E (ρ, φ, z) = −

−−−→
gradV (ρ, φ, z)

−→
E = Eρρ̂+ Eφφ̂+ Ezẑ

Eρ = −
∂V
∂ρ

Eφ = −
1
ρ
∂V
∂φ

Ez = −
∂V
∂z

.

▲❡ ♣♦'❡♥'✐❡❧ ❝+-- ♣❛+ ✉♥❡ ❞✐*'+✐❜✉'✐♦♥ ❧✐♥-✐.✉❡ ❞❡ ❝❤❛+❣❡ ❛✈❡❝ ✉♥❡ ❞❡♥*✐'- ♣❛+ ✉♥✐'- ❞❡ ❧♦♥❣✉❡✉+ λ

❡*' ❞♦♥♥- ♣❛+ V (ρ) = −
λ

2πǫ0
ln (ρ) + Cte✳ ❖♥ ♦❜'✐❡♥' ✐♠♠-❞✐❛'❡♠❡♥' ❧❡ ❝❤❛♠♣ -❧❡❝'+✐.✉❡ ♣❛+

−→
E (ρ) = −

−−−→
gradV (ρ) =

λ

2πǫ0ρ
ρ̂ .

✶✶



❊❧❡❝$%♦♠❛❣♥+$✐-♠❡ ❈❍❆#■❚❘❊ ✶✳ ❙❨❙❚➮▼❊❙ ❉❊ ❈❖❖❘❉❖◆◆➱❊❙ ❊❚ ❱❊❈❚❊❯❘❙

✶✳✶✳✸ ❈♦♦%❞♦♥♥(❡* *♣❤(%✐.✉❡*

❘❡♣#$❛❣❡ ❞✬✉♥ ♣♦✐♥- ❡♥ ❝♦♦$❞♦♥♥#❡/ /♣❤#$✐1✉❡/

❊♥ ❝♦♦$❞♦♥♥&❡( (♣❤&$✐,✉❡(✱ ✉♥ ♣♦✐♥/ M(r, θ, φ) ❡(/ ❝♦♥(✐❞&$& ❝♦♠♠❡ ✉♥ ♣♦✐♥/ ❞✬✉♥❡ (♣❤2$❡ ❝❡♥/$&❡

(✉$ O✳ ▲❡ ♣♦✐♥/ M ❡(/ $❡♣&$&

✖ ♣❛$ ❧❡ $❛②♦♥ r ❞❡ ❧❛ (♣❤2$❡ 9 ❧❛,✉❡❧❧❡ ✐❧ ❛♣♣❛$/✐❡♥/

✖ ▲✬❛♥❣❧❡ θ ❡♥/$❡ ❧❛ ❞✐$❡❝/✐♦♥
−→
Oz ❡/ ❧❛ ❞✐$❡❝/✐♦♥

−−−→
OM ✳ θ = (

−→
Oz,

−−−→
OM)

✖ ❧✬❛♥❣❧❡ φ ❡♥/$❡ ❧❛ ❞✐$❡❝/✐♦♥
−→
Ox ❡/ ❧❛ ❞✐$❡❝/✐♦♥

−−−→
OM ′

♦; M ′
❡(/ ❧❛ ♣$♦❥❡❝/✐♦♥ ❞❡ M ❞❛♥( ❧❡ ♣❧❛♥

xOy. ✿ φ = (
−→
Ox,

−−−→
OM ′)

❯♥ ♣♦✐♥/ M(r, θ, φ) &/❛♥/ ❞♦♥♥&✱ ♦♥ /$♦✉✈❡ ,✉❡ (❡( ❝♦♦$❞♦♥♥&❡( ❝❛$/&(✐❡♥♥❡( (✬&❝$✐✈❡♥/ ❡♥ ❢♦♥❝/✐♦♥

❞❡( ❝♦♦$❞♦♥♥&❡( (♣❤&$✐,✉❡( ❀ ❛✐♥(✐ ✿

x = r sin θ cosφ y = r sin θ sinφ z = r cos θ ✭✶✳✷✵✮

M ’

f

O

z

x

y

r
M

q

r

f

M ’’

q

❋✐❣✉$❡ ✶✳✸ ✕ ❈♦♦%❞♦♥♥+❡- -♣❤+%✐2✉❡-

✳

❊♥ ❣$♦❣&❛♣❤✐❡✱ ♦- ♦♥ ❡./ ❛♠❡♥$ 1 &❡♣$&❡& ✉♥ ♣♦✐♥/ .✉& ❧❛ .♣❤4&❡ /❡&&❡./&❡✱ ❧✬❛♥❣❧❡ θ ✐♥❞✐7✉❡&❛✐/ ❧❛

