Part 2 :

Light forces : E = mc? and optical tweezers

Generalities of photonic theory :
= Subtleties with electromagnetic units in SI
* Time-harmonic formalism and Fourier transforms
= Transverse and longitudinal fields
= Light matter interactions in terms of response functions

Scattering theory :
= Basic definitions
= Applications and basics of Mie theory
= Electric polarizability theory for small scatterers.

Multipole theory :
= Multipole basis functions
» Expansions of Green’s functions



A consequence of light carrying momentum

Photon source
M /

]

Maxwell equations tell us that :

I has the units of power per unit surface [W.m™?] = [[.m 2.s7!] = [N.m™1.s71]

Light pressure, P, has the units N.m™2

[ =cP—->FE=cp

Quantum mechanics also tells us that :

E=hv= h_
= v-c/l—cp




The patent clerk argument : step 1

“‘Gedanken” experiment

Photon source h

Xy

/ Quantum mechanics: FE = hy = co=¢p
‘ Maxwell’s equations : [ =cP—>|E=cpl>p=—
v E
S~ q— _r_=
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The patent clerk argument Step 2

Box initially centered at x = 0

m mxq
CM = CM is the center of mass of the box + m
M+m

\ (2)
m

L mxy  MAx + mx; | Ax = L
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The patent clerk argument Step 2
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Peter Debye (1909) — radiation pressure

o oliove Radiation pressure s

A photon transports
both energy and momentum

E=cp

/'F

Radiation forces




Optical Tweezers

High numerical aperture optics :




Electromagnetic field equations in the vacuum
There are only 2 "Maxwell” equations

. 0
Local charge conservation : a—i +V-j=0
] . . Electromagnetic equations for
ectror_nagnetlc eq_uatlons in uniformed units
International SI units
0B ( OB
VXE=— _ _ _ — =—cVXE
ot Uniformed field units ot
F _ OF )
VXBSI—E(),L(O +,u0] B_CBSI E—) E=CVXB—EL
0

C
\

dp p
V-E)+V-j=0 Liv-i=0 F =
an( )+V-j otV = V -E -
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Electromagnetic field equations in the vacuum

Uniformed 'S.1.” units Gaussian units

O _ v B an
R— X —
at C 7T]

0B
— = —cVXE
dJt

2 -
gtz V"ot e, 0t dte €0t
OB —> < 5
—=—cVXE 2 _ C )
ot C°VXVXB+——=—VX]j
& at EO



Electromagnetic field equations in lossless local media

Electromagnetic equations in Electromagnetic equations for
International SI units Uniformed field units uniformed units
aBSI _ DSI
_ st = ( 0B
VXE= ot €o a—:—CVXE
B = CBSI { t
0Dg H — oD :
VX Hg = ot ts H = @HSIzi —=CVXH—]—S
€o €oC dt €o
\
v
F = qE + qv X Bg; F=qE+qsz

Local charge conservation

a — ap pS
—(V-E-E)+V-j, =0 P v.i = v.pD=2
at( & )+ Js at+v ]S_O ) €
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Instantaneous constitutive relations

t
0B oD Js D(r,t) = j gr,t—t) -E(r, t)dt
—=—cVXE —=cVxH-= —o0

at at EO

t
B(r,t) = f w(r,t —t" - H(r, thdt'

Instantaneous interaction gr,t—t) (t—t)

or quasi-static limit . , ; Real symmetric
Um (T, t —t) 6(t —t) matrices

i) - 6H(r ) = —cVXE(r,t)

£(F) - aEa(:” VX H(r,t) - &
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Time-harmonic vs Fourier Transform

(lb; 8: g) — Re {(g 83) e—iwt} i (6)) = Re {(i(r)o/ ie()) e—iwt}

N— g
~

Time-harmonic

E(r,—w*) = E*(r,w)

0.0)

() Jubgmyen = o

—® j(r,—a)*) =j*(r, (1))

N— -
~—

Fourier transform




Maxwell equations in the frequency domain

t
D(r,w) = j er,t—t")-E(r, t)dt

—>
t
B(r,w) = J w(r,t —t") - H(r, t"dt'
0B
E = —cVXE
oD js >
—=cVXH——

ot €o

D(r,w) = &(r,w) - E(r, w)

B(r,w) = u(f,w) - HF, w)

ilwB =cVXE
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Inhomogeneous media in the frequency domain

D(r,w) = e(r,w)E(r, w)

B(r,w) =u(r,0)H(r, o)

iwB = cV X E iwp(r, w)H(r,w) = cV X E(r, w)
j r,w
cVx H=—iwD + i—s — cVXH(r,w) = —iwe(r,w)E(r,w) +]S(e )
° 0
v VxE w> ( )E( ) 0] P
X — —&(r, T, —
u(r, w) cz @ @ €,C2

2

o .
VXH—C—Z,Lt(r,a))H(r,a))=V>< Js

V X
e(r,w) e4C

s(r,w)
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Transverse electromagnetic fields in optics (4 = 1 no sources) :

