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We study the orientation average scattering cross section of various isolated aggregates of identical spherical
particles as functions of their size, optical properties, and spatial configurations. Two kinds of aggregates are
studied: latex particles in water and rutile titanium dioxide pigments in a polymeric resin, with size param-
eters varying from 0.6 to 2.3. Calculations are performed by using a recursive centered T-matrix algorithm
solution of the multiple scattering equation that we previously developed [J. Quant. Spectrosc. Radiat. Trans-
fer 79–80, 533 (2003)]. We show that for a specific size of the constituent spheres, their respective couplings
apparently vanish, regardless of the aggregate configuration, and that the scattering cross section of the entire
cluster behaves as if its constituents were isolated. We found that the particular radius for which this phe-
nomenon occurs is a function of the relative refractive index of the system. We also study the correlations be-
tween the strength of the coupling among the constituent spheres, and the pseudofractal dimension of the ag-
gregate as it varies from 1 to 30. © 2005 Optical Society of America

OCIS codes: 290.4020, 290.4210, 290.5850.
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. INTRODUCTION
he study of the optical properties of granular materials

s a subject of broad interest on account of the various ap-
lications that can be encountered in academic research
nd industry. Numerous studies have already been per-
ormed concerning, for example, remote atmospheric
ensing1 or the characterization of interstellar dust and
ts effect on the propagation of stellar radiation in
strophysics.2 Also, various theoretical approaches have
een proposed to calculate light scattering properties by
lusters composed of spheres having sizes comparable
ith the wavelength of the incident field.3,4 Numerous

tudies have been conducted in the quasi-static approxi-
ation, for example to reproduce experimental Raman

cattering data obtained for silica aerogels5 or to study
esonant extinction in colloidal systems containing either
onabsorbing or strongly absorbing spherical particles.6

rom the industrial point of view, such as in the coating
ndustry, manufacturers study the influence of aggrega-
ion and flocculation phenomena of rutile titanium diox-
de pigment on opacity and gloss of dried paint films.7

Optical properties of inhomogeneous media can be
tudied at two levels. On the microscopic scale, one is
ypically concerned with the scattering and/or absorption
1084-7529/05/122700-9/$15.00 © 2
rocesses that occur between the incident radiation and
he heterogeneities of the dispersed phase. In such stud-
es, the nature, size, shape, orientation, volume fraction,
nd spatial dispersion of the scatterers are the primary
arameters affecting the physical response. The principal
heoretical challenge is then to relate such variables to
he amplitude scattering matrix elements and total cross
ections of the volume element of the medium under
tudy.

Rayleigh8 and Mie9 introduced the first formalisms to
escribe the interaction of a monochromatic plane wave
ith isolated dielectric or metallic spherical particles em-
edded in a nonabsorbing media. Subsequently, numer-
us other formalisms were developed in order to calculate
he light scattering and absorption properties of non-
pherical or aggregated particles. Among the most preva-
ent are the discrete dipole approximation,10 the T-matrix
ormalism,11,12 the finite-element method,13,14 and the
nite-difference time-domain method.15–17

On the macroscopic scale, optical properties such as the
otal reflection and transmission coefficients, in addition
o having a dependence on the local parameters cited
bove, also have a strong dependence on the thickness of
he medium, the roughness of the interfaces, and the type
005 Optical Society of America
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f illumination. They are generally evaluated from the ra-
iative transfer equation formalism18 or the analytical
heory of the multiple scattering equation.19

If limited computing capabilities at first prevented or
imited exhaustive multiple scattering studies, nowadays,
hey can be performed much more rapidly. Typical studies
onsist in analyzing the correctness and consistency of
heoretical predictions through comparisons with experi-
ental measurements20 or in the characterization of the

ispersion medium.21 One can also perform systematic
tudies relating the change in optical properties of a well-
efined system as a function of the variation of one or sev-
ral key parameters, allowing a better understanding of
he fundamental processes under study.22 In this work,
e focus on the latter approach and study the relation be-

ween the orientation average scattering cross section of
lusters composed of aggregated spherical particles and
heir configurations. Such studies are usually applied
ithin the quasi-static approximation by using the dis-

rete dipole approximation23,24 or within an approxima-
ion of the analytical theory of multiple scattering.25

ere, we propose a numerical study in the Mie scattering
egime by using a recursive centered T-matrix algorithm
RCTMA)26 that is an exact solution of the vector multiple
cattering equation.27

