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Abstract We study the nonlinear stationary waves propagating in metal slot waveguides with a Kerr-type dielectric
core. We develop two independent semianalytical models to
describe these waves in such waveguides. Using these models, we compute the dispersion curves for about ten first
modes of a nonlinear slot waveguide. For symmetric waveguides, we find symmetric, antisymmetric, and asymmetric
higher order modes which are grouped in two families. In
addition, we study the influence of the slot width on the first
symmetric and asymmetric modes. We also show that the
dispersion curve of the first asymmetric mode is invariant
with respect to the slot width for high propagation constant
values and we provide analytical approximations of this
curve. Using realistic values for the optogeometric parameters of the structure, we are able to obtain the bifurcation at
a realistic power.
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Introduction
Nonlinear plasmonics is now a flourishing branch of
photonics [1]. Among it, the studies of nonlinear waves
combining both plasmon and soliton features started in
1980s [2, 3]. The interest in the field started to grow again
thanks to the results provided in [4]. Even if no experimental demonstration of plasmon–solitons has been published
yet [5], in the midterm, such states can have several applications, e.g., in nonlinear couplers [6] or in a four wave mixing
process [7]. Moreover, linear metal slot waveguides with
a few hundred nanometers wide silicon core have already
been fabricated and characterized [8, 9].
The structure studied in [4] is a nonlinear dielectric core
surrounded by two semi-infinite metal regions. It will be
called here the nonlinear slot waveguide (NSW). Recent
studies of plasmon–solitons in NSWs with Kerr-type focusing nonlinear core have led to a number of interesting
predictions, including the existence of symmetric, antisymmetric, and asymmetric modes [10, 11]. The asymmetric
nonlinear mode appears from the symmetric one through
a symmetry-breaking bifurcation at a critical power. This
bifurcation phenomenon has already been described in
nonlinear slot waveguides, fully dielectric nonlinear waveguides, and waveguides made of nonlinear metal sandwiched
between linear dielectrics [10, 12–15].
In this article, limited to the study of stationary solutions,
we demonstrate the existence of a number of previously
unknown higher-order modes in the NSW. We show that
bifurcations also occur for some of the higher-order modes.
We study the influence of the slot width on the dispersion
curves of the first asymmetric mode. We show that these
curves have an invariant part that can be described analytically. These results are obtained using two approaches we
developed: (i) a semianalytical model, where field profiles
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in the core are described by the Jacobi elliptic special functions and (ii) a model where the field profile in the core is
obtained by direct integration of Maxwell’s equations.

for the case c0 > 0 is given by:


Hy (x) = δ+ cn s/A (x − x0 )|m ,

(3)

Models

in which


2
=
A2 Q2 + 4Ac0 ± AQ /2,
δ±

(4)


x0 = − A/scn−1 Hy (0)/δ+ |m .

(5)

Let us consider monochromatic transverse magnetic (TM)
waves propagating along the z direction (all field components evolve proportionally to (exp[i(k0 βz − ωt)]) in a
symmetric one-dimensional NSW depicted in Fig. 1. Here,
k0 = ω/c, where c denotes the speed of light in vacuum, β
denotes the effective mode index, and ω is the light angular
frequency.
The nonlinear Kerr-type dielectric is isotropic with  =
l + α|E|2 and α > 0 (focusing nonlinearity). The relation between the nonlinear parameter α and the coefficient
n2 , that appears in the definition of an intensity-dependent
√
refractive index n = l + n2 I , is α = 0 cl n2 where the
intensity is defined as I = 0 c|||E|2 /(2β), and the vacuum
permittivity is denoted by 0 .
Our first model uses a semianalytical approach that
provides closed analytical expressions for the nonlinear dispersion relation and for the field profiles of the modes. It
employs the fact that Maxwell’s equations for TM electromagnetic wave in the Kerr-type nonlinear medium can be
reduced to a single nonlinear wave equation for the magnetic field component [2, 16], assuming that the nonlinear
permittivity modification is small and depends only on the
transverse Ex component. This equation is solved using the
first integral approach [17, 18] yielding


dHy 2
a
− k02 q22 Hy2 + k02 Hy4 = c0 ,
(1)
dx
2
where qi2 = β 2 − l,i (i ∈ {1, 2, 3} enumerates the region),
a = β 2 n2 /(0 l,2 c), and c0 is the integration constant that
in the case of a finite-size nonlinear medium is given by


