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We present a semi-analytic theory for calculating light-particle interactions in shaped
laser beams even when the paraxial beam description is invalid. It requires weighting
the expressions for the cross sections with a beam normalization parameter, », associated
with the incident power. An analytical formula for x in terms of the beam shape
coefficients [1-3] is derived. We show that approximate expressions for this beam
normalization parameter based on either a Parseval or paraxial type approximation are
inadequate for optics involving high numerical apertures.
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1. Introduction

Shaped laser beams have become a routine tool in
numerous light—particle applications like optical force experi-
ments, particle size analyzers, and Doppler velocimetry. One
of the most powerful theoretical methods for modeling
shaped beam is to develop their wave function in terms of
the vector partial waves (also known as vector spherical
wave functions or multipolar fields). Such developments
provide an efficient description of the beam throughout all
space (both near and far fields), and when described in this
framework, even complicated beam profiles are guaranteed
to satisfy the Maxwell propagation equations. The co-
efficients in the vector partial waves (VPW) expansion can
conveniently be formulated in terms of beam shape coeffi-
cients as has been studied extensively by Gouesbet, Grehan
and Lock. (see Refs. [1-3] and references cited therein).

Quantitative theoretical predictions require establishing
the relationship between the beam shape coefficients and the
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total beam power. This may appear trivial at first glance
since the relationship between scattered field coefficients and
scattered power is a simple and well-known analogue of the
Parseval formula from signal analysis (cf. Eq. (8) below). In
this work, we derive a convenient analytic formula between
the incident field coefficients and the incident beam power
and we will see that it is more complex than its scattered
field analogue. Last, we show how this factor normalizes
cross-sectional type formulas for shaped beams.

The outline of this work is as follows: our notation is
introduced by reviewing VPW field developments and
beam shape coefficients in Section 2 and recalling why the
scattered power satisfies a Parseval type relation. We also
explain why a Parseval type relation for incident beam
power does not hold for the beam shape coefficients. We
finally present an analytic formula that correctly relates
beam power to the beam shape coefficients. This result is
formulated in terms of beam normalization parameter, x.
The utility of this formula for non-paraxial beams is
tested on a generic case using the beam shape coefficients
derived in the localized approximation for Davis beams.
Finally, we derive formulas for calculating light particle cross
sections in Section 3. Time harmonic fields with exp—iwt
time dependence and SI units are used throughout.
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2. Electromagnetic partial wave expansions

The time harmonic Maxwell equations in an absorp-
tion free host medium takes the form of a second-order
differential equation

V x V x E(r)—k?E(r) = 0, M

with k= /gyt /Eoflgw = npw/c, where (€ py) are the
permittivity and permeability of the vacuum, and ¢, and
1, are the relative permittivity and permeability of the
“background” or “host” dielectric medium. The vector
partial waves (VPWs), M,,, and N, 1, are a set of spherical
waves centered on a given origin and which form a
complete basis for solutions to Eq. (1).

Any scattered field, Es(r), in the homogeneous medium
and outside of a circumscribing sphere surrounding the
scattering system can be developed in terms of outgoing
partial waves i.e.

Es(r) =E» MG, (KO)f i + N (KOS o ], )
n,m
where M$),, N&) | are the outgoing VPWs which satisfy

Eq. (1) with outgoing boundary conditions [4-6]. They can
be analytically expressed in spherical coordinates as

M) (kr) = hy(kr)Xnm(0,¢)

NG (kr)= \/n(n+1) "(kr)\{,1 m(0,¢)+ Wln,m(&@,
3)

where h, are the spherical Hankel functions of the first
kind and [krh,(kr)]' is the derivative of krh,(kr) with respect
to kr. The three vector spherical harmonics, denoted as X,
Y, and Z, are given explicitly in Appendix A and are defined
to be orthonormal under angular integration

T 2T
/O sin 0 do /0 dp A% ,(0.8) - Bum(0,8) = 0,10mdns,  (4)

withA=X,Y,orZand B=X, Y, or Z.