As our primary concern is the optical properties of ar-
hitectural white paint films, our study is applied to sys-
ems composed of rutile titanium dioxide pigments in a
olymer resin and latex particles in water. Nevertheless,
he methodology and principal results that we encoun-
ered could be useful in the different fields of research
entioned earlier. The reason for studying such systems

s that water-based architectural paints are composed of a
ombination of Latex emulsions and rutile titanium diox-
de suspensions. Both colloidal systems are thermody-
amically unstable, and eventually, dispersion forces will

ead to flocculation and sedimentation. Stability can be
romoted with surface-active agents, also called surfac-
ants, that adsorb on the particle surface and prevent ag-
regation by means of electrostatic and/or steric repul-
ions. Nevertheless, cluster formation cannot be totally
voided, and its presence affects the performance of the
aint. Rutile titanium dioxide aggregates decrease the
pacity of white paint, whereas flocculation of latex par-
icles can lead to a premature coalescence of the polymer
hains. Also, emulsion stability is often monitored by
easuring particle size distribution with dynamic light

cattering. It is therefore important and of interest to
tudy the optical properties of such systems as functions
f cluster characteristics such as size, shape, and configu-
ation.

The paper is constructed as follows: In Section 2, we
riefly introduce the multiple scattering theory that has
een used throughout the numerical study. Section 3 is
evoted to the description of the cluster generation pro-
ess, the presentation of the statistical analysis that we
erformed, and the associated data treatment that we ap-
lied. Section 4 is dedicated to the presentation of the
ain results and to the discussion of the principal effects

ncountered. To clarify the discussion, the concept of tran-
ition radius and the possible extrapolation of our results
o much larger clusters are studied in two different para-
raphs. Finally, in Section 5, we conclude with our final
bservations and comments.

. THEORY
o calculate the orientation average scattering cross sec-
ion of an ensemble of aggregated dielectric or metallic
pheres immersed in an infinite nonabsorbing medium,
e adopted a multiple T-matrix formalism26 of the mul-

iple scattering equation.27,28 In this approach, the inci-
ent, internal, and scattered electromagnetic fields are
xpanded in terms of vector spherical wave functions and
ne associates with each particle in the system both
ingle T matrices T̄i�1� and multiple scattering T matrices

¯ i�N� (i being the particle label).
The T̄i�1� characterize the intrinsic optical properties of

he isolated scatterers and can be calculated from the ex-
ended boundary condition technique introduced by
aterman.10 The multiple scattering T matrices T̄i�N� are

btained from a complete solution of the multiple scatter-
ng equations and describe the optical response of a scat-
erer while taking into account the presence of all the
ther particles. In our formalism, the T̄i�N� satisfy the
quation

T̄i�N� = T̄i�1��Ī + �
j=1

j�i

N

H̄�i,j�T̄j�N�J̄�j,i��, i = 1, . . . ,N, �1�

here J̄�i,j� and H̄�i,j� are the matrices that translate the
ncident and the scattered fields, respectively, from the
th to the jth reference frames.29 We solved Eq. (1) with a
CTMA that we have introduced in previous works.26,27

n this formalism, the T̄i�N� matrices can be expressed in
erms of centered T matrices, denoted �̄N

�i,j� such that

T̄i�N� = �
j=1

j=N

�̄N
�i,j�J̄�j,i�. �2�

The fundamental relations of the RCTMA are given in
ppendix A. A great advantage of multiple T-matrix for-
alism is that one can easily perform an analytical evalu-

tion of the orientation average cross section of the sys-
em under study.30 In the present work, we study
onabsorbing particles for which the scattering cross sec-
ion is equal to the more simply formulated extinction
ross section that can be expressed31 as

�Cext� =
2�

k0
2 Tr�

i=1

N

�
j=1

N

�̄N
�i,j�J̄�j,i�, �3�

here k0 is the wave vector of the incident radiation and
r stands for trace. Once the position, size, and complex

ndex of refraction of each sphere is given, one can use
qs. (A1)–(A4) in Appendix A to calculate the centered T
atrix associated with each scatterer. Finally, with Eq.

