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ABSTRACT

There are two main contributions in this paper. Firstly, we
estimate the rank for the truncation of the Parafac decom-
position in an optimal sense. For this, we propose a least
squares criterion and justify the choice of the fast Nelder-
Mead method to minimize this criterion. Secondly, we com-
bine the truncation of the Parafac decomposition with multi-
dimensional wavelet packet transform. A single rank value
is estimated for each decomposition level, which simplifies
the implementation. We exemplify the proposed method with
an application to multispectral image denoising: we study the
performance of the proposed method based on Parafac de-
composition, compared to ForWaRD.

Index Terms— Multispectral imaging; Image denoising;
Optimization.

1. INTRODUCTION

In the frame of multidimensional data denoising, tensor meth-
ods were proposed to take into account the relationships be-
tween dimensions, as opposed to slice-by-slice methods [1].
For instance, Multiway Wiener Filtering (MWF) has been de-
rived from the minimization of a mean square error criterion
between the expected noise-free tensor and the denoised ten-
sor [1]. Since this seminal work, some extensions have been
proposed, for the minimum rank approximation of matrices
[2] or tensors, based either on Tucker decomposition [3] or
on Parafac decomposition [4]. It has been shown that the
truncation of the Parafac decomposition permits to minimize
the square error (SE) between the 'raw-data’ tensor and the
estimated tensor [4]. Another field of applied mathematics,
Wavelets [5], has provided efficient algorithms for image de-
noising. For instance, ForWaRD method [6] performs image
deconvolution and denoising in the Fourier domain, and re-
fined image denoising in the wavelet domain.

Relation with previous work in the field Owing to the
ability of the wavelet transform to separate high frequency
components from low frequency ones, wavelets are privi-
leged tools for image denoising [7]. That is why, recently,
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the wavelets and tensor framework got recently closer to each
other: the multiway Wiener filtering, based on the Tucker de-
composition, has been introduced in a wavelet framework to
preserve small targets while denoising hyperspectral images
[3]. This method, called MWF-MWPT (multiway Wiener
filtering-multidimensional wavelet packet transform), pre-
serves well the spatial details, but exhibits a drawback: the
elevated number of parameters to estimate, that is, for each
wavelet decomposition level, and for each tensor mode, the
adequate signal subspace rank value. The truncation of the
Parafac decomposition exhibits good performances in reduc-
ing low amplitude, possibly signal dependent noise [4], and
there is only one parameter to estimate: a single rank for
the truncation. However, it has never been introduced in a
wavelet framework. For rank estimation, DIFFIT [8], Convex
Hull [9], and Minimum Description Length [10] have much
merit, especially for SNR (signal to noise ratio) values higher
than 10 dB, but results seem to be restricted to artificially
generated data.

Goal and contributions In this paper, our objectives are as
follows: reduce the low-amplitude noise in multispectral im-
ages, with a low number of parameters and their automatic
tuning. For this, we focus on the truncation of the Parafac
decomposition. The originality of our work relies on the
automatic estimation of the rank for the truncation of the
Parafac decomposition, and on the introduction of the Parafac
decomposition in the wavelet framework.

Outline Section 2 sets the problem of the Parafac rank esti-
mation. In Section 3 we propose a criterion to estimate the
rank in an optimal sense, and the Nelder-Mead method [11]
to optimize it; in Section 4, the truncation of Parafac decom-
position is set in a wavelet framework. Section 5 presents a
flowchart of the proposed method; in Section 6, multispec-
tral image denoising results are obtained with the proposed
method and comparative ones [6, 12]. Conclusions are given
in Section 7.