VxVxE—e(r)(w)2E=O

C

V. (VXF)=0 === V.e¢@)E@)=V-D@) =0

Source-free fields, D and B are transverse, in heterogeneous media

V-D=V-B=0 VXD+0 VXB+0

The fields E and H are transverse, V- E =V - H = 0, only in source-free homogenous media

In free space without sources, longitudinal electric fields (V X E; = 0 but V- E, # 0) are null

15



Electromagnetic fields in a homogenous space are solutions of
the 3D Helmholtz equation

Mathematical identity : VXVXE=V(V-E)—AE

VxVxE—e(r)(w)ZEzo

c

1 2

V(V-E)—AE—g(r)(Q) E=0
C

For a source-free homogeneous medium, V - E = 0, and we find
that E satisfies a vector 3D Helmholtz equation :

AE+€(%)2E:O
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Drude-Lorentz model of material media

Frequency dispersion of permittivity

2 N

2
w w
pl E : pT,a
E(a)) = &pc — 2

w(w+il) 1w2 + 2iYqw — w7
o= ’

c(w) =¢&'(w) +ig"(w)

&s'(M) )
: es”’(A)
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Drude model for the permittivity of silver (Ag)
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Drude-Lorentz model of material media

N

2 2
e(w) = epc — Op___ z CpTa
PC w(w + il w? + 2iy,w — Wb,

a=1

c(w) =¢&'(w) +ig"(w)

€5 (w)
|||||||||||||||||| A um—r 1 wev L
1 2 4 5 6 :
6F
_50 | 5¢
4t
100 3
2p
150 N
e : — weV
] 1 2 3 4 5 6

Drude model for the permittivity of silver (Ag)
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Electric constitutive relations
(adimensioned units)

Homogeneous media

t t
D(r,t) = J gr,t—t")-E(r, tHdt — D(r,t) = J gt—t) - -E(rthdt

Isotropic media Convolution integral

t (with Heaviside 0(t)) oo , , ,
mmm) D(r,t) = f e(t—t)E(r thdt D(r,t) = f O)e(t —t") E(r,t)dt

¥ al

o(t) %

1 1 1
1 -os O 05

_ The Heaviside Function
Fourier transform

§(w) = joodt el @t (t)e(t) D(r,w) = Joodt eltp(r,t) E(r w)= foodt e WtE(r,t)

D(t) = foo Ot)e(t —tHE(r,t)dt' mmmm) D(r,w)=E(w)E(r, ) ={1+ F.(0)}E@r,w)
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Susceptibility : ¥.(w)  &w) =1+ 5, (w)

Fourier transform

Te(w) = J " at e “te(t) x.(t) D(r,w) = E§(WE, w) = {1 + f(0)}E(r, w)
1.(t) is areal — valued function =)  Fe(—w") = Fe(w)

Inverse Fourier transform
L —iwt 5 E(rt) = 1" dt e *E(r, w)
Xe(t) = % ) dwe Ye(w) ’ 21 )_, ’

Time harmonic formalism : E(r,t) = E,(r)cos(wt — @) = %{EO (r)ei¥e @t + E\(r)e”Wel®t}

= Re{Ey(r)e¥Pe~ i@t} .



Magnetic constitutive relations
(adimensioned units)

Homogeneous media

t t
B(r,t) = j w(r,t —t')-H(r, t"dt' ) B(r,t) = J wt—t)-H(r, thdt

Convolution integral

Isotropic media
P (with Heaviside (1))

m) B(r,t) = j t u(t —t") H(r, t)dt'

(00]

B(r,t) = foo O()u(t —t)H(r, t)dt'

'
J6 %

|
1 1 1 1
1 -os O 05 1

_ The Heaviside Function
Fourier transform

j(w) = .Ioodw et (t)u(t) B(r,w) = jooda) e “tB(r,t) Hr w) = fooda) e'“H(r,t)

E(T, w) = ﬁ(w)ﬁ(r, w)={1+ Xm (w)}ﬁ(r, w) In most materials at optical frequencies y,,~0
21



Kramers-Kronig relations : causality

Theory of distributions

¥ ol

” J ” 1 i 0.5
@<w>=j dt et (t) = j dt e10(t) = T8(w) + P.V. 1[
. 0

l
1 1 1 1
4 —os O] 05 1

The Heaviside Function

O(t)

!

X(@)0(w — w')

Causality: y(t) = y(©)0(t) ===  y(w) = f ) dza;

mem) y(w) = %P.V.foo - dw x(w) =y (w) +iy"(w)
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Kramers-Kronig relations : causality

g(w) =1+ y(w) x(w) = ¥ (w) + iy (w) = y1(w) + iy (w)

1 (0.0) X’,(w,) 60
!/ — — d ! |
x(w)=— J_ww,_w ® |
20 |
1 00 Xl(wl) | K
" s ——:P d ! 0 =" == > -
X (w) T j_oow’ —w @ i '.

B 2 I:I | II| //

a0 |

Xe(—w") = ¥e(w) ) yY(w) = ;?J de’

0 wlZ_wZ



How do simulate light scattering in the “real world™ ?