3) the orientation average extinction cross section of the
ystem can be evaluated.
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. CLUSTER CONFIGURATION AND DATA
REATMENT
. Cluster Configuration

n a previous work,32 we calculated the orientation aver-
ge scattering cross section (OASCS) of linear and com-
act arrangements of aggregated spheres of rutile tita-
ium dioxide with radii ranging from 0.04 to 0.132 �m.
he compact configurations in these studies were con-
tructed from simple crystalline lattice models. Conclu-
ions of this work were that the OASCS showed three dis-
inctive behaviors as functions of the particle radii: Near
s�0.08 �m, the OASCS of the aggregate was very close
o the sum of the scattering cross sections of the isolated
pheres, and for larger and smaller radii, the OASCS was
maller and larger than the independent scattering sum,
espectively.

In this work, we study the influence of the cluster ar-
angements on the OASCS for more realistic configura-
ions than those studied previously. For this purpose, in
ddition to linear arrangements of spheres, we have stud-
ed clusters formed from two different aggregation
rocesses.33 The first model is the diffusion-limited
luster–cluster aggregation (DLCCA). It assumes that the
olloids stick permanently as soon as they touch, and thus
he mechanism is limited by the time taken for the par-
icles to diffuse through the suspension and meet. Such a
echanism leads to clusters with fractal dimension of fd
1.8. The second model, known as the reaction-limited

article–cluster aggregation (RLPCA), assumes that the
articles do not necessarily stick at first contact and that
hey can rearrange themselves. Thus, the aggregation
rocess is limited by the time taken for a sticking encoun-
er to occur. Such an assumption leads to more compact
lusters than those in the previous model, with fractal di-
ension close to fd�3.0.

. Numerical Calculations and Data Treatment
he different aggregates were generated thanks to a
ORTRAN source code provided by R. Botet. Based on the
ariations of the OASCS as a function of particle size ob-
erved in our previous study, the sizes of the constituent
pheres studied were chosen as rs=0.04, 0.08, and
.132 �m for each fractal dimension (linear, DLCCA, and
LPCA). The wavelength of the incident radiation was

aken as 0.546 �m corresponding to the center of the vis-
ble range. The complex indices of refraction were taken
o be 1.5 for the latex particles and polymer resin and 1.33
or water. Rutile titanium dioxide is birefringent and thus
ossesses two distinctive indices of refraction. For the
urpose of this study, we choose a commonly used
pproximation34 that consists of a weighted average of
oth indices, which yields 2.8 for the chosen wavelength.
he indices of the particles and of the surrounding me-
ium are denoted ns and nm, respectively.
Once the aggregates were generated (Figs. 1 and 2), the

ollowing methodology was applied: We calculated the
ASCS associated with 1000 different configurations of

he DLCCA and RLPCA families of clusters composed of
, 9, 12, 15, 18, and 21 spheres with particle radii of 0.04,
.08, and 0.132 �m for both systems. Figure 3 represents
he OASCS, also denoted �C �, determined in the differ-
ext
ig. 1. Aggregate composed of 21 spheres generated from the
ig. 2. Aggregate composed of 21 spheres generated from the
LCCA process.
ig. 3. OASCS �Csca� as a function of 1000 different configura-
ions. The aggregates are composed of 12 spheres of radius rs
0.132 �m generated from the RLPCA process with index of re-

raction ns=1.5 embedded in water with index of refraction nm
1.33. The wavelength of the incident radiation is 0.546 �m.
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nt configuration trials for a 12-sphere cluster of latex
articles in water, generated from the RLPCA process.
istograms (Fig. 4) of the occupation number were then

onstructed and fitted with a Gaussian probability func-
ion by adjusting the average cross section �Cext�c and the
tandard deviation �c. The �Cext�c represents the configu-
ation average of the OASCS, while �c describes the de-
iation from this average value of the statistical en-
emble. To check the reliability of the sample number, we
erformed the same adjustments on an ensemble of 3000
onfigurations. Relative errors inferior to 1% were found
n �Cext�c and �c, allowing us to conclude that 1000 con-
gurations represent a sufficiently accurate sampling of
he possible configurations for each family.

. RESULTS AND DISCUSSION
igures 5(a), 5(b), and 5(c) represent the Gaussian adjust-
ents related to the occupation probabilities of the 6-, 9-,

2-, 15-, 18-, and 21-sphere clusters of rutile titanium di-
xide immersed in the polymer resin, as functions of the
ASCS. The radii of the constituent spheres are respec-

ively rs=0.04, 0.08, and 0.132 �m, whereas the solid and
ashed curves are associated with clusters generated
rom the DLCCA and RLPCA aggregation processes, re-
pectively. Also, because all adjustments are calculated
rom the same number of different configurations, the cor-
esponding areas under each Gaussian fit are identical.