❧❛/✐/✉❞❡ ♣❛& &❛♣♣♦&/ ❛✉ ♣8❧❡ ♥♦&❞ ❡/ ❧✬❛♥❣❧❡ φ✱ ❧❛ ❧♦♥❣✐/✉❞❡ ❡./ ♣❛& &❛♣♣♦&/ ❛✉ ♠$&✐❞✐❡♥ ❞❡ &$❢$&❡♥❝❡✳

❘❡♣#$❛❣❡ ❞✬✉♥ ✈❡❝-❡✉$ ❡♥ ❝♦♦$❞♦♥♥#❡/ /♣❤#$✐2✉❡/

❊♥ ❝♦♦&❞♦♥♥$❡. .♣❤$&✐7✉❡.✱ ✉♥ ✈❡❝/❡✉&

−→
E (M) ✭♦✉ .✐♠♣❧❡♠❡♥/

−→
E (−→r )✮ ❛//❛❝❤$ ❛✉ ♣♦✐♥/ M(r, θ, φ)

❡./ &❡♣$&$ ♣❛& /&♦✐. ❝♦♠♣♦.❛♥/❡. (Er, Eθ, Eφ) ❞❛♥. ✉♥ &❡♣4&❡ ♦&/❤♦♥♦&♠$ ❧♦❝❛❧

(
r̂, θ̂, φ̂

)
✿

−→
E (M) = Err̂ + Eθθ̂ + Eφφ̂ ,

❛✈❡❝

✖ r̂ ✭♦✉

−→u r ✮ ❡./ ✉♥ ✈❡❝/❡✉& ♣❛&❛❧❧4❧❡ 1

−−−→
OM ✳

✖ θ̂ ✭♦✉

−→u θ ✮ ❡./ ♣❛&❛❧❧4❧❡ ❛✉ ✈❡❝/❡✉& /❛♥❣❡♥/ ❡♥ M ❛✉ ❝❡&❝❧❡ ❞❡ &❛②♦♥ r ❞$❝&✐/ ❞❛♥. ❧❡ ♣❧❛♥ 7✉✐

❝♦♥/✐❡♥/ 1 ❧❛ ❢♦✐. ❧❡. ❞✐&❡❝/✐♦♥.

−→
Oz✱

−−−→
OM ❡/

−−−→
OM ′

✳

✖ φ̂ ✭♦✉

−→u φ ✮ ❡./ /❛♥❣❡♥/ ❡♥ M ❛✉ ❝❡&❝❧❡ ❞❡ ❝❡♥/&❡ M ′′
❡/ ❞❡ &❛②♦♥ M ′′M = OM ′

✱ ❝♦♥/❡♥✉ ❞❛♥.

❧❡ ♣❧❛♥ ♣❡&♣❡♥❞✐❝✉❧❛✐&❡ 1

−→
Oz✳

✶✷
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❆✉ ♣♦✐♥& M ✱ ❧❛ *❡❧❛&✐♦♥ ❡♥&*❡ ❧❡, ✈❡❝&❡✉*, ✉♥✐&❛✐*❡,