“Seeing 1s believing and all we see 1s scattered light” J.C. Stover

24



Simplification : piecewise continuous media

Q

\\\% Constitutive parameters

D,(r) = &(w) - E,(r)

H,(F) = ji(w) - B, (1)

25



Scattering by a spherically symmetric object

Lorenz - Mie - Debye theory
(1890)  (1908)  (1909)

Outgoing scattered field
Incident -"excitation’ field : o~

Exact solution !

26



Lorenz(1890)-Mie(1908)-Debye(1909) theory ?

Citations per year
] 9 §
/ ‘.'
?
o
/
L)
2
0 ./
[
/
o
/o
o
|
.
o'\ /.
g iy "
/._\ I.‘ ° J'K \..
'.".Ion"..yo.'o.., .‘../ o'e
0. 0.02000200,090000
. ‘et (1) 000,000,900%40, ! o %% ‘o 9
GUStaV Mle * 1.1‘“..?“ .l'i;v..".w'.-. ..;m.:. —1T_ :u;. “.1 B0 195 1% r‘TL WIS M8 1M 10 10 ,~:Iw .‘cltc
(1947) (1970) (2015)

Gustav Mie (1868-1957) “Contributions to the Optics of Turbid Media, particularly of colloidal metal solutions”

Translation (Royal Aircraft Establishment (1976). (1908)
Ludvig Lorenz (1829-91) “Light scattering and reflection by a transparent sphere (surface)”

in Oeuvres scientifiques de L. Lorenz. 1898, p 403-529 (1890).
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a

A lot of physics is hidden in the Mie coefficients
Long winded to derive but easy to use!

(ks ROY u (KR) = ' (ks R)jin (KR) S nesRYY n(KR) = /' (kR)j (kR)

bn =
e In(ksROE w(KR) = 'y (ks ROy (KR) = Wn(ksRIE w(KR) = 'y (ks Ry (KR)

an(X) = x]n(x) k
£.00 = xha() k.

Cross sectios : o

21 -
Extinction : O, = EZ(Zn + 1)Re{a,, + b,;}
n=1
: 277: N 2 2
Scattering : 05= EZ(ZTI + D(lanl® + [b,[%)
n=1

Absorption : Oq = Oe¢ — O

28



Interaction of light with subwavelength structures

Weak interaction

Bohren, C. F., & Huffman, D. R. (2008). Absorption
and scattering of light by small particles. John Wiley
& Sons.

/\\/g/ D<A
A

Resonant optical interaction

Extinction cross sections

Eines-of-energy-flux

Sext T Sinc = Stot — Sscat
29



Mie theory from nano to milli-metric particles

+4n[n(n+2) Re{@ a1 + bobrei) 4 2n+1 Re(a b*}l

Op= 0 T 775 nn+ nn+ nOn

Rayleigh scattering ’ ke[ a1 RRTICESY
Radiation pressure

Glory — backscattering Rainbows, clouds

30



Photonics : polarizability approach light interacting with a small material sphere)

Electric dipole moment and polarizability, (@)

P = €oep(w)Eeyc @ &

Quasi-static polarizability

€ — €p
& + 2¢,

ay(w) = kl}%rg()a(w) = 4nR3

31



Photonics : polarizability approach to cross section
(case of a material sphere)

Electric dipole moment and polarizability, (@)

P = Eogba(w)Eexc @ £,

2T W E.— &
k = —_ = — . — 3 S b
7 ap(w) = kl}ler_r)loa(w) 41tR

&+ 2¢,

2
Ps,e,a = O-s,e,alinc [ine ”Einc”

Cross sections :

k* _
Oext — klm{a(a))} Ogscat — a |a(a))|2 Oabs = Oext — Oscat

32



Despite first appearances there are limits to cross sections !

Electric dipole moment and polarizability, ()

P = Eogba(w)Eexc @ £,

E — &p Infinite ? cheléctric response
ao(w) = lim a(w) = 4nR3 ——=
o(w) KR 0 (w) e + 2, When e~
No !
o . . ] A(w a
Unitarity (energy conservation) imposes : «(w) = (3 ) — hrr}) a(w) = 23
. w— .
o w 1—1§A(w) 1—150(0
k = ——= —
Ab Cp
4 2 2
loa(w)| S— k 5 67‘[ 3¢ A - B
PE Ocat = —la(w)|? < T = Unitary limit !