The case of linear clusters is particular and much sim-
ler to treat, since only one configuration is possible. The
atter leads to �Cext�c= �Cext� and �c=0, and consequently
o Gaussian adjustment is necessary. Also, in order to
tudy the electromagnetic coupling between the constitu-
nt spheres, we have represented in Figs. 6(a), 6(b), and
(c) the variation of �Cext�c as a function of the number of
articles for the independent-spheres assumption, the
LPCA, DLCCA, and linear aggregates with a radius of
.04, 0.08, and 0.132 �m, respectively. Let us recall that
n the independent scattering assumption, the scattering
ross section of the aggregate is calculated supposing that
ach constituent sphere scatters light as if it were iso-

ig. 4. Histogram constructed from the values of Fig. 3, where
he occupation frequency is plotted as a function of �Csca� and fit-
ed with a Gaussian probability function.
 t
ated. In this case, one has �Cext�=NsCext
I and �c=0, where

ext
I represents the scattering cross section of an isolated
article.

ig. 5. Gaussian adjustments for the 6-, 9-, 12-, 15-, 18-, and
1-sphere clusters of rutile titanium dioxide �ns=2.8� in a poly-
er resin �nm=1.5� for 1000 different configurations. The solid

nd dashed curves indicate aggregates generated from the DL-
CA and RLPCA, respectively. The radii of the spheres are equal
o (a) 0.040 �m, (b) 0.080 �m, and (c) 0.132 �m.
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. Effects of the Number of Particles in the Cluster on
he Orientation Average Scattering Cross Section
nspection of Fig. 5 shows that the width �c and the av-
raged value �C � of the probability distribution always

ig. 6. (a) Variation of �Cext�c as a function of the number of par-
icles for the (a) RLPCA, (b) DLCCA, and (c) linear chain with
espective fractal dimensions of 3.0, 1.8, and 1.0, together with
he value of �Cext�c in the case of isolated scatterers (d) for a clus-
er of rutile titanium dioxide particles in a polymer resin. The ra-
ius of the constituent spheres is rs=0.04 �m. (b) Same as (a) but
or rs=0.08 �m. (c) Same as (a) but for rs=0.132 �m.
ext c
ncrease as a function of the number of spheres Ns in the
luster. Indeed, since the incident radiation is a mono-
hromatic plane wave of infinite spatial extent, the aver-
ge amplitude of the scattering interaction process �Cext�c
s directly related to the size of the scattering object. Also,
or a small number of constituent spheres, the quantity of
ossible configurations is limited and both the DLCCA
nd RLPCA give rise to very similar aggregates.
Taking into account the discussion in previous para-

raphs together with the fact that the incident radiation
annot discern the details of the cluster structure, at least
nsofar as their dimensions are smaller than the wave-
ength, the OASCS does not undergo large variations
rom one configuration to another, and �c remains small
or small clusters. However, as the number of constituent
pheres increases, the number of different configurations,
s well as the overall dimension of the aggregates, also in-
reases. For this reason, the optical response given by the
ASCS is spread over a larger range of different values,

nducing larger values of �c. As a consequence, there is an
ncrease of the overlap zone between the Gaussian adjust-

ents. This overlap is essentially negligible between the
ix- and nine-sphere clusters, whereas it is quite notice-
ble between the 18- and 21-sphere systems. In short, es-
entially none of the six-sphere configurations scatters
ith the same strength as that of the nine-sphere clus-

ers, but numerous 18-sphere configurations have the
ame OASCS as that of aggregates composed of 21 par-
icles.

. Effects of the Cluster Pseudofractal Dimension on the
rientation Average Scattering Cross Section
e now focus on the comparison between the optical re-

ponses of clusters having the same number of constitu-
nt spheres but generated from different aggregation pro-
ess. Inspection of Figs. 5(a) and 5(c) shows that values of
c are always larger for the RLPCA than for the DLCCA
ggregates. Also, because of the condition of constant area
nder the Gaussian adjustments mentioned above, this

mplies that the occupation probabilities associated with
he values of �Cext�c are always smaller for the former
han for the latter. In other words, the denser the aggre-
ate’s configuration (higher pseudofractal dimension), the
ider the optical response in term of OASCS. This phe-
omenon can be explained by assuming that the probabil-

ty of the electromagnetic coupling is directly proportional
o the average number of particles directly touching in the
ggregates. Then, constituent spheres in clusters gener-
ted from the RLPCA process �fd=3� undergo more cou-
ling phenomena, and the resulting OASCS is spread
ver a larger range of possible values. Consequently, the
seudofractal dimension gives important information on
he possible electromagnetic coupling between the con-
tituent particles of the aggregates.