(
r̂, θ̂✱φ̂

)
❡& ❧❡, ✈❡❝&❡✉*, ✉♥✐&❛✐*❡, ❝❛*&/,✐❡♥♥❡,

(x̂, ŷ, ẑ) ,✬/❝*✐✈❡♥& ✿

r̂ ≡

∂
−−→
OM

∂r∣∣∣∂
−−→
OM

∂r

∣∣∣
= sin θ cosφ x̂+ sin θ sinφ ŷ + cos θ ẑ

θ̂ ≡

∂
−−→
OM

∂θ∣∣∣∂
−−→
OM

∂θ

∣∣∣
= cos θ cosφ x̂+ cos θ sinφ ŷ − sin θ ẑ

φ̂ ≡

∂
−−→
OM

∂φ∣∣∣∂
−−→
OM

∂φ

∣∣∣
= − sinφ x̂+ cosφ ŷ , ✭✶✳✷✶✮

♦7 ♥♦✉, ❛✈♦♥, ✉&✐❧✐,/ ❧❛ *❡❧❛&✐♦♥✱

−−−→
OM = r sin θ cosφx̂+ r sin θ sinφŷ + r cos θẑ , ✭✶✳✷✷✮

8✉❡ ❧✬♦♥ ❛ ♦❜&❡♥✉❡ ❡♥ ✐♥,/*❛♥& ❧❡, *❡❧❛&✐♦♥, ❞❡ ❧✬/8✳✭✶✳✷✵✮ ❞❛♥, ❧✬❡8✳✭✶✳✶✮✳

❖♥ ♣❡✉& ✈♦✐* ❧❡, *❡❧❛&✐♦♥, ❞❡ ❧✬/8✳✭✶✳✷✶✮ ❝♦♠♠❡ ✉♥❡ *❡❧❛&✐♦♥ ♠❛&*✐❝✐❡❧❧❡ ✭&❡♥,♦*✐❡❧❧❡✮




r̂

θ̂

φ̂


 =




sin θ cosφ sin θ sinφ cos θ

cos θ cosφ cos θ sinφ − sin θ

− sinφ cosφ 0







x̂

ŷ

ẑ


 = T




x̂

ŷ

ẑ


 , ✭✶✳✷✸✮

❛✐♥,✐ 8✉❡ ❧❡, *❡❧❛&✐♦♥ ✐♥✈❡*,❡,✱




x̂

ŷ

ẑ


 = T−1




r̂

θ̂

φ̂


 = T t




r̂

θ̂

φ̂




=




sin θ cosφ cos θ cosφ − sinφ

sin θ sinφ cos θ sinφ cosφ

cos θ − sin θ 0







r̂

θ̂

φ̂


 , ✭✶✳✷✹✮

♦7 ♥♦✉, ❛✈♦♥, ❡♥❝♦*❡ ✉&✐❧✐,/ ❧❡ ❢❛✐& 8✉❡ ❧❡, ❞❡✉① ❜❛,❡, ,♦♥& ♦*&❤♦♥♦♠/, ✐♠♣❧✐8✉❡ 8✉❡ T−1 = T t
✳

❊①❡♠♣❧❡ ❞❡ ❝♦♦)❞♦♥♥+❡, ,♣❤+)✐/✉❡, ✿ ❈♦♥,✐❞/*♦♥, ❧❡ ♣♦&❡♥&✐❡❧ ❡& ❧❡ ❝❤❛♠♣ /❧❡❝&*✐8✉❡, ❝*//,

♣❛* ✉♥❡ ❝❤❛*❣❡ ♣♦♥❝&✉❡❧❧❡ q ♣❧❛❝/❡ E ❧✬♦*✐❣✐♥❡ O✳ ❊♥ ❝♦♦*❞♦♥♥/❡, ,♣❤/*✐8✉❡,✱ ❝❡✉①✲❝✐ ,✬❡①♣*✐♠❡♥&

❡♥&✐H*❡♠❡♥& ❡♥ ❢♦♥❝&✐♦♥ ❞✉ ✈❡❝&❡✉* *❛❞✐❛❧

−→r ❡& ❧❛ ❝♦♦*❞♦♥♥/❡ *❛❞✐❛❧❡ r =
∣∣−→r

∣∣
✿

V (r) =
q

4πǫ0

1

r

−→
E (−→r ) =

q

4πǫ0

r̂

r2
=

q

4πǫ0

−→r

r3
(❛✈❡❝−→r = rr̂) ,

❝❡ 8✉✐ ❡,& ♣❧✉, ,✐♠♣❧❡ ❡& ✏♥❛&✉*❡❧✑ 8✉❡ ❧❡, ❡①♣*❡,,✐♦♥, ❡♥ ❝♦♦*❞♦♥♥/❡, ❝❛*&/,✐❡♥♥❡, ✿

V (x, y, z) =
q

4πǫ0

1√
x2 + y2 + z2

−→
E (x, y, z) =

q

4πǫ0

xx̂+ yŷ + zẑ

(x2 + y2 + z2)3/2
.

2♦,✐3✐♦♥ ❡3 ❞+♣❧❛❝❡♠❡♥3 ✭❞✐✛+)❡♥3✐❡❧❧❡✮ ❡♥ ❝♦♦)❞♦♥♥+❡, ,♣❤+)✐/✉❡,

❊♥ ❝♦♦*❞♦♥♥/❡, ,♣❤/*✐8✉❡,✱ ❧❡ ✈❡❝&❡✉* ♣♦,✐&✐♦♥ ,✬/❝*✐& ,✐♠♣❧❡♠❡♥&

−−−→
OM = rr̂ .