33



Localized surface plasmon resonances

(recap)
4
Oext = klm{a(w)} Ogcat — a Ia(a))lz Oabs = Oext — Oscat
E,— &
ao(w) = lim a(w) = 4nR3 = b
KR—0 & + 2¢
&(w) = g’s(a)) + igs”(a))

&s’() -

] €s

""""--.._ 1 Anm

; 600 800 1000 1200
~10f 25
20, 20
-302—
—40;- 15r
-50?— 10}
60¢

C 05}
70}

A00 A00 ann 1000 1200




Plasmonics : silver spheres in glass
(Localized surface plasmon resonances)

Silver particle in glass R= 5 nm

G/(TERZ) G/(TCRZ) Silver particle in glass R = 20 nm
12" 207
10 - 15i
8 :
6 10:
4 _ :
: ‘ °f
2 ‘ i i
i ‘ ‘ ‘ . A : “ A,
400 500 600 700 800 400 500 600 700 800
G/(TCRZ) Silver particle in glass R= 50 nm G/(TCRZ)
I 7 Silver particle in glass R = 100 nm
* o Oext /(TR?)
6 i
I 4-
4 3 2
I i Gscat/(TCR )
I 2
2 i 2
, X G aps/ (TR?)
., e S ———— 0

L, e ‘A [0 T —— A
400 500 600 700 800 " ° 400 500 600 700 800 35



Scattering and absorption by
nano-particles (plasmonics)

Mie(1908) - Contributions to the optics of turbid media, particularly of colloidal metal solutions

Stain glass ~ 17" century Lycurgus cup ~ 4t century
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Dark field imaging of plasmonic particles
(imaging “below the diffraction limit”)

60nm Silver Nanoparticles 60nm Gold Nanoparticles 100nm Gold NanoUrchins
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Multipole theory

38



Homogeneous wave equations in 3D
(spherically symmetric isotropic potentials)

Schrédinger’s equation:

2m
MY+~ Ep — V(r)¢ =0
Acoustic waves: Electromagnetic waves:
1 1 ,w\2 AN N
V. —Vy — — = VX—VXE— —) E=0
0" 5 () ¥ = K0 "0 (¢)
Scalar “light” (acoustics : p = 1,&(r) = 1/B(r) ): Optical fields (u=1):

2 O 2

Al/)+€(‘r)(%)l/)=0 VxVxE—s(r)(?) E=0

39



Scalar Helmholtz equation
In a spherically symmetric potential:

2

A w
o M +e() (=) P =0
. 7 e —
M 10%(ry) 1 o\ 0%y
% i, , r or2 +r2 sin2 6 |06 sm9— agbz ( ) e(ry =
N ~
A laz(n/;)_mgllpzo
M r or? r2

Separation of variables : (7,0, ¢) = P,.(1)Pg(0) P4 ()
m € 7

_+a]¢¢(¢)—0 =a=m? , Pulp) xe™ =
m=—oo,..,—1,0,1,..00

dg?

1 d d m?
- = - 1 P _
sin? 6 d6 (sm ¢ d9> sin? 9] Yo (6) t+ De(0) = he(0) x Pi(cost)  p=0,1, .., |m|

Ref : Jackson 3" edition — chapter 3
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Legendre Polynomials : P,(x)
Associated Legendre functions : P;"* (x)

1 d d 2 , |
— [ ; —(sin@ ) — 517:2 9] we(g)elmqb — f(f + 1)¢9(9)elm¢

N— 7

L2e(0)ei™® = ¢(£ + 1Py (0)e™® = 1y (6) = Py*(cos6) £ =0,1,2, ...,

. d’ .
Legendre Polynomials:  P,(x) = P (x) = 27 [(x? — 1)*] (Rodrigues’ Formula)
P, (x)=1
P, (x)= - -
L (X) =X Associated Legendre functions:
1
P, (x)==(3x* -1 dm
2( ) P (x) = (—1D)™(1 — x%)™/? em P2 (%)
1 m

= (-1 (sing)™2 T Py(x)

P, (X):E(SXZ -3x)

41



Scalar Spherical harmonics

2041 —m)?*
Yy m(6,9) = [ P m)!] e p"(cosh) £=01,.. 0 m= —n,..
= ¢'™®P]"(cosb)
Angular momentum operator; L= %(r x V) =0 Yy (X)= e
4
1 0 d 1 9% 3 i s
- Y,. (6, Y, =—/=SsInoe
lsmz XL (Sm f ae) SinZ 6 a¢2] em (0, ¢) n-1 87
Yo = %cos@
g T
= LAYem (8, ¢) = €(£ + 1)Yn (6, $) ‘
1 [15 . 50
Z ﬂsm oe
Orthogonal basis: 15
A n=2 1Y, =—,/—sindcosHe"
8
J Yom (0, 0)¥W,r ,(0,0)d0 = 8, p18m 5 (3 1
0 Y, = ™ Ecos 0—5
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The scalar harmonics determine the electron orbitals’

z

Y00 |
y
X
(@) S
z
z z
Yl,—lr Yl,O ’ Y1,1 y \X*Y
y

X Px y X Pz

(b)

z 7 z 2

Y2,—2 ) YZ,—l ) YZ,O ) Y2,1r Y2,2




Scalar Helmholtz equation
In a spherically symmetric potential:

2

AY + e(r) (ﬂ) Y =0

C
N
r N\
162(r1/;) L% 2
3, S+ () w=0

W(r,0,0) = P ()Y (0,0) LAY = £(£ + 1)V,

Y m(6, ) = e P (cosh)

£=01,2,..,00
m=-¢..,¢

2
Pue LD o) (D) ez | WO =)




Scattering from a spherically symmetric potential
( Quantum mechanical analogy )

w 2
Scalar light : =g, (?)
dz 2 (Opt) (opt) 1'0(1? + 1) W\ 2
qr2 M + kcup, — [ o () a))] u, =0 [ eft (T )] —— — (& — &) (?) O(R —1)
€y
Schrodinger equation :
d? 2m (Sch) (f+1) 2m e?