The aforementioned tendency clearly appears in an in-
pection of Figs. 6(a) and 6(c), where the differences be-
ween the values of �Cext�c for the linear, DLCCA, and
LPCA become more significant as the number of con-
tituent spheres increases. For large numbers of par-
icles, each type of aggregate has a different optical re-
ponse, which indicates distinctions in the degree of
lectromagnetic couplings between constituent spheres.
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he lower the pseudofractal dimension, the closer the re-
ponse to the isolated case, whereas, the higher the frac-
al dimension, the larger the difference. In other words,
uperior and inferior limits of the variation of �Cext�c are
iven by the linear �fd=1.0� and compact �fd=3.0� cases.
etween these limits, the optical response of different

ractal dimensions follows the same tendency. Fractals
aving a variation of �Cext�c closest to the isolated scat-
erer response should have the lowest fractal dimension,
hereas those with the larger discrepancies should have

he higher fractal dimension.

. Effects of the Size of the Constituent Spheres on the
rientation Average Scattering Cross Section
fter having studied the influence of the clusters’ pseud-
fractal dimension, we focus in this subsection on the ef-
ects of the size of the constituent spheres on the OASCS.
rom Figs. 5(a) and 5(c), it can be seen that at rs
0.04 �m, RLPCA aggregates scatter on the average
ore than DLCCA clusters (higher values of �Cext�c),
hereas the opposite is true at rs=0.132 �m. This behav-

or can also be illustrated by a careful analysis of the size
f the normalized overlapping areas between the different
aussian adjustments (Table 1), where the normalization

s realized on the sum of both areas. It is seen that nor-
alized overlapping areas between the Ns=N and Ns
N+3 clusters, where N=12, 15, 18, and 21, is always

arger for DLPCA than for RLPCA clusters at rs
0.040 �m, whereas the opposite holds at rs=0.132 �m.
he strength and type of coupling between the constitu-
nt particles depends then not only on the configuration
f the aggregate (and consequently on its fractal dimen-
ion), as shown previously, but also on the size of the con-
tituent spheres.

One important feature also appearing from inspection
f Figs. 6(a) and 6(c) is that for rs=0.132 �m, all cluster
amilies have �Cext�c values inferior to those of the isolated
ase whereas for rs=0.04 �m they are all superior. Such
ehavior can be understood from Mie and Rayleigh scat-
ering characteristics. In the rs=0.132 �m case, the scat-
ering intensity is associated with the total surface area
f the cluster, which decreases when one particle is added
o the system. For this reason, the effect is amplified as
he pseudofractal dimension increases. In the rs
0.04 �m case, particle dimensions are much smaller

han the wavelength of the incident field, and the scatter-

Table 1. Normalized Size of the Overlapping Areas
for RLPCA and DLPCA Clusters

Particle Radius
rs ��m� System RLPCA DLPCA

0.040 Aa 0.003 0.008
Bb 0.012 0.026
Cc 0.025 0.050

0.132 Aa 0.16 0.094
Bb 0.22 0.145
Cc 0.29 0.185

aBetween the 12- and 15-sphere clusters.
bBetween the 15- and 18-sphere clusters.
cBetween the 18- and 21-sphere clusters.
ng intensity is proportional to scatterer size raised to the
ourth power. Adding particles to the system will increase
he scattering intensity compared with that in the iso-
ated hypothesis. Finally, since the rs=0.04 and rs
0.132 �m cases respectively yield values of �Cext�c infe-
ior and superior to those of the isolated system, one could
ssume that there exists one radius of the constituent
pheres at which the OASCS of the coupled system is
qual to the latter. This specific concept is discussed in de-
ail in Subsection 4.D.