✶✸
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▲❛ ❞✐✛%&❡♥)✐❡❧❧❡✱ d
−−−→
OM ✱ ❡♥ ❝♦♦&❞♦♥♥%❡. .♣❤%&✐1✉❡. .✬%①♣&✐♠❡ ✿

d
−−−→
OM =

∂
−−−→
OM

∂r
dr +

∂
−−−→
OM

∂θ
dθ +

∂
−−−→
OM

∂φ
dφ .

❆✜♥ ❞✬❡①♣&✐♠❡& d
−−−→
OM ❡♥ ❝♦♦&❞♦♥♥%❡. .♣❤%&✐1✉❡.✱ ✐❧ ❢❛✉) )❡♥✐& ❝♦♠♣)❡ ❞✉ ❢❛✐) 1✉❡ ❧❡ ✈❡❝)❡✉& ✉♥✐)❛✐&❡

❧♦❝❛❧ r̂ ❞%♣❡♥❞ ❞❡. ❝♦♦&❞♦♥♥%❡. θ✱ ❡) φ ✭♠❛✐. ♣❛. .✉& r✮ ✿

∂
−−−→
OM

∂r
= r̂ + r

∂r̂

∂r
= r̂

∂
−−−→
OM

∂θ
= r

∂r̂

∂θ
= rθ̂

∂
−−−→
OM

∂φ
= r

∂r̂

∂φ
= r sin θφ̂ .

❯♥ ❞%♣❧❛❝❡♠❡♥) ❡♥ ❝♦♦&❞♦♥♥%❡. .♣❤%&✐1✉❡. .✬❡①♣&✐♠❡ ❞♦♥❝

d
−−−→
OM = dr r̂ + rdθ θ̂ + r sin θdφ φ̂ . ✭✶✳✷✺✮

❈♦♠♠❡ ♣♦✉& ❧❡. ❛✉)&❡. .②.)D♠❡. ❞❡ ❝♦♦&❞♦♥♥%❡.✱ ♦♥ ♣❡✉) ✉)✐❧✐.❡& ❧❛ ❞✐✛%&❡♥)✐❡❧❧❡ ❞❡ ♣♦.✐)✐♦♥ ❛✜♥ ❞❡

)&♦✉✈❡& ❧❡ ❞✐✛%&❡♥)✐❡❧❧❡. ❞❡ ✈♦❧✉♠❡ ❡) ❞❡ .✉&❢❛❝❡✳ ▲❛ ❞✐✛%&❡♥)✐❡❧❧❡ ❞✬✉♥ ✉♥ %❧%♠❡♥) ❞❡ ✈♦❧✉♠❡ %❧%♠❡♥)❛✐&❡

❡♥ ❝♦♦&❞♦♥♥%❡. .♣❤%&✐1✉❡. ❡.) ❞♦♥❝ ✿

dV = (dr) (rdθ) (r sin θdφ) = r2dr sin θdθdφ . ✭✶✳✷✻✮

❖♥ ♣❡✉+ ,❣❛❧❡♠❡♥+ 1❡2✈✐2 ❞❡ ❧✬,7✳✭✶✳✷✺✮ ❛✜♥ ❞✬❡①♣2✐♠❡2 ❧❛ ❞✐✛,2❡♥+✐❡❧❧❡ ❞❡ 1✉2❢❛❝❡ ♦2✐❡♥+,❡ ✿