(SCh) = —
dr2 U T oo #2 Eup — [ eff (7”)] uy =0 [Veff (r)L) - r? h? 4me,r
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Scalar light :
5 _t(E+1)
[Ve(ffpt) (T)L =7

Plasmonic resonances
“repulsive” potential :

€S<€b

a0 350
1300
%
1250
1200
0
150
- 100
50
5
50 -25 o 25 50

Effective potential — Photonic “atom”

Whispering Gallery modes  €s = €b

C() 2 (19 : 29 M - - H .
K2 =g, (_) attractive” potential with radiative loss :
C
( % | =
2 Sphere Atom
w Radius = a Bohr-Radius = a
—(es—)(—) 6(R—71) V. A |\~5;-// V. |
° b (C) \'"\ @i o
i
“Morphologic” resonances e
“attractive” potential : e
| > —71 VAN >
ES > E'b 1.0 rla M——ﬂa
LY
N g
i =
® [ ®
\ 'ﬁ.“‘\f-.}" ol | ( ) 5
“I8\" ? f(f+1) 2m e
: (Sch) _
¥ |4 = -
"1‘/1 - [ eft (r)]{) r? h? Ameqr 46



Homogeneous media Helmholtz equation
A+ k%P =0

Separation of variables:
l/J(T', 9’ ()b) = IIJT(T)Y'E,TTL(HI ¢) f — 011;2; ___’OO m

1d2(rp,) Y, L2
2.0 — - r ricl
AY + k“yY 0—>L ar + 2

e
\4

d2
[r (dr;/”") +2(£+ Dy, + kzrzzprl Ypm =0
2
zp(7) 2 = . (¥
Change of variables: W =Y, (r) k* = e (c)

—£, ...

Spherical Bessel function equation: r2

,

Yy + kzlpr] Y{’,m =0
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Homogeneous Helmholtz equation in spherical coordinates

zp(1)

= ()
dZZ{) dZ{) 1 2 (kr)1/2 l/)‘r'
r? 72 +7"W+ k?r? —(£+E> Zp = 0
f
() = 3dens o)
EEECE e
Yr(r) = S
Spherical Bessel, Neumann and Hankel functions: Rt (x) = \/%Hﬁ)l/z(x) =Je() + iy (x)
KOG = [T 000 = i) = i)
Bessel (1): Neumann (2): Hankel + (3):
. (-1)° . sinx _ _cosx Dy — Lo
_ s — yo(x) = hy ' (x) = e
Jox) (2s + 1)!x X ° , x 0 X _
s=0 _ cos“x sinx +) _ ix 1 [
i) = 51;2x B co;x y(x) = ( T, ) hi”(x) =—e (;-I_F)
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Linearly independent solutions

Spherical Bessel functions (1)

(-1 . sinx

Jo(0) = 0(25+1)!x X
S=
_()_sinx CosSx
J1xX) = xz X
1.0 jO

Outgoing spherical Hankel functions (+)

[ .
h(()+)(x) = —;elx
(1 [
h§+) (x) = —e" <— + —2>
X X

Spherical Neumann functions (2)

COS X
Yo(x) = — "

cos®x sin x>

y1(x) = ( -

x2 X

1.0¢
U'S; Y0y
n.nf
—U.E-f—

-1.0f

-15L

Incoming spherical Hankel functions (-)

h(()_)(x) = ie"i"
X
(1 ]
0= mee(i 1)

x x2
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Regular partial wave basis : Wy = 1k3/2j,(kT)Y;1 (6, )

Spherical Harmonics: Y, . (6, ¢)

m=0 m=1

Bessel functions :  Je(k7)

1.0 /O
0.a

0.6

A _
0.4 ]3 ‘g _2

0.2

-0.2
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Regular partial waves form a basis for source-free fields
(scalar waves)

Orthogonality

2
%j Yomkr)¥Wy ,(kK'T)dr = 6, 161, 6(k — k')

Closure

2 (® « dk
_j z Wy (kD)W (k1) — = 6 (r — 1)
T J, ’ ’ k

£ m=0
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Partial wave basis (scalar waves)

3/2 ,ik:
Plane wave expansion : k3/2eter z z Pem¥em(kr)

=0m=—-n
Plane wave Coefficients : Regular partial wave :
Pem = 41Yg 1, () Wom(kr) = i'k3/2j,(kr)Ypm (6, ¢)

S
&
1l
==

Outgoing “partial” wave :

(+)(kr) k31205 (k)Y 1 (6, )
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Green’s function (scalar waves)
Complete solutions to the wave equations valid for arbitrary sources

We want to solve the inhomogeneous wave equation for an arbitrary source s(7)
In a homogeneous medium : ©
2 —
ke =¢ (?)