. Concept of Transition Radius
n analysis of Fig. 5(b) that represents the variation of

he occupation probabilities as a function of the OASCS
or both families at rs=0.08 �m shows that there is no
verlapping zone between the Ns and Ns+3 clusters, indi-
ating that the �c remain small. Also, both DLCCA and
LPCA clusters lead to the same Gaussian fits, at least
ntil Ns=15. Such behavior is also revealed upon inspec-
ion of Fig. 6(b) by remarking that the fractal dimension
f the clusters seems to have a very small influence on the
ariation of �Cext�c as a function of Ns. Moreover, linear,
LPCA, and DLCCA clusters have an average OASCS

hat is very close to that under the isolated assumption.
his confirms then the fact that this radius represents a

ransition where, for smaller and larger sizes, the �Cext�c
s larger and smaller, respectively, than in the isolated
ase and that at this radius, each particle seems to scatter
s if it were isolated from the others regardless of the
ractal dimension. In other words, the electromagnetic
oupling that comes from the interaction of the scattered
elds is little affected by the cluster’s configuration at this
adius whereas it is strongly influenced for a larger or
maller one. We shall define the size of the constituent
pheres at which such phenomena appear by the name
ransition radius.

Now, in Figs. 7(a) and 7(b), we present analogous re-
ults to those represented in Figs. 6(a) and 6(c) except
hat now the system under study is composed of latex par-
icles in water. One can clearly observe that the influence
f the fractal dimension discussed earlier on the variation
f �Cext�c is still valid. However, for rs=0.132 �m, all the
ggregates still scatter more than the isolated particles
ven if the difference is smaller than that for rs
0.04 �m. These results clearly indicate that the transi-

ion radius that we introduced earlier depends on the
elative refractive index of the system �nm /ns�, which is
qual to 0.54 in the case of TiO2 in a polymer resin and
.89 for latex particles in water, and that for this latter
ystem, the transition radius is superior to 0.132 �m.

To confirm this hypothesis, we performed a preliminary
tudy, which consists in comparing the associated OASCS
f two particles placed in contact with their isolated scat-
ering cross section, varying rs and the relative index of
efraction, denoted Nre. The results of this study are
hown in Fig. 8, where we plotted the transition radius,
enoted Rt, as a function of Nre. The zone under the curve
epresents systems for which the OASCS is higher than
hat of isolated scatterers, whereas the zone above repre-
ents system parameters for which the OASCS is smaller
han that of isolated scatterers. A curve passing through
he points represents the transition between scattering
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egimes and thereby corresponds to the size regime for
hich where there is no apparent coupling between the

pheres. The general tendency of this variation is that a

ig. 7. (a) Variation of �Cext�c as a function of the number of par-
icles for the (a) RLPCA, (b) DLCCA, and (c) linear chain with
espective fractal dimensions of 3.0, 1.8, and 1.0, together with
he value of �Cext�c in the case of isolated scatterers (d) for a clus-
er of latex particles in water. The radius of the constituent
pheres is rs=0.04 �m. (b) Same as (a) but for rs=0.132 �m.

ig. 8. Transition radius RT as a function of relative refraction
ndex Nre for a polymer resin host medium �nm=1.5� and a wave-
ength of 0.546 �m.
ore pronounced contrast of the index of refraction be-
ween the particles and the surrounding medium corre-
ponds to a smaller transition radius. Thus one can see
hat the transition radius for latex particles in water oc-
urs around 0.4 �m and that this is the reason that we
ould not observe it in the study illustrated in Fig. 7.

. Extrapolation of the Orientation Average Scattering
ross Section for Larger Numbers of Constituent
pheres
ue to the large number of cluster configurations neces-

ary to accurately evaluate the average optical param-
ters, the numerical calculations are quite time-
onsuming and studies on larger clusters cannot be
onsidered. For this reason, the discussion in this subsec-
ion is devoted to the study of the extrapolated values of
he OASCS for aggregates having much larger numbers
f constituent spheres than in those that we studied pre-
iously. Results are shown for rutile titanium dioxide
lusters in water with constituent spheres of rs
0.132 �m.
Figure 9 represents the parameter �Csca�c normalized

y the total volume of the aggregate, also denoted Csca
N , as

function of the number of particles Ns for the linear, DL-
CA, and RLPCA clusters. The use of this parameter is
onvenient because its variation as a function of the num-
er of spheres in the cluster is a constant line parallel to
he Ox axis for the isolated assumption. Two interesting
endencies can be observed. The first is that the variation
f Csca

N seems to converge to an asymptotic value, denoted
sca,A
N , as Ns increases. The smaller the fractal dimension
f the aggregate, the smaller the discrepancy compared
ith that in the isolated case and therefore the higher the
alue of Csca,A