(2)
c0 = k02 (2 /1 )2 q12 − q22 + aHy (0)2 /2 Hy (0)2 .
Solutions to Eq. 1 result in the field profiles in the NSW
core that are described by Jacobi elliptic special functions
[19] and hence we denote this model as the Jacobi elliptic
model (JEM).
The problem is split in two cases depending on the sign of
c0 . For c0 ≤ 0, only nodeless solutions exist. In contrast, for
c0 > 0, only solutions with nodes appear. The field profile

Fig. 1 Symmetric nonlinear slot waveguide (NSW) geometry

2 + δ 2 , m = δ 2 /s,
Here Q = k02 q22 , A = 2/(k02 a), s = δ+
−
+
and cn[x|m] is a Jacobi elliptic function of parameter m (see
reference [19] for the definitions and properties of this
family of special functions).
Using the continuity of the tangential field components
at the interfaces between the nonlinear medium and the
bounding metals, in which fields decay exponentially, the
nonlinear dispersion relation is obtained in an analytical
form (for c0 > 0):



k0 q3 2 A/scn s/A (d − x0 )|m

 

= 3 sn s/A (d − x0 )|m dn s/A (d − x0 )|m , (6)

in which Jacobi elliptic functions sn and dn appear. For a
given structure, the solutions (allowed values of the effective
index β) of Eq. 6 are found fixing the values of the free
parameter Hy (0) (see Eq. 5).
Similar equations can be derived for the case c0 < 0
but the field profile and dispersion relations are described
by different Jacobi elliptic functions.
We also develop a second model, based on the results
of [20, 21] for a single nonlinear dielectric/metal interface
only, where the nonlinear term accounts for both transverse
and longitudinal electric field components. This approach
allows one to obtain a closed-form analytical expression for
the dispersion relations for each of the two interfaces of the
NSW. In particular, for the left interface, one obtains:




(2,0 /β)2 − 22,0 (1 β)2 / (1 β)2 + (2,0 q1 )2
+l,2 + 0 cl,2 n2 E02 /2 E02 = C,
where E0 =

(7)

Ex2 (0) + Ez2 (0) denotes the total electric

field at the left interface and 2,0 = l,2 + αE02 . To get the
equation on the right interface at x = d (see Fig. 1), we
substitute E0 by Ed and 2,0 by 2,d .
For fixed λ, d, and material parameters (l,1 , l,2 , n2 ), the
dispersion relation is computed using a shooting method.
Generally, the three-dimensional phase space of possible
solutions spanned by E0 , Ed , and β is scanned. For each
triplet, a set of Maxwell’s equations coupling Ex and Ez
components [16, 20, 21]
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2
dEz
= k0 β −
Ex ,
dx
β

β2 Ez − 2α1 Ez Ex2 β −
dEx
= k0
dx
2 + 2αEx2

(8a)
2
β


(8b)