AY(r) + k*P(r) = —s(1)

2

This can be achieved by solving for the Green’s function g(r,1")

Ag(r, ) + k2g(r, 1) = =6 (r —1r")

This solution to the wave equation, ¥(7) for an arbitrary source, s(7) is then found by:
D) = j 9@ 1)s@)dr
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Green’s function in a homogeneous media

can be constructed from the “partial’ waves: LIJ{E:% , Yom

2
Ag(r, )+ k?g(r,r) =6 —1r") k*=e (2)

C

9T =25 D (U e )Wy (k)

£=0,m

r| > |r'|= {r~=7r and r.=7"}

rl<|r'| = {rs=7r"and r, =71}

Regular partial waves: Outgoing “partial” waves:

Wy (k1) = 185372, (k1) Yy (6, ) Wi (kr) = k320" (k)Y m (6, )
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Closed form for the Green’s function :

The infinite sum can be simplified by letting ¥ —» 0 and

remarking that only ¥, (k0) = J%_n IS non-zero in this limit.

The Green’s function then simplifies to:

o
9(70) =3 > W kI )Wy (kr )

€>0 m

— q,<+> (kT)W; o (k0) =

ikr

4mtr

Tk

Famous result for Green’s function of the scalar Helmholtz equation:

eik|r1—r2| ik'rlz

r,T) = =
g( 1 ) 4-TC|T1 —T2| 4'77:7"12

e
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Homogenous Maxwell equation in spherical coordinates
VXVXE—K?’E=0

2

= ()

AY + k*Pp =0 c

Transverse vector “partial” waves : V*Mpym =V Ny, =0

Scalar “partial” waves

M, (kr) = VX [r¥mkn)] | magnetic
Y, (kr)=itk3/2j,(kr)Y,., (6 frin+ 1)
em(kr) = Je(kr)Ypm(6, @) | ==>
N, (k1) = V X M;ém(kr) electric

£=012,..,00 m=—4,..,¢
Longitudinal vector “partial” waves

Bouwkamp-Casimir (Jackson) approach V(V-L)+k*L=0
Alr-H)+k’r-H=0 L, (kr) = V[‘Pf,m(k‘l”)]
’ kJ2(f + 1)

Alr-E)+k’r-E=0
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Vector spherical harmonics

20+ 1(£—m)!
4 (£ + m)!

1/2
Yo m(6,9) = l ] emP P (cosh) = e™P P} (cosh)

- 1
Angular momentum operator : Ly, = T(r X V)

3 types of vector spherical harmonics

WS (6,0) = Yom (6,0) = Yy (6, 0) £=0,1,2,...,0 m=-¢,...

Ty
W0, ) = Xpm (0,0) = -2, ,0(8,8) = Zym (6,0) X uy
n=1,2,...,0 m=-n,...

3 _ _ TVam(6,0) 3
Wi (0, 8) = Zy (6,6) = =228 =, x X, (6, )

41T )
j AW (6,9) - Wi (6, 8) = 6 4Snuimy
0




Vector spherical harmonics

Ym(60,0) =u,Yp (6, P) £=0,1,2,...,0 m=- ¢
X, m(6,9) = e™®|ugitt(0) — up sy (6)]
_ n=1,2,...,0 =-n,...,N
Znm(8,¢) = e™P|ugs(0) — ugiug (6]
an(9) = ——— " pmg)
" Jnm+1)siné "
o 1 d _
Sn (9) — Pn (9)

n(n + 1) do
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Vector ‘partial waves’ VXV XE—k?’E=0

Ricatti-Bessel functi W”(X)EXj %)
Caltl-pessel Ttunctons ,
! )= 3, (X)+ X, (X) ]

Mn,m(kr) = inkB/Zjn(kT)Xn,m(e; ¢)

N (k) = 82 | (k)G DY (8, 9) + 0/, (k) Z (0,0 |

n=1,2,...,00 -n<m<n

V-My,,=V-Ny;, =0 VXM, =kNyn VX Nym = kMym

AM,  + kM = O AN, + k*Ny oy = 0
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Longitudinal partial waves

V(V-Ly)+k?Lyp, =0

V| Wy m (k)] VxL,, =0

m(kr) =
Lem (k) il J2(0 + 1)

o (k
) om0,

Lo (kr) = i*71k3/2 [jl)(kr)Ye,m(G, )+t +1)

£=0,1,2,...,00 -f<m<?