Notation X denotes a tensor, that is, a multidimensional ar-
ray, X denotes a 2-D matrix, x denotes a 1-D vector, and x a
scalar.
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2. PROBLEM SETTING

2.1. Truncation of the parafac decomposition: overview

We model a noisy multispectral image as a tensor resulting
from a multidimensional signal X impaired by an additive
white noise N [1, 13]. The multispectral image can be ex-
pressed as :

R=X+N. (1)

Tensors R, X, and N are of size I; x I, x I3. For each
spectral band indexed by i = 1,..., I3, the noise N(:,:, )
is assumed stationary zero-mean. We aim at estimating the
desired tensor signal A’ from data tensor R. The PARAFAC
model factorizes a tensor into a sum of rank-1 tensors [14]: a
tensor R € R11>X12X13 can be expressed as

T T
R=> Ri=) Malloa oa? @)
k=1 k=1

Ry € RIxI2XIs is rank-1 tensor; ag), a§c2>, ag’) € RI»
are normalized vectors of the n-mode space of R normalized
bya(” =a(™/[laf” |, n = 1,2,3;and Ay = [|af”|-||af” ||
i k= 1,2, T
It has been proved in [15] that truncating the PARAFAC de-
composition to the K terms weighted by the largest values of
A, yields the minimum square error SE= | R — X’||2 between
raw tensor R and estimate X'. Assuming without loss of gen-
erality that the values Ay are correctly ordered, the truncation
of the Parafac decomposition consists in selecting the K first
terms in Eq. (3), so that we obtain the estimate:

K K
X=3 Ri=) Magloaloa? Q)
k=1 k=1

where K is the rank, X is the truncation of the Parafac de-
composition of R, also called rank-K approximation of R.
As shown in in [3], X is a close estimate of the noise-free
tensor X, especially when the noise magnitude is low.

2.2. The rank estimation issue

In [4], an iterative *brute-force’ method is proposed to obtain
a guess on a convenient Parafac truncation rank. the covari-
ance matrix of the residual noise is computed, and the non-
diagonal coefficients are summated. As it should tend to 0
when only decorrelated noise is present, a threshold is set
empirically on this summation. Unfortunately, the optimal-
ity of this method as a function of any criterion is not proved.
For these reasons, we propose a criterion to minimize, and an
adequate optimization algorithm, to estimate the rank of the
truncation which is optimal in the sense of this criterion.
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3. NELDER-MEAD OPTIMIZATION METHOD FOR
THE ESTIMATION OF THE PARAFAC
TRUNCATION RANK

For the first time, we propose a method to estimate an optimal
rank for the truncation of the Parafac decomposition. For this,
firstly, we propose a squared error criterion; secondly, we jus-
tify the use of Nelder-Mead optimization method to minimize
this criterion.

3.1. Proposed criterion

The proposed criterion is as follows:
J(K) = [|% = X[, @)

where ||.|| represents the Frobenius norm, X} is a first, gross
estimate of the expected tensor X or the noisy tensor R itself,
and X its final estimate. It is worth noticing that we remain
close to the framework of the Parafac decomposition, while
choosing the SE as a criterion. Now we wish to solve:

K = argmin(J(K)) ®)
K

It is rather complex to minimize the criterion J as it is a
nonlinear function of the parameter K. We wish to estimate
a single value -the rank for the truncation of the Parafac
decomposition-, but the optimization method used for this
purpose must be global. Moreover, the multispectral image
considered in this paper exhibit a large number of voxels.
Therefore, the proposed optimization method must be fast.

3.2. Why the Nelder-Mead method ?

Some methods from the literature may be available to perform
the minimization in Eq. (5), but they exhibit some drawbacks:
the DIRECT method [16], for instance, requires the objec-
tive function to be Lipschitzian. Particle swarm optimization
(PSO) [12] provides the global minimum of a scalar func-
tion of several variables but is not assumed, to the best of our
knowledge, to be particularly fast.

The Nelder-Mead Simplex method [11] is a global optimiza-
tion method, which is meant to minimize a scalar-valued non-
linear function of several real variables, without any deriva-
tive information. It is known to yield a rapid decrease in cost
function values [11]. It has been shown that, in dimension
two, the Nelder-Mead method may converge to a non-critical
point of the minimized function [17]. However, as specified
in [11], the global convergence of the Nelder-Mead method
is ensured in a one-dimensional problem, which is the case
in the current work. For these reasons, we select the Nelder-
Mead Simplex Method.

