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Scattering from rough inhomogeneous media:
splitting of surface and volume scattering
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The intensity scattered by particles randomly placed beneath a rough interface is studied with rigorous simu-
lations. It is shown that the angular intensity pattern is close to that obtained by adding the intensity scat-
tered by particles under a flat surface to that scattered by a rough homogeneous surface whose permittivity is
evaluated with an effective-medium theory. This heuristic splitting rule is accurate for a large range of pa-
rameters that are well beyond any perturbative treatment. © 2002 Optical Society of America
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1. INTRODUCTION
We consider the scattering of electromagnetic waves from
a semi-infinite homogeneous medium (or binder) with a
rough interface that contains many randomly placed scat-
terers (see Fig. 1 below). The study of scattering from
rough inhomogeneous media involving both surface and
volume effects finds applications in different domains:
from the microwave domain,1,2 with the remote sensing
from natural media in particular, to the optical domain,
where the properties of composite materials such as poly-
mers or paints with metallic inclusions are of interest (for
designing light absorbers, for instance).

Many approximate models, empirical or analytical,
have been proposed to analyze the scattering from this
kind of geometry, especially in the radar and microwave
communities. A commonly used heuristic approach as-
sumes that the electromagnetic fields are spatially inco-
herent in the inhomogeneous bulk. The specific intensity
inside the medium is calculated with the phenomenologi-
cal transfer radiative equation.1,2 The volume scattering
process is then described by the phase matrix, which is of-
ten evaluated under the single-scattering approximation
by the scattering matrix of one scatterer. The rough in-
terface intervenes as a top boundary condition on the spe-
cific intensity through the surface-scattering transmis-
sion and the reflection phase matrix. The latter is built
from the bidirectional reflection and transmission coeffi-
cients of the rough surface of the binding medium.3 The
scattering from a homogeneous rough surface can be ob-
tained with various approximate models such as the
Kirchhoff approximation, the integral equation method,
perturbative techniques or other methods.3 Some ap-
proaches use solely the electromagnetism formalism. A
perturbative development of the field with respect to the
root mean square height of the surface and/or to the di-
electric contrast of the inhomogeneities4–6 is usually pro-
posed to solve the Maxwell equations. In some models,
such as the Born approximation or the distorted-wave
Born approximation,7,8 roughness and volume inhomoge-
neities are accounted for in the same way in a volume in-
tegral equation. Both are considered permittivity fluc-
tuations of a reference medium (vacuum in the classic
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Born approximation, semi-infinite homogeneous medium
in the distorted-wave Born approximation). Then a per-
turbative solution of the integral equation with respect to
the dielectric contrast is derived. Widely used in the
x-ray community in its simplest form, this approach has
recently been applied, through the introduction of a more
complicated reference medium (a semi-infinite medium
with graded index),9 to higher dielectric contrasts such as
those encountered in the optical and radar domains. The
validity domain of the mean-field theory with respect to
the rms height, correlation length, and scatterer size
proves to be larger than in many other approximate tech-
niques as long as the permittivity contrast remains
smaller than 3.9,10

On the other hand, few rigorous numerical methods
have been developed, to our knowledge, to simulate the
scattering from rough inhomogeneous media, even when
the system presents one axis of invariance. We quote the
boundary integral method11,12 for the two-dimensional
and three-dimensional problem with only one scatterer.
For the two-dimensional geometry, with many scatterers
in the binder, we find finite-element methods,13,14 a com-
bined surface and volume integral,15 and the differential
method as well as a combination of the S matrix and of
the integral formalisms.16 Owing to the large number of
unknowns, the rigorous numerical simulation of scatter-
ing from rough inhomogeneous media remains a difficult
task, and there is a need for empirical rules that could
permit one to simplify the scattering issue.