AL&m + kng,m — 0
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Regular partial waves form a basis for source-free fields
(vector waves)

Orthogonality
| M T - My IGT = (=K 88C = K m=-n..n
j Ny (KF) - Ny oy (CP)AT = (=)7K S 8 — )

f Lom(kr) - Ly, y(K'T)AT = ()" k8 40y y0(k — k) £ T OL2n0 ot

Closure

2 (® < Ak 20 O dk
2D O MM ) TS [T W GO Gr)

n,m=0 n,m=0

2 [® < dk o
+2 [ O e L () = T8O - 1)
0 £,m=0
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Development of a vector plane wave
(Vector partial wave basis)

n

Plane wave expansion : k3/2ethiTy; = z 2 [pr(l,rzzMn,m(kr) + p7(1,er)nNn,m(kT)]

n=1m=—-n

Plane wave coefficients :

pl) = anX; o (w) - & pl) = anZy () - &



Green’s function (vector waves)
Complete solutions to the wave equations valid for arbitrary sources

We want to solve the inhomogeneous wave equation for an arbitrary source j(r)
In a homogeneous medium:
2 .
w 20))
VXVXE,([r) - C—ngMbEw(T) =

ngOCzlw(r)
This can be achieved by solving for the dyadic Green’s function g(r,r’) :

0)2

1 N
V X ‘u—V xg(r,r)— =z e, g(r, 1) =160 — 1)
b

This solution to the wave equation, E(r), for an arbitrary source,?(r), is then:

LW

E(r) = f G, ) - j(r)dr

£ €oC?
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Green’s function dyadic constructed from the vector ‘partial’ waves:
My, Ny s Mg, N

nm:?
Green’s function solution satisfying "outgoing’ field conditions

~ ’ i u,u
G T =25 ) (MU IMym () + N, (e )N )} = =5

,m 5(3) (T' — 1")
nz1m

I~
3
I
il e

r| > |r'|= {r~ =r and r. =1}

Ir|<|r| = {r~=r"and r. =1}
> >

Often, the distribution — == §®) (> — 1) can be safely ignored, but
sometimes must be included in certain applications:

The distribution — % 53 (r — r") compensates for strongly divergent fields that

are only defined outside an infinitesimal exclusion volume around the origin

(3D principal volume : cf. Jackson, Chew, Tsang end Kong, ...)
64



Closed form for the Green’s function :

Letting ' — 0 in g(r,r") and remarking that only N ,,(k0) is non-zero in
this limit so the Green’s function then simplifies to:

G@,0) = 5 Tm=101 (D™ {NSAWPIN, (k0D } - 25764 (7)

(—)

eikr
= ~{(1 = ikr)[3u,u, — j + kzrz[f— wu, |} — 3k2 — 53 ()
Amr3eg, (c)
Electromagnetic Green’s function :
ikry, ‘_’
ﬁ(rl»rz) = > {kzﬁzr u12u12] + (1 - lk7”12)[3u12u12 j} — _5(3)(7"1 —73)

41T, 8 (c) 3k*
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Example: Electric dipole emission:

A ‘point’ electric dipole, p at the position, r,, oscillating at angular frequency of w I.e.
characterized by a current : j(r', t) = —iwpe @t G —1r,).

The electric field measured at a positionr, is :
2

iw > / » / / (l) «—> »
B(r) = = [ G0 ) ()dr' > =, r) - ()
€oC €oC
The electric field by a point electric dipole at the position 75 is thus :

/ “‘intermediate” field
5@ (r12)

ikrlz
E(r) = 3 {k*rf[p — ui(uyy - p)] + (1 — ikryp)[Bug, (uy; - p) — P13 —
5 Ep€o 3€p€g
“far” field “near” field ri,= T — T
T2 = |1y — 13
— r—nm
U, =
12 oo
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Electric dipole emission:

Alternative expression:

“intermediate” field

eikrlz /

E(ry) = 43—{"27"122[(“12 X Pp) X uyp]| + (1 —ikryp)[3uy,(uy; - p) — pl} —

p
15 Ep€o / \ 3ep€o

“far” field “near” field

§G (r12)

Such expressions for electric dipole emission are very
Important but notoriously difficult to derive and have a rich
physical interpretation !
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Origin of the delta function contribution:

§G (r12)

p
3&p€o

pointdipole model

{k2r5[(ugy X p) X ugp] + (1 — ikryy)[Bug,(uy, - p) — 13-
Field of a real two charge dipole

e lk'rlz
4TI €€

E(ry)

....................

Distribution theory:
The 3D delta function accounts for the strong fields between

charges in the “point-like” limit
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1 3n(p-n) —p 4_77
|X - X()P 3

Other references : po(x - "0)]

Jackson (3" edition: pp 148-150) explains that the delta function contribution to the
dipole field corrects for the fact that in the electrostatic limit, the average field inside
a spherical (charge-free) region is equal to the field at the center of the sphere, but
if the sphere surrounds an electric dipole then the average field is the value at the

center of the sphere plus 3;;6 . The symmetry of the field around a “point” dipole
0

would naively suggest that the volume average in a sphere centered on the dipole
vanishes (but this reasoning ignores the strong fields between the positive and
negative charges). The 3D delta function §3)(r;,) is consequently a necessary
addition to the dipole field.
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Part 3:

Light-matter interactions — Radiative emission
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Pr,O = (Pr>0 X