−→
dS = r̂r2 sin θdθdφ+ θ̂r sin θdrdφ+ φ̂rdrdθ . ✭✶✳✷✼✮

❊①❡♠♣❧❡& ✿

✶✳ ❖♥ ♣❡✉+ ✉+❧✐1❡2 ❧✬,7✳✭✶✳✷✻✮ ❛✜♥ ❞❡ ❞,2✐✈❡2 ❧❛ ❢♦2♠✉❧❡ ♣♦✉2 ❧❡ ✈♦❧✉♠❡ ❞✬✉♥❡ 1♣❤B2❡ ❞❡ 2❛②♦♥ R ✿

❱♦❧✉♠❡

 ♣❤#$❡ ❞❡ $❛②♦♥ R
=

∫∫∫

sphère

dV =

∫ R

0

dr

∫ π

0

dθ

∫ 2π

0

r2 sin θdφ =

∫ R

0

r2dr

∫ π

0

sin θdθ

∫ 2π

0

dφ

= 2π

∫ R

0

r2dr

∫ 1

−1

du = 4π

∫ R

0

r2dr =
4π

3
R3 .

♦E ♥♦✉1 ❛✈♦♥1 ❢❛✐+ ❧❡ ❝❤❛♥❣❡♠❡♥+ ❞❡ ✈❛2✐❛❜❧❡ u = cos θ ❡+ ❧❛ 2❡❧❛+✐♦♥ ❞✐✛,2❡♥+✐❡❧❧❡ ❛11♦❝✐,❡

du = − sin θdθ ❛✜♥ ❞❡ +2♦✉✈❡2 ✿

∫ π

0

sin θdθ ⇒

∫ 1

−1

du = 2 .

✷✳ ◗✉❡❧❧❡ ❡1+ ❧❛ ❝❤❛2❣❡ +♦+❛❧❡ ❞✬✉♥❡ 1♣❤B2❡ ❞❡ 2❛②♦♥ R ❞♦♥+ ❧❛ ❝❤❛2❣❡ ✈♦❧✉♠✐7✉❡ 1✬❡①♣2✐♠❡ ρv (r) =

ρ0
r
R ❄ ✭❆))♥ ✦ ✿ ■❧ ♥❡ ❢❛✉+ ♣❛1 ❝♦♥❢♦♥❞2❡ ❧❛ ❞❡♥1✐+, ❞❡ ❝❤❛2❣❡ ✈♦❧✉♠✐7✉❡ ρv ❛✈❡❝ ❧❛ ❝♦♦2❞♦♥♥,❡

❝②❧✐♥❞2✐7✉❡ ρ✮✳ ❈❡+ ❛❝❝✐❞❡♥+ ❞❡ ♥♦+❛+✐♦♥ ♥❡ ♣♦1❡ ♣❛1 +2♦♣ ❞❡ ❞✐✣❝✉❧+,1 ✐❝✐ ♣✉✐17✉❡ ✐❧ 1✬❛❣✐+ ❞❛♥1

❝❡ ♣2♦❜❧B♠❡ ❞❡ ❝♦♦2❞♦♥♥,❡1 1♣❤,2✐7✉❡1✱ r✱ θ✱ φ✳ ▲❛ ❝❤❛2❣❡ +♦+❛❧❡ 1❡ +2♦✉✈❡ ♣❛2 ✉♥❡ ✐♥+,❣2❛+✐♦♥

❞❡ ❧❛ ❞❡♥1✐+, ✈♦❧✉♠✐7✉❡ ✿

Q
 ♣❤#$❡

=

∫∫∫

sphère

ρv (r) dV =

∫ R

0

dr

∫ π

0

dθ

∫ 2π

0

ρ0
r

R
r2 sin θdφ

= 4πρ0

∫ R

0

r3

R
dr =

4πρ0
R

r4

4

∣∣∣∣
R

0

= πρ0R
3 .

✶✹
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✸✳ ◗✉❡❧❧❡ ❡&' ❧❛ ❝❤❛+❣❡ '♦'❛❧❡ &✉+ ✉♥❡  ✉"❢❛❝❡ &♣❤0+✐2✉❡ ❞0✜♥✐❡ ♣❛+ r = a 2✉❛♥❞ ❧❛ ❞❡♥&✐'0 ❞❡

❝❤❛+❣❡ &✉+❢❛❝✐2✉❡ &✬❡①♣+✐♠❡ σ (θ) = σ0 sin
2 θ ❄ :✉✐&2✉❡ ✐❧ &✬❛❣✐' ❞✬✉♥❡ &✉+❢❛❝❡ ; +❛②♦♥ ❝♦♥&'❛♥'✱