is solved by numerical integration inside the waveguide
core. If the solution in the core is consistent with the previously assumed field values at the slot interfaces, then
the corresponding β is accepted as a genuine solution of
the problem. This model will be called the interface model
(IM).
In our case of a symmetric slot waveguide, the problem
can be split in two cases: (i) symmetric and antisymmetric
modes and (ii) asymmetric modes. In the first case, the
phase space can be reduced to two dimensions (E0 and β)
using the symmetry argument (Ed = ±E0 ). In the second
case, the phase space can also be reduced to two dimensions (this time E0 and Ed ) using the following method.
Equating right-hand sides of the dispersion equation (Eq.
7) for the left interface with the one for the right interface,
allows one to eliminate the integration constant C. It follows
Fig. 2 Dispersion curves of the
first and higher order symmetric
(S blue), antisymmetric (AN
red), and asymmetric (AS
green) modes for the symmetric
NSW obtained with the JEM (a)
and the IM (b). The insets show
zooms on the regions with
bifurcation of the first
asymmetric higher order mode.
Results obtained for a
0.4-μm-wide hydrogenated
amorphous silicon core
l,2 = 3.462 (n2 = 2 · 10−17
m2 /W) [22] sandwiched
between gold 1 = 3 = −90 at
a wavelength λ = 1.55 μm.
Losses in metals are neglected

that for the fixed field intensities at both interfaces (E0 and
Ed ), this equation can be solved analytically providing the
allowed values of the propagation constant β. The resulting
equation for β has the form a4 β 4 + a2 β 2 + a0 = 0 which
means that we can have up to two different possible solutions for a given pair (E0 , Ed ) (β being real and positive)
that have to be verified using the numerical integration of
Eqs. 8a and 8b.

Results
Figure 2 shows the NSW dispersion curves for solutions
corresponding to different symmetries, obtained by (a) the
JEM and (b) the IM, as a function of
 dthe averaged nonlinear index modification n = 1/d 0 n2 I dx. In the region
where n < 0.1, we find good quantitative agreement
between the results of these two models, which are radically different in their respective approach to deal with
NSWs. In this region, the electric field component peak
ratio max{|Ez2 |}/ max{|Ex2 |} is smaller than 0.25. For values of n above 0.1, both models predict qualitatively the

Plasmonics
Fig. 3 Magnetic field
component for the first and
higher order nodeless modes (a)
and the modes with nodes (b)
corresponding to the points
indicated in Fig. 2b

β

same type of behavior but lead to quantitative differences,
that can be understood looking at the assumptions used in
the JEM. Such results confirm the validity of both models
and of their numerical implementation. It is worth mentioning that even if the IM offers more generality than the
JEM, the latter requires approximately ten times less computational time than the former one. The JEM also provides
more physical insights since the field profiles are described
analytically even if it employs unusual special functions. In
what follows, we describe results obtained with the IM.
For low light intensity, i.e., small index modification, a
symmetric and an antisymmetric mode are obtained [11]. At
n ≈ 0.07, an asymmetric mode bifurcates from the symmetric one [10]. The effective index β of the three modes
described here grows proportionally to the increase of n.
The field profiles of these first-order modes are presented
in gray and black in Fig. 3. For larger n, two groups
of higher order modes appear. The first group of node-less
modes, appearing for n  3 in the frame of the IM, possesses only very high effective indices β. The insets in Fig.
2 show enlarged regions of parameter space where these
modes appear, and where bifurcation of asymmetric mode
from symmetric higher-order mode occurs. The typical field

Fig. 4 Locus of the asymmetric mode dispersion curves computed
with the IM for various core widths d as a function of the power
localized in the core Pc . Only first symmetric (thin curve) and asymmetric modes (thick curves, except for the black one) are shown using
one color per width. Other parameters are the same as in Fig. 2. Both
axes are in log scale