In Eq. (2) and throughout the rest of this work, the
summation ), ., is a shorthand for summing over all
multipole orders i.e.

o3y (5)
n,m n=1m=-n

The fn,m and f.,, of Eq. (2) are the dimensionless
outgoing field coefficients (for type TE and TM waves
respectively). Since all other factors on the right hand side
of Eq. (2) are dimensionless, the factor E has the dimen-
sion of electric field, and a modification of its value only
changes the overall intensity of the field. The value of this
factor is determined by the amplitude of the incident field
for scattering problems.

In analogy with the scattered field, the incident field
is developed in terms of regular VPWs with TE(TM)
fields being respectively described by the coefficients
Appn,m(de,n,m)

Einc(r) = EZ[Mgr)n(kr)ah,n,m +N§1],zn(kr)ae,n,m]v (6)
n,m

where the ‘regular’ VPWs, M{), N{) . have the same

n,m»
expression as in Eq. (3) except that one replaces the

spherical Hankel functions, h,, with spherical Bessel
functions, j,. The factor E can now be related to the
incident power flux (i.e. irradiance) since for plane waves,
Einc(r) = E€;,cexp (iKiyc - 1), the incident irradiance is given
by

- 1 - E? [epe
linc = Sinc - kinc = jRe{E?nc x Hinc} - kinc = 5 ,uZuO ’
0

)

where S;,. is the incident Poynting vector, and lA(inc
and é;,. are respectively the unit wavevector and polar-
ization vectors. In Eq. (7), we invoked the fact that for a
plane wave, the incident magnetic field is given by

Hipo(r) = V &p€o/ pllo lA(inc x Ejpc-
2.1. Radiated power and cross sections

The most common use of partial wave developments
has been to describe scattered fields, with the Mie theory
of spherical scatterers being the most well-known exam-
ple in electromagnetism. As long as the electromagnetic
effects are linear, radiated power is proportional to the
power of the incident plane wave, and the scattered
electromagnetic field adopts a particularly simple and
useful expression

Pscat— IHCZ[‘fhnm‘ +‘fenm‘ ]_ lnc ZZ‘fqnm‘

q—henm
8

where [, is the irradiance of the incident plane wave
given in Eq. (7). This formula is analogous to Parseval’s
relation of signal analysis and it states that the total
scattered power is simply the sum of the power in each
multipole order.

One derives the result of Eq. (8) by first recalling that
in the far field limit, Hscae(r) = +/€p€o/tpllg T X Escar, and
the total radiated (scatteredr)_)ﬁ?)wer is obtained by inte-
grating over all directions in the far field i.e.

Pocat = Jim / P25 - Sqear(r) dQ
1 [7Ya
- ,l,tzluoorlLTO / r2 E:cat(r) . Escat(l') dQ. (9)

One finishes the derivation of Eq. (8) by inserting the far-
field expressions for M), and N,

e exp(ikr)

rlL[‘ng Mf) (kr)— r X, m(F),
lim N, (k) i7" exl;“’(r) Zym(F) (10)

into the scattered field development of Eq. (2). The final
result of Eq. (8) is then obtained by appealing to the
orthogonality of the VSHs over angular integration, cf.
Eq. (4). Finally one uses Eq. (7) to fix the parameter, E, in
terms to the incident irradiance, i.e.

E? = 2linc, /’;—ZZ?. (11

An expression for the scattering cross section, Oscat,
naturally arises from Eq. (8)

Pscat = lincOscats (12)
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which yields the well-known multipole expression for the
scattering cross section

1
Oscat = k7 Z Z‘fq,n,m‘2~ (13)

q=henm

When the scatterers and the variations in beam inten-
sity are both small with respect to the wavelength, one
can approximate the light-matter interactions by inter-
preting Eq. (12) as a local relation, namely that the power
scattered by a particle at a position r, is approximately
Pscat = Iinc(r)0scat, Where I, (1) is the local irradiance of the
shaped beam. However, this approximation is invalid in
many situations involving high numerical aperture (NA)
optics.