Nelder-Mead algorithm falls into five steps: ordering, reflec-
tion, expansion, contraction, and shrinkage. At each iteration,
a simplex is modified, following these five steps. Four scalar



parameters must be specified to run the Nelder-Mead method:
coefficients of reflection (p), expansion (), contraction (),
and shrinkage (o). They are such that p > 0, x > 1, x > p,
0 <~ <1,0< 0 < 1. The proposed improved truncation of
the Parafac decomposition, with an automatic estimation of
the rank is now introduced in a wavelet framework.

4. PARAFAC TRUNCATION OF THE
MULTIDIMENSIONAL WAVELET PACKET
TRANSFORM COEFFICIENTS

After the MWPT, abundant and rare features can be sepa-
rated into different components, therefore the ’useful part’
of each component can be estimated more accurately than
using the entire dataset [3]. Furthermore, a better estima-
tion of the ’useful part’ can improve the performance of the
Parafac rank- K truncation of each component. We propose a
combination, named Parafac-MWPT. This subsection proves
the ability of Parafac-MWPT to minimize the SE between R
and X. By performing multidimensional wavelet transform
to tensor R, X and A/, we obtain:

R x1 W1 xo Wy x3 W3

= (X +N) x1 Wi xa Wy x3 W3
=X x1 W1 x2 Wy x3 W3

+ N x1 W1 xg Wy x3 W3

(6)

where %, denotes the n-mode product for each mode n:
wavelet filtering is performed successively after flattening
tensor R along each mode. The coefficient tensor of each
part:

CIR :R><1W1 XQWQ ><3W3 (7)
CY =X x1 W) xo Wy x3 W3 (8)
Clj\/ =N><1W1 X2W2 ><3W3 (9)
and the coefficient tensor of the estimate X:
éiX:)&'Xlwl X2W2 ><3W3 (10)

With the extraction process proposed in [3], we obtain the
components of each frequency Cfm, Cffm and C{}fm from CJ%,
C;¥ and G}V respectively. We obtain:

Cln = Ci + O, (11)

From Parseval’s theorem, the following expression can be ob-
tained:

IR = X|1* = [Icf* = C¥)1> = Y ICfa — Clal® (12

which means that minimizing the SE between R and its es-
timate X is equivalent to minimizing the SE between CJX

and CAme for each m. If we apply Nelder-Mead optimiza-
tion method while performing the truncation of the Parafac
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decomposition (see section 3) to estimate the rank K, we get
the optimal rank for the Parafac truncation of Cf?m:

K
L= ok (13)
k=1

After estimating CAlRm for each m, we obtain (flR by concate-
nating CAlRm Furthermore, the estimate X’ can be obtained by
inverse MWPT:

=G, WT oy WT s WY (14)

The process composed of wavelet transform, Parafac trunca-
tion, and inverse wavelet transform yields an estimate X of
the expected tensor. In Eq. (4), we notice that the first ref-
erence tensor X; which is used in the criterion J(K) is the
noisy tensor R itself. The wavelet coefficient tensor Cf?m is
supposed to be noisy, which is not convenient for a reference.
Therefore, we introduce the denoising process in a loop: Let
X} be the estimated tensor at iteration r’. At iteration ’r+1°,
the new reference becomes tensor X,.. The loop is stopped at
a given iteration ’r’ when ||X, — X,_1|| < & where § is an
a priori set very low threshold.

5. FLOWCHART OF THE ALGORITHM

A 4
‘ Best transform level and

basis selection

Inverse Multidimensional
Wavelet Packet Transform

Multidirensional Wavelet
Packet Transfarm

Parafac
truncation

Parafac
truncation
abundant
signal

rare
signal

Fig. 1. Truncation of the Parafac decomposition in wavelet
packet transform domain: iterative process

6. RESULTS

In this section, we apply the proposed method based on the
truncation of the Parafac decomposition with automatic es-



Criterion
Method SNR PSNR | SSIM
Noised image 10.0 23.7 0.68
ForWaRD 2.4102 13.6 0.75
Parafac-MWPT:
o Nelder-Mead 12.8 26.4 0.74
e PSO 13.1 26.7 0.73