profiles of these higher-order modes are shown in Fig. 3a.
Both the first and the second asymmetric branch are doubly degenerated (i.e., at fixed β there exist two modes with
equal powers but field profiles inverted with respect to the
center axis x = d/2) but for simplicity, we show only one
of the field plots. The second group of higher order modes
with nodes, appearing for n  0.08 in the frame of IM,
consists of an alternation of symmetric and antisymmetric
modes. These modes resemble the higher-order modes of a
linear slot waveguide with l,2 > 3.462 . The field profiles
of the two first modes of this second group are provided in
Fig. 3b.
Figure 4 shows the dispersion curves for the parameter space region where the first asymmetric mode bifurcates from the symmetric mode for different widths of
the NSW core. Notice that the effective mode index is
plotted as a function of the power localized in the core
d
Pc = 0 Sz dx, in which Sz denotes the z-component of the
Poynting vector. One can observe that, in this coordinate,
the β(Pc ) curves for asymmetric modes have invariant parts
with respect to the core width. The same conclusion is
also
 +∞obtained if one considers the intensity density Id =
−∞ I dx as abscissa (data not shown). The overlap of the
nonlinear dispersion curves is obtained for large differences
of the effective indices between symmetric and asymmetric
modes β. This is the consequence of the fact, that with the
increase of the effective index, the asymmetric modes are
confined mostly at one of the interfaces, so that the problem reduces to a single metal/dielectric interface where the
width of the core is no longer important.
As it can be expected, the curves corresponding to zero
integration constants c0 = 0 in the JEM (see Eq. 2) provide
solutions of the single metal/nonlinear dielectric interface
problem. Using Eq. 2 of the JEM, an analytical formula for
the approximated effective index of the highly asymmetric
modes is derived for large β values
=
β





2 −  2 + n  2 H 2 /(2 c ) ,
1 l,2 (l,2 − 1 )/ l,2
2 1 0
0 l,2
1
(9)
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Fig. 5 Zoom of the dispersion
curves of the first symmetric
(S blue), antisymmetric (AN
red), and asymmetric (AS green)
modes for the symmetric NSW
obtained with the JEM (a) and
the IM (b). In each case, the
analytical approximation
corresponding to a single
interface problem is shown with
a black dotted line. All the
parameters are the same as in
Fig. 2

where 2 was approximated by l,2 .
For the IM, to describe the single metal/nonlinear dielectric interface problem, one has to set C = 0 in Eq. 7. The
analytical solution of this equation is provided by equation
14 in [21] in the frame of the single metal-nonlinear dielectric interface problem. As it can be seen in Fig. 5, both
approximations nicely fit their respective computed dispersion curves of asymmetric modes.
Figure 6 shows the dependence of the nonlinear index
change n at which the first bifurcation occurs (red curve)
on the width of the NSW core. One can observe, that the
thicker the core the lower is the value of n where the
bifurcation occurs. For d ≈ 1 μm (being ≈ 2λ/3), the
bifurcation occurs at n between 10−5 and 10−3 which
are realistic values for hydrogenated amorphous silicon
[22]. The value of n for which β = 0.1 is shown
in green. The values of n for which the asymmetric
modes become strongly asymmetric, i.e., light intensity of
the asymmetric mode at one metal/dielectric interface is
five times larger than on the other one, is approximately
twice higher than the bifurcation threshold (data not shown).
Cladding with higher permittivity also allows to reduce the
n where the bifurcation occurs, e.g., for 0.4-μm-wide
core sandwiched between metals with permittivity equal to
−40 (all other parameters unchanged) n is reduced 4

times and for metals with permittivity equal to −20 n is
reduced 100 times.

Conclusion
We have developed two independent models describing
plasmonic slot waveguides with a nonlinear dielectric core.
Qualitatively, the results of the simplified, but analytical
approach and the exact more numerical approach are identical. Both models predict bifurcation of asymmetric modes
from the symmetric nodeless modes. We show that the bifurcation occurs not only for the first but also for higher-order
nonlinear modes. Both the nonlinear dispersion curves and
the field profiles for the higher-order symmetric and antisymmetric modes are shown for the first time. We show that
the first nonlinear asymmetric mode dispersion curves have
invariant parts with respect to the core width and we provide
analytical formula for this invariant curve. We also obtain
that the intensity at which the bifurcation occurs decrease
with the increase of the core width or the metal permittivity.
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