2.2. Partial wave developments and beam shape coefficients

Before the advent of lasers, the most common theore-
tical choice for incident fields in electromagnetic theory
was a polarized homogeneous incident plane wave for
which field coefficients can be determined analytically in
terms of the VSHs [6,7]

Pham = 4ninX:_m(f(inc) . éinc:
pe,n,m = 4nin_lzﬁ,m(]}inc) . éinCv (14)

where we replaced the arbitrary incident field coeffi-
cients, a, by the symbol, p, as a reminder that the p, ,
and p,,, are the VPW coefficients of an incident
plane wave.

Using the values of the plane wave coefficients given in
Eq. (14), and defining the Z axis to lie along incident beam
direction, the analytic expressions of the |m|=1 plane
wave coefficients are

Phna = 470"X5,11(0,0) - € = 1" /TR +T1)(IX+Y) - €inc,
Pt =4mi" 25 1(0,0) - €inc = i"\/T2N+1)(IX +Y) - €inc,
Phn1=1" VARN+1)(X-Y) - €inc,

Pen—1 =1"V/TRN+1)(—iX+Y) - &, (15)

With pppm = Denm =0, when |m|s1. Since we fixed the
axial angle to be zero in Eq. (15), we made use of the
simple relation between spherical and Cartesian unit
vectors in this direction, namely § =X and ¢ =Y.

The plane wave has an axisymmetric power distribu-
tion for arbitrary polarization vectors, €;,.. Given the axial
symmetry of common optical elements, the power dis-
tribution of many shaped beams will also be axisym-
metric (one should remark however, that when beam
polarizers are present, incident field intensities, IIEinc!?,
are not fully axisymmetric). These axisymmetric beams
cover a wide variety of beams, like Gaussian, Bessel and
top hat beams, but exclude more exotic beams like vortex
and radially polarized beams (the treatment in this work
can however be extended to include these cases).

It has been shown that axisymmetric beams can be
described by the beam shape coefficients, g,, which can be
taken to be real, and depend on the orbital quantum
number n, but not on the axial quantum number m or on

the TE (TM) nature of the coefficients [3]

Apn,m = &EnPhnm»  Aenm = &nPenm- (16)

2.3. Beam power normalization

Given the close analogy between the partial wave
developments of Egs. (2) and (6), one might expect the
incident power, Pj,., to satisfy a Parseval type relation
analogous to that of Eq. (8). If this were true, the incident
beam power would be proportional to the sum of the
incident field coefficients such that

? 1
Pinc;c”parsv = 2 Z Z|aq,n,m

q=henm

2

. a7)

where we defined the dimensionless Parseval type beam
normalization factor, xparsy. The factor 1/4 in parsy Was
introduced so that in the paraxial limit it agrees with the
exact beam normalization parameter, %, given below in
Eq. (23). Invoking Egs. (15) and (16), one readily obtains
an expression for upasy in terms of the beam shape
coefficients

o0
Aparsy = TC Z(2n+1)gﬁ- (18)
n=1
We will see in Fig. 1 that xpasy is only approximately
proportional to the power of shaped beams.

One way to see why the Parseval expression, %parsv, is
not proportional to the incident beam power is to remark
that the scattered power Parseval relation of Eq. (8) relied
on the orthonormality of the vector spherical harmonics
for a 4n solid angular integration around a field source.
Regular partial waves, on the other hand, can be viewed
as fields whose sources have been sent to infinity, and
they propagate into any closed surface from infinity and
then proceed to propagate outside of this volume. The
power integral of the incident field over any closed sur-
face is null as is routinely invoked in scattering theory [4].
Although the incident beam power could be obtained by
integrating the incident irradiance over a z<0 or z>0
hemisphere whose radius is sent to infinity, the vector
spherical harmonics are no longer orthogonal under a
hemispherical angular integration, which prevents the
occurrence of a Parseval type expression. Another way to
proceed, used here, is to obtain the incident beam power by
integrating irradiance over an infinite z= constant plane,
which is most readily performed in the z=0 plane as
outlined in Appendix B.