Pe,O = (Pe>0 X

Classical radiation by a point-source

(monopolar “scalar’ light source)

o s(0,t) = s, Re|e™t@ot]

elkplri—72] etkbT12

g(rl’ r2) - 47‘[|1‘1 — rzl - 4‘77:7"12
7 t) < g(r, 0)s(t >
ED o gr0)s(t) o

— rT .dPS N Cb# . —> 2 . Cbkblsclz
T J, dt.” ds - —= — — P dS - kpUr|pl® — —

T - cyRe(k,)|s.|?
T, dtc/)(O t)s(0,t) — Im[g(o 0)]lsc12 — b (471;)| cl

In a lossless host medium : P., = P, = P,
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Modifying the decay rate by the environment
(‘weak’ coupling model - scalar theory)

— —iwgt
O s(O,t) = Re[sce 0 ]

e ik‘r‘12

G(r1;r2) = g(rlr rZ) + GS(rlr r2) g(rl, 1‘2) - 47‘[1"
12

. CbRe(kb)lsclz —p

Cp
P.,= — 2
20 = (Po)o = ImIg(0, 0)]s.] = :

. Cp
P! = (Pe) % —21m[g(0,0) + G5(0, 0)]|sc |2

I
Pe o Re(kp)

Im[G4(0,0)]

Unlike g(0,0), - the scattering feedback G,(0, 0)is regular (no divergence) .



Modeling quantum emission as a classical “point-like” antenna far from resonance

le) Olﬁ

hwo js(F,t) = Re|—iwype@ot|

N

— lWgy .
E@ t) = ﬁ g(r,0) - j.(t)
0

1T
() =7 | dxEr0-jn0
0

%5 IpPim{A - §0,0;0) - 1
= pl“Im[n* - g(0,0; w) - 1] =y T X
2€,C> o Yo,cl




Radiation by “point-like” dipole in free space
(Weak coupling - high impedance mismatch)

~ 5 d _ L
Oln Js(r,t) = Epe(O, t) = Re[—la)opene_lwot]

2 ,lkr 25 (_)
cee P.V. {(—1 + ikbr)(f— 3urur) 4 k 2(‘_’ urur)} (T)

go(r) =

Atw?eye,r3 Bw?e €b

3

—> w —
EF,t) = —=§G(r,0) - p.(0)
2€,C

T 3

1 R w — ~x <(n ~
Peo = (Pe)o = TJ dtE(0,t) ']s(O: t) = e (22 |pe|21m[n . g(O, 0; CU) . n]
0

3
woRe(kp) 1

= ) zlpelzpo TOCP
12meqgc e,0
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“Nano” antenna

Sub-wavelength “nano” elements will modify the :
Decay rate, emission frequency, and directivity of guantum emissions

E(r) = =0

5 G(r, 0):p
€pC

(Pe) =

2, Czlm[p - G(0,0; w) - p| o y*  Re[Zg]

1
Decay rate: T X —

y*



Modifying the emission rate with a nano-environment

d .
1 n js(r; t) — Epe(o; t) — Re[_iwopeﬁe_lwot]
K2 ~ . ~
E(r,t) = s G(r,0)-p.(t) G(ry,13) = g(ry,m3) + G(1ry,12)
0¢b
) 1 (T _ wy e s (e o R
P = (P =Tj0 A E0,0)-s(0,6) =525 Ip. [PIm [ - (50,0 + 6.(0,0)) - A
a)3Re(kb) N
Peo = (Pe)o = 1027TEOC2 |pe|2
P; Im[A* - G(0,0) - 7]
=1+6
Pes T Relky) o
P

Unlike g(0, 0), the scattering feedback, G(0, 0)is regular (no divergence) e



Radiative emission — “point-like” antenna model
(high impedance mismaitch)

ki
lﬁ E(r, t) - EogbCZ g(r, O) ' pe (t)
eqnc?k
lim H(r,t) = ~——2u_x E(r,t)
T —00 a)o

f.f. free—space wyk; 2
> Pe

1T
Pro=(P)g = }Lr?o?jo dt #E(r, t)x H(r,t) - dS T2y,

2 1
= lim # Re|E*(r,wy) X H(r,wy)] - dS

Pro 10 F,

lossless host medium : P, = P, o = P Lossy local environment : P* < P
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Quantum emission

le) .
. ) T e
Wy r.q
19)
“Classical” result “Quantum” — Fermi golden-rule result
we/Ep 4 w3

Po = PP = pg=7—Po=3——Zlglple)?

12meqyc3 hwy




Properties of quantum emission modified by “nano” antennas
Weak coupling approximation y* < w,

Sub-wavelength “nano” elements will modify the :
Decay rate, emission frequency, and directivity of guantum emissions

. — Yr — Vr
uantum efficiency : n = =
Q Y- Yrt+¥Ynr. Yo,t

S ok Im|[f* - G4(0,0) - 7
lifetime modification : T—g S~ neém mlf" - 65(0,0) - 7] D
T Yoir Peo Re(kp)
Aw Re[fi* - G.(0,0) - 7 ,
“Lamb” shift : — =n3m [ ReZl(c ) )7 !
Yot b A
_ e o Vr . N .
Radiation modification : — = =1+ lim — 9 Re|E*(r,wy) X H(r,wy)] - dS
Tr  Yor r-w P,
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