♦♥ ❛ dr = 0 ❝❡ 2✉✐ ❞♦♥♥❡ ❞❛♥& ❧✬02✳✭✶✳✷✼✮ 2✉❡

−→
dS ≡ n̂dS = r̂a2 sin θdθdφ✳ ■❝✐✱ ♦♥ ♥❡ &✬✐♥'0+❡&&❡

2✉✬; ❧✬❛♠♣❧✐'✉❞❡ ❞❡ ❧❛ ❞✐✛0+❡♥'✐❡❧❧❡ ❞❡ &✉+❢❛❝❡✱

−→
dS✱ ❝✳✲;✲❞✳ dS = a2 sin θdθdφ✱ ❡' ♦♥ ♦❜'✐❡♥' ❧❛

❝❤❛+❣❡ '♦'❛❧❡ ❡♥ ✐♥'0❣+❛♥' ❧❛ ❞❡♥&✐'0 &✉+❢❛❝✐2✉❡ ✿

Q
 ✉"❢❛❝❡

=

∫∫

 ✉"❢❛❝❡

σ (θ) dS =

∫ π

0

dθ

∫ 2π

0

dφ a2σ0 sin
2 θ sin θ

= 2πa2σ0

∫ π

0

sin2 θ sin θdθ = 2πa2σ0

∫ 1

−1

(
1− cos2 θ

)
d (cos θ)

= 2πa2σ0

∫ 1

−1

(
1− u2

)
du = 2πa2σ0

(
u−

u3

3

)∣∣∣∣
1

−1

=
8πa2σ0

3
.

●"❛❞✐❡♥+ ❡♥ ❝♦♦"❞♦♥♥-❡  ♣❤-"✐0✉❡ 

▲❛ ❞✐✛0+❡♥'✐❡❧❧❡ ❡♥ ❝♦♦+❞♦♥♥0❡& &♣❤0+✐2✉❡& &✬0❝+✐' ✿

dΦ =
∂Φ

∂r
dr +

∂Φ

∂θ
dθ +

∂Φ

∂φ
dφ ≡

−−−→
gradΦ · d

−−−→
OM ✭✶✳✷✽✮

❯♥❡ ❝♦♠♣❛+❛✐&♦♥ ❡♥'+❡ ❝❡''❡ 02✉❛'✐♦♥ ❡' ❧✬02✳✭✶✳✷✺✮ ♠♦♥'+❡ 2✉❡ ❧✬❡①♣+❡&&✐♦♥ ❞✉ ❣+❛❞✐❡♥' ❡♥ ❝♦♦+❞♦♥♥0❡&

&♣❤0+✐2✉❡& ❡&' ❞♦♥♥0❡ ♣❛+ ✿

−−−→
gradΦ = r̂

∂Φ

∂r
+ θ̂

1

r

∂Φ

∂θ
+ φ̂

1

r sin θ

∂Φ

∂φ
✭✶✳✷✾✮

❊①❡♠♣❧❡ ✿ :♦✉+ ✉♥❡ ❝❤❛+❣❡ ♣♦♥❝'✉❡❧❧❡ &✐'✉0❡ ; ❧✬♦+✐❣✐♥❡ ♣❛+ ❡①❡♠♣❧❡✱ &✐ ♦♥ &❡ +❛♣♣❡❧❧❡ 2✉❡ &♦♥ ♣♦✲

'❡♥'✐❡❧ 0❧❡❝'+✐2✉❡✱ &✬0❝+✐' V (r) = q/ (4πǫ0r)✱ ♦♥ ♦❜'✐❡♥' '♦✉'❡ &✉✐'❡ &♦♥ ❝❤❛♠♣ 0❧❡❝'+✐2✉❡ ❡♥ ❝♦♦+❞♦♥♥0❡&

&♣❤0+✐2✉❡& ✿

−→
E (−→r ) = −

−−−→
gradV (r) = −r̂

∂V

∂r
= −

q

4πǫ0
r̂
∂

∂r

1

r

=
q

4πǫ0

r̂

r2

❛❧♦+& 2✉❡ ❧❡ ❝❛❧❝✉❧ ❡&' ♣❧✉& ♦♥0+❡✉① ❡♥ ❝♦♦+❞♦♥♥0❡& ❝❛+'0&✐❡♥♥❡&

V (x, y, z) =
q

4πǫ0

1

(x2 + y2 + z2)1/2

−→
E (x, y, z) = −

−−−→
gradV (x, y, z) = −

q

4πǫ0

(
x̂
∂V

∂x
+ ŷ

∂V

∂y
+ ẑ

∂V

∂z

)

=
q

4πǫ0

(
x

(x2 + y2 + z2)3/2
x̂+

y

(x2 + y2 + z2)3/2
ŷ +

z

(x2 + y2 + z2)3/2
ẑ

)

=
q

4πǫ0

xx̂+ yŷ + zẑ

(x2 + y2 + z2)3/2
=

q

4πǫ0

−→r

r3

✶✺