The incident magnetic field is determined from Faraday’s
law

Binc — 1
Hplto 10U U

= E, [POSONG, (k) + M (kDo ], (19)
HpHotmm

and the convenient curl properties of the VPWs, V x
M=kN and V x N=kM. Defining the z direction to lie
along the beam axis, the total incident beam power, P,
is obtained as an integral of the irradiance in any

Hjpc(r) = V x Ejne(T)
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Fig. 1. () The red solid line represents analytic results for the beam
normalization parameter, %, plotted as a function of the beam shape
parameter, s, when the beam shape coefficients of a localized beam are
given by Eq. (31). The dashed blue line represents the Gaussian
approximation, »g = /252, and the dotted Green curve is the Parseval
normalization parameter, x,, of Eq. (18). In (b), the relative errors with
respect to x are plotted for », (dashed blue curve) and x, (dotted green
curve). (For interpretation of the references to color in this figure
caption, the reader is referred to the web version of this article.)

z= constant plane

2 00
2n / Inc@kpkdp)| (20)

Pinc = 2
k“ Jo z=cst

where p is the distance from the beam axis in cylindrical
coordinates, and I;.(r) is the incident field irradiance in
the Z direction

[ipc(r) = 1R6{Emc(l‘) x Hipc(r)} - z (21)
From dimensional arguments, it is convenient to

define a dimensionless beam normalization parameter,
%, that is proportional to the incident power

E2 Ep€o
Pine=r—,/ X (22
2K V to )
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Combining Eq. (20) with Eq. (22), the dimensionless beam
normalization parameter, %, is expressed as

1/’;*’“0 / lnckp(k dp)| . 23)
p€o E z=cst

Making the convenient choice of z=0, one obtains an
analytic expression for » in terms of the shape coeffi-
cients, g,, as outlined Appendix B, yielding

= <n D 8ap+182g+1(4P+3)(4q+3)
pq=0

(2p—D! 2q-1)!
@p+2riqron T DD I

*]l]—
g+ 2p-1! (4p+1)(4q+3) -1y qﬂ)
Q! 2p! pRp+1D-(2q+1)(g+1) ’

(24)

where even double factorials are taken to stop at 2
(ex. 6!!'=6 x 4 x 2). The interest of Eq. (24) is that it holds
for arbitrary beam profiles, but it should be remarked that
this problem has previously been addressed in the context
of some specific beam profiles [8,9].

This formula will be compared with approximate
expressions in Fig. 1 after a brief discussion of the Gaussian
(paraxial) beam approximation in the next section.

2.4. Gaussian (paraxial) approximation

The most common description of laser beams is to
invoke the paraxial approximation of the TEMgo mode in
which the beam irradiance has an approximately Gaus-
sian profile. In the standard paraxial approximation, the
tightness of the beam focusing can be parameterized via
the dimensionless beam shape parameter, s, which is
defined

(25)

where wg is the minimal beam radius or ‘waist’, zi is the
Rayleigh diffraction length, and 64 is the angle of beam
divergence. The first equality in Eq. (25) gives us a
physically transparent expression of the s parameter as
the wavelength divided by the beam circumference at the
minimal focus or ‘spot’. This s factor in most familiar laser
applications is extremely small due to the low divergence
of most laser beams. However, this factor is no longer
minuscule for laser beams that have traveled through
high NA optics, where it can be on the order of ~1/4
or more.