Table 1. Numerical criteria obtained with the proposed method
based on Parafac decomposition, with a rank estimation by Nelder-
Mead or PSO optimization algorithms; and ForWaRD algorithm.

timation of the rank by Nelder-Mead and multidimensional
wavelet packet to multispectral image denoising. We compare
the results obtained with the comparative ForWaRD method
[6] on a real-world multispectral image. Programmes were
written in Matlab®, and executed on a PC computer running
Windows, with a 3GHz double core and 3GB RAM. The mul-
tispectral image is artificially impaired with white, identically
distributed random noise. This image is of size 128 x 128 x 16:
it includes 128 columns, 128 rows and 16 spectral bands. Be-
fore impairing the image, we artificially fix the Parafac de-
composition rank in the original noise-free image by apply-
ing the truncation of the Parafac decomposition with a known
rank, K = 40. In the proposed method, multidimensional
wavelet packet is implemented with Daubechies wavelets and
two decomposition. This has been empirically shown to yield
the best results for this type of data [3]. This holds also
for the comparative ForWaRD algorithm [6], applied succes-
sively slice-by-slice to the image. Nelder-Mead and PSO re-
quire respectively 200 and 2000 iterations for convergence;
the parameters in Nelder-Mead are chosenas p = 1, x = 2,
v = 1/2, 0 = 1/2 [11]. We initialize the rank value K
to min(/y, I, I3). The numerical results are computed from
images truncated to the size 120 x 120 x 16 to avoid the border
issues. The parameter J is set to 106, Table 1 presents the re-
sults obtained in terms of SNR (signal to noise ratio), PSNR
(peak signal to noise ratio), and slice-by-slice SSIM (struc-
tural similarity) [18] with the proposed and ForWaRD meth-
ods. The rank of the Parafac decomposition is estimated ei-
ther with Nelder-Mead or with PSO. The number of particles
in PSO are such that the results in terms of SNR are approx-
imately the same than when Nelder-Mead is used. Examples
of estimated rank values are as follows: for the first decompo-
sition level PSO provides K = 41, and Nelder-Mead provides
K = 39. Table 1 shows that the rank value provided by PSO
and Nealder-Mead yield close SNR and PSNR values, which
are higher than the comparative ForWaRD method. However,
one iteration of PSO lasts 8 1072 sec. to get this estimation,
while Nelder-Mead lasts 4 10~2 sec. Figure 2 displays visual
results. When the truncation of the Parafac decomposition is
used, we display the Nelder-Mead result: the visual aspect of
the PSO result is very similar.

From the results displayed in Fig. 2, we can assert that
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Fig. 2. a) noise-free multispectral image; b) noised multi-
spectral image; c) proposed denoising method, using Nelder-
Mead; d) ForWaRD.

when the truncation of the Parafac decomposition and For-
WaRD are used, the overall visual aspect of the image is well
preserved, which is confirmed by the SSIM values in Table 1.
However, the details are better preserved when the truncation
of the Parafac decomposition is used, which is confirmed by
the SNR and PSNR values in Table 1.

7. CONCLUSION

The contribution of this paper is two-fold: firstly, we pro-
pose a least squares criterion to get an optimal evaluation of
the optimal rank, with respect to this criterion, of the trun-
cation of the Parafac decomposition; secondly, we insert the
truncation of the Parafac decomposition in a wavelet frame-
work, for the purpose of multidimensional data denoising.
We illustrate the ability of the proposed method to remove
low-magnitude noise in an application to multispectral im-
age denoising. Our method based on Parafac decomposition
and wavelet decomposition performs better than the wavelet-
based ForWaRD method in terms of SNR and PSNR. It
preserves the details, while preserving the visual aspect eval-
uated by the SSIM criterion. Also, the Nelder-Mead method
is relevant for the truncation of the Parafac decomposition:
in the considered application case, it is two times faster than
particle swarm optimization though yielding similar results.
Future works could consist in testing the behavior of the pro-
posed method in the presence of signal-dependent noise.
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