N . The second remark is that the number of
articles Ns, denoted NA, at which the variation of Csca

V

eaches its asymptotic value Csca,A
V increases with the

ractal dimension of the aggregates. As we explained ear-
ier, these observations reflect the strong correlation be-
ween the coupling effects and the average number of
eighboring particles, and consequently with the fractal

ig. 9. Variation of Csca
N as a function of the number of particles

or the (a) RLPCA, (b) DLCCA, and (c) linear chain with respec-
ive fractal dimensions of 3.0, 1.8, and 1.0, together with the
alue of Csca

N of isolated scatterers (d) for clusters of rutile tita-
ium dioxide particles in water. The radius of the constituent
pheres is r =0.132 �m.
s
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imension of the aggregate. The perturbation yielded by
s+1 particles is weaker in a linear chain than in more

ompact configurations. For this reason, once that �Csca�c
s normalized by the total volume of the cluster, the con-
ergence is reached faster for a linear chain than for a
ompact configuration.

Taking into account those tendencies and variations,
e have adjusted the data of Fig. 9 using a power law

unction such that Csca
N �Ns�=A0+A1Ns

A2. The values of co-
fficients A0, A1, and A2 are shown in Table 2 for each ad-
ustment. The asymptotic value and the convergence rate
ntroduced earlier are given by the A0 and A2 coefficients,
espectively. One can note that the quality of the adjust-
ents is better for higher pseudofractal dimension; how-

ver, even for small dimensions, the root mean square er-
or on the fit is still relatively small. For this reason, the
xtrapolation of the values Csca

N could be performed with
ood precision for clusters composed of a number of pri-
ary particles Ns superior to 21 even if the asymptotic

rend given by the power law is not exact and the varia-
ion of Csca

N slowly increases with N.

. CONCLUSION
he recursive centered T-matrix algorithm (RCTMA) was
sed to calculate the optical properties of nonspherical ob-

ects composed of aggregated spherical particles. We stud-
ed the orientation average scattering cross section
OASCS) of different types of clusters as functions of their
ize, refractive index contrast, pseudofractal dimension,
nd size of their constituent spheres. The variations of
he optical properties were clearly linked to the different
ypes and strengths of the electromagnetic couplings be-
ween the scattering objects. We have introduced the con-
ept of transition radius, which defines the size of the con-
tituent particles for which the overall cluster scattering
f light behaves as the sum of the independent constitu-
nts. For larger and smaller sizes, the OASCS has stron-
er and lower values, respectively. Also, the transition ra-
ius depends very strongly on the relative refractive
ndex of the scattering particles.

The OASCS that we have studied characterizes the
trength of the scattering interaction with the cluster but
oes not give any information on the spatial distribution
f the scattered energy. Such effects could be taken into
ccount by evaluating the orientation scattering efficiency
f the aggregates. This quantity is defined as the product
f the scattering cross section by unit volume with the
erm 1-g, where g represents the asymmetry parameters
f the system.

Finally, further analysis should be carried out in order
o retrieve CN as a function of the number of particles,

Table 2. Adjustment Coefficients Given by the
Power Law Functions

Coefficients Linear DLCCA RLPCA

A0 22.27 11.24 2.24
A1 7.84 18.89 27.84
A2 −1.75 −0.51 −0.31
� 0.12 0.0035 0.043
sca
sing a simple function of the size of the constituent
pheres, the relative index of refraction of the system, and
he fractal dimension, without the obligation to perform a
ull statistical study based on RCTMA calculations.

PPENDIX A
he recursive algorithm of the RCTMA is given by

�̄N
�N,N� = 	Ī − T̄N�1� �

i=1

i=N−1

H̄�N,i� �
j=1

j=N−1

�̄N−1
�i,j� H̄�j,N�
−1

T̄N�1�,

�A1�

�̄N
�N,j� = �̄N

�N,N� �
i=1

i=N−1

H̄�N,i��̄N−1
�i,j� , j � N, �A2�

�̄N
�k,i� = �̄N−1

�k,i� + �
j=1

j=N−1

�̄N−1
�k,j�H̄�j,N��̄N

�N,i�, i � N, �A3�

�̄N
�k,N� = �

j=1

j=N−1

�̄N−1
�k,j�H̄�j,N��̄N

�N,N�, i = N. �A4�
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