Defining the z-axis to lie along the beam axis, the
Gaussian approximation for irradiance in the paraxial
approximation is expressed as

2 2p? .
Igauss(T) —Igauss(0)< W@ )> exp (— WZL(Z)) with

z 2
w@)=wot/ 1+ (—) , (26)
ZrR

where Igayss(0) is the irradiance at the focal point. The
power integral of Eq. (20) for a Gaussian irradiance readily
yields
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T 1
Pgauss = jWgIgauss(o) = iﬁlgauss(o)- (27)

A direct calculation of the incident irradiance, I;(0), at
the center of the VPW coordinate system is presented in
Eq. (C.4) of Appendix C and results in

1 epe€
linc(@) = 5 %7, [ 2 28)

Finally, inserting this result into Igauss(0) of Eq. (27), gives:

n B> , [&6 E* &
Poss = i\ ity " 22\ it @

where the second equality invokes the definition of beam
normalization parameter in Eq. (22), thus fixing the beam
normalization parameter, xgayss, in the Gaussian beam
approximation

T
Ngauss = Z_Szg% (30

Consequently, as long as g; is non-zero, which is the case
for Gaussian type beams, we are free to arbitrarily fix
g, =1, which simplifies the Gaussian approximation to
the beam normalization parameter to #gayss = 7/252.

There are, however, well established inadequacies of
the paraxial beam description. Notably, the paraxial
approximation is invalid for beams produced by high NA
optics which results in the Gaussian irradiance profile of
Eq. (26) being incompatible with the Maxwell equations.
Non-paraxial beam corrections can be treated in the Davis
prescription and take the form of a perturbation expan-
sion in terms of the s?> parameter [10]. Gouesbet, Grehan
and Lock et al. have shown that in the localized approx-
imation, one can obtain simple analytic expressions for
the beam coefficients of a localized beam [1,3]. The details
can be found in their references, but are not essential for
our purpose here. Suffice it to say that one can find an
analytic expression for the beam shape coefficients that
can be pushed beyond paraxial approximation

g, =exp{—s*(n—1)(n+2)}. (31

At this point, we have derived an exact expression for
the beam normalization parameter, », and two approx-
imate formulas, %gauss and %parsy. The values of %, %gauss,
and xparsy are all three plotted in Fig. 1(a). The relative
errors of ugauss, and »parsy With respect to the exact value
of  are plotted in Fig. 1(b). It is interesting to remark that
the Gaussian beam approximation underestimates the
value of », while the Parseval relation overestimates it.
All three results agree in the paraxial limit of s—0, but
the relative errors are on the order of 10-20% for beam
shape parameters, s, on the order of ~0.25 which is
characteristic of the values in high NA beams. For the
purposes of numerical comparison, when s=0.25 one
finds: % =29.616, gauss = 25.133, and »parsy = 33.65. It is
worth remarking from Fig. 1(b), that even for beam shape
parameters of s~ 0.1, that the errors incurred by the
approximate formulas of »parsy and xgauss are on the order
of a few percent.

3. Power normalized cross section in shaped beams

For plane waves, the total incident power is infinite,
and one calculates scattered power in terms of incident
irradiance (dimensions of power per unit surface). This
irradiance formulation is no longer practical for shaped
beams, and it is consequently preferable to formulate
scattered power in terms of the (finite) incident power
which requires normalizing the cross sections with the
beam normalization parameter derived in Eq. (24). One
way to do this is to invoke some of the translation-
addition theorem tools that are familiar from multiple
scattering theory [4,5].

In scattering theory, the transition matrix (or simply
T-matrix) of a scatterer characterizes the electromagnetic
response subject to all possible incident fields. In the VPW
basis, the T-matrix is formulated in a coordinate system
chosen to favor the particle’s position and symmetry [11].
For the beam description in Section 2 on the other hand,
we adopted a coordinate system adapted to the beam
geometry (z-axis lying along the beam axis, and the origin
of the coordinate system preferentially positioned at the
beam focal point).

The translation-addition theorem for VPWs allows one
to express the incident field at the particle position,
ag.n,m(r), in terms of the incident field coefficients of the
beam coordinate system, dg,y,,(0), via the regular transla-
tion-addition matrix, J(kr) [4,5,12-14]

aq,n,m(r): Z ZU(kr)]q,n,m;q’,v,,uaq’,\f’,/l(o)' (32)

q = (he) V1

The scattering coefficients, fq,n(r) for a particle
located at the position r can then be obtained from the
incident field coefficients at this point, agm(r), by using
the T-matrix, T, of the particle [5,11,4]

fanm@®= Z zTq,n.m:q’.v,uaq’vvv#(r)- (33)

q = (hey Vit

The scattered power, Psc¢, can now be related to the
incident beam power, Pj,, via a power normalized cross
section, Gscat i.€.

Pscat(r) = kzé'scat(r)PinCv (34)

where the position dependent scattering cross section
G scat(T) is given by

Foca®= 2 3 S fgnm® 35)

2
k% g She nm

It should be remarked that when defined in this way,
the G are independent of the overall normalization of
the beam shape coefficients and that they only differ from
the ordinary cross sections of Eq. (12) by the presence of
the beam normalization parameter, x in the denominator.
Another interesting observation is that k?6car can be
regarded as a scattering efficiency in the sense that it is
constrained by energy conservation to always be less than
or equal to 1.
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A power normalized extinction cross section can also
be derived in analogy with plane-wave cross sections

Fex® = 3 STRE[TE O g 36)
k™% g S ey wm

[t is important to remark that the extinction cross section
defined in Eq. (36) is the correct expression for shaped
beams in that it avoids an erroneous application of the
optical theorem (see Refs. [15-17] for detailed discussions
on this topic).

Finally, one defines a power normalized absorption
cross section in the usual manner

6—abs(r) = 6ext(r)_&scat(r)~ (37)

4. Conclusions

The beam normalization parameter derived in this
work allows cross sections in shaped beams to be for-
mulated in a fully analytic manner in terms of the
particle’s T matrix; something which was previously
possible only for incident plane waves. We demonstrated
that if one does not calculate this parameter exactly, but
instead adopts a Parseval type expression or a Gaussian
approximation then the errors can be of the order of
10-20%. Such errors are consequential given the precision
one usually strives for in the calculation of the particle’s
T-matrix.

Although the translation-addition matrix formulation
of Section 3 is a relatively simple and flexible means of
solving the problem of the particle’s position in a shaped
beam, it is not the only way to solve this problem. The
beam normalization parameter on the other hand does
seem to be an essential element of treating the problem of
beams formed with high NA optics (in the context of a partial
wave framework at least). Optical tweezers and confocal
microscopy are two important applications where this for-
mulation should prove useful.

Appendix A. Vector spherical harmonics

There is no universally accepted notation for the vector
spherical harmonics (VSH). Our notation for their normal-
ized forms (cf. Eq. (4)) is Xn.m, Ynm, and Zp
xn,m(6v¢) = Zn,m(0v¢) X f,

Yn,m(6-¢) = i‘\yn,m(gvd))'
rVYnm(0,¢)
Z 9, = o nmih )
",Tl’l( ¢) \/m

where Y, m(0,¢) are the scalar spherical harmonics and
the normalization coefficients, y, ,, are defined

L 2n+1)(n—m)!
Vnm = \/m- (A2)

It is also convenient to introduce the normalized func-
tions Uy and S| defined in terms of the associated
Legendre functions Py

=T x Xnom(0,9), (A.T)

' (cos 0) = P"(cos 0), (A.3)

1
/ (n+1)/”'"sm9

sp(cos 0) = Pl'(cos 0), (A4)

1 d
P — -
«/n(n+1)/"'md9
which allow us to conveniently express the transverse
VSHs as

Xn,m(0,¢) = [it}(cos 0)§—§n’”(cos 0)¢] exp(ime),
Zm(0,) =[5 (cos 0)0 +it™ (cos 0)¢plexp(ime). (A.5)

Appendix B. Shaped beam power

The power of an incident beam is calculated by
integrating the normal component of the time averaged
incident Poynting vector, S;,., over any infinite open
surface that the beam passes through. Since we are
working with spherical coordinates, it is convenient to
perform our analytic integrations in the z=0 plane. Using
the field VSWF field developments of Egs. (6) and (9), the
irradiance for time harmonic fields is explicitly

1 N
[inc(r) = 2 Re{Eﬁm x Hipc} -2
1 €p€0 12 M
= E Re{—i[a} o (kr)
Hplo  wimp hnmM
a3 N (KE)] X [, NG (KE) + ey, M) (kD)) - Z).

(B.1)

The irradiance integral in the z=0 plane then corresponds
to taking 0=m/2, and integrating over ¢ =[0,2n] and
r=[0,00].

An inspection of Eq. (B.1) shows that an analytic calcula-
tion of the beam power, Eq. (20), will involve four integrals
involving vector products of the VSWFs. The contribution to
the total beam power involving the coefficient product
ahn ndevu (denoted SP™)) is zero since Mip* x M(” Z=0
in the z=0 plane. The vector product involving aenmah -
(denoted dPM) does however have a non-zero contribution
to the power integral of Eq. (20), namely

o0 2n
SPem — /D rdr /O dep Re(—ilat, O, Nyt (k) <N o]} - 2|

n [Epc w0y (0)
= |0 Re[a @] 2=
Vi, 2=, [Wnn el

x{n(n-o—l)/omj“%)wv(x)]/ dx+v(\,v+])/0'oo[xjn(x)]fjv$ dx} s
(B.2)

where the T} (cos 0) are defined in Eq. (A.5). One finds that
U, (0)uy' (0) with |m| =1 is non-zero only if both n and v are
odd. The analytic expression for &' (0)ur}'(0) with both n and
v odd is

(_1)(n—v)/2
T O (0) = —7——/Q2n+ DH2v+1)
n=2)"" (v=2)!!
nm+DHNv+DHI”
The Bessel function integral gives a particularly simple result
n(n+1) /O ! "f(x) [Xi, ()] dx+v(v+1) /0 [xjn(x)]’]v% dx
= (=12, (B.4)

0=m/2

(B.3)

to yield finally
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3
Re[aerzp +1.mn2q+1,m]
m

5P(e,h) __ Iinc(o) >
2k2 pg=0m= +1
2p-1
/_ =
x+/(4p+3)(2q+3) 2pT2)
_ 2q-1)
2q+2)!°

Finally, using the defining property of the beam shape
coefficients, g,, of Eq. (16), and the expressions for the
Pen.m and py o of Eq. (15), we can write this sum directly
in terms of the g,.

(8.5)

ﬂ: o0

spem :Iinc(o)k_2 z 82p+182¢+1(4P+3)(4q+3)
pq=0

2p-1! 2g—1)!!

(2p+2)!' (2q+2)!!

Evaluating the remaining oP®" and 6P®® contributions
to the total beam power in a similar manner, and appeal-
ing to the defining relation, Eq. (16) for the beam normal-
ization parameter, x, yields the analytic expression for
» found in Eq. (24).

(=1)P . (B.6)

Appendix C. Incident irradiance at the beam focus

The irradiance at the beam focus (fixed as the coordi-
nate system origin) can be calculated by remarking that as
r—0, only the N{') (kr) VSWFs are non-zero, and that

N (kr) < N§) (kr) - 2
_ V2 (knlkr; (kDT 50X,

z
K*r2
_ Y 2krjy (kD3 KDY, OXG ()
K*r2
~ [(krjv(krn’)zzz,mz((),¢) X O.PF 1
k°r?
Using the limits
s X oo 2X
limj;()~ 3 limixj; ) ~ =, (C2)

we obtain

1 2n 1 .
ar | 40 3 alnanNG© x N0 -2
70 M =1 0=n/2

.8 _ _
=—ig > mag; G 1mly (0)TT(0)

m= +1

1
= Q{G:L_]ah,l,q —a5110ap1,1) (C3)

where we used u]'(0) = —%«/3/71. Putting this result into
Eq. (B.1), the irradiance at the origin takes the form

1 Ep€o 1
[inc(0) = 51 /MbMoEz ERe{a:anm,q —0g1,10n,1,1)

1 2 2 [Ep€o
= sE°g1,/ ) (C4)
2 & HpHo

where in the last line, we used Eqgs. (16) and (15) to put
this result in terms of the beam shape coefficients.
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