In the perturbative theory presented in Ref. 4, it is
shown that scattering from rough inhomogeneous media
can be split into two contributions, one stemming from
the surface of the binder and the other from the volume.
These contributions can be added incoherently to repre-
sent the scattering from rough inhomogeneous media.
This approach was tested in Ref. 13, but a difference was
found with the rigorous simulations of the scattering
problem. In the more elaborate perturbative expansion
of the mean-field theory,17 a similar splitting into two in-
dependent contributions is also found. Yet in this case
the permittivity of the homogeneous surface is not that of
the binder (see Fig. 2 below). It depends on the permit-
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tivity of the binding medium and on the size, density, and
permittivity of the inhomogeneities. A better agreement
is then found between the incoherent superposition of the
scattering and the rigorous results.17

Our aim in this paper is to determine whether it is pos-
sible to evaluate the scattering pattern from rough inho-
mogeneous media by studying two independent and sim-
pler problems involving solely surface or solely volume
scattering processes for cases that are outside the domain
of validity of approximate methods. A wide range of pa-
rameters such as the rms height of the surface, density of
the particles, and contrast of the permittivity are investi-
gated to illustrate the relevance of the splitting. The be-
haviors of both the off-specular diffuse pattern and the
specular beam are analyzed.

In Section 2 we describe the theoretical and numerical
methods used to compute scattering from rough inhomo-
geneous media. Various techniques for determining the
value of the effective permittivity are also described. We
point out the importance of determining its value accu-
rately.

In Section 3 we present numerical experiments that
show that the splitting rule works for geometries that are
well beyond the domain of validity of perturbation theo-
ries. The shift of the Brewster angle, due to roughness
and volume scattering, is also retrieved with accuracy.

Finally, Section 4 is devoted to a more complicated
problem. By depositing an optimized coating on a rough
inhomogeneous medium, we are able to reduce the
surface-scattering contribution and thus to enhance the
volume-scattering visibility.

2. THEORETICAL AND NUMERICAL
TOOLS
In this section we first present the numerical techniques
that enable us to do rigorous simulations of scattering
from rough inhomogeneous films. Since they have al-
ready been presented in Ref. 16, we only point out their
basic principles; readers are referred to Ref. 16 for more
detailed explanations. In Subsection 2.C we focus on the
evaluation of the effective permittivity, which is the key
point in the splitting between surface and volume scatter-
ing.

A. Description of the Problem and Notation
The structure under study consists of a set of parallel ho-
mogeneous rods, embedded in a semi-infinite homoge-
neous medium (binder), separated from the upper me-
dium (air) by a one-dimensional rough interface. The
geometry, schematically represented in Fig. 1, is invari-
ant along the y axis, and the surface profile C1 is de-
scribed by a differentiable function z 5 s(x). The com-
plex permittivity is equal to e0 if z . s(x), esc inside the
rods, and eb in the binder. The permeability is assumed
to be that of vacuum everywhere.

The incident field is represented either by an s- or
p-polarized monochromatic Gaussian beam with pulsa-
tion v, and an exp(2ivt) time dependence is assumed for
the complex amplitudes. Denoting by F inc either the
electric or the magnetic incident field depending on
whether the polarization is s or p, we have

F inc~x, z ! 5 E
2`

1`

p~a 2 a0!exp@iax 2 ig ~a!z#da,

(1)

where

p~a! 5 w exp~2w2a2/2!, (2)

a0 5 k0 sin u inc (3)

g 5 ~k0
2 2 a2!1/2, Im~g! > 0. (4)
Fig. 1. Geometry and notation.
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The parameters w (beam waist) and u inc (mean angle of
incidence) characterize the incident beam, and k0 repre-
sents the wave number in the upper medium. The total
and the diffracted fields are denoted by F and Fd 5 F
2 F inc, respectively, and above the highest excursion of
the surface profile the diffracted field can be written as a
superposition of outgoing plane waves:

Fd~x, z ! 5 E B~a!exp@iax 1 ig ~a!z#da. (5)

The differential reflection coefficient, which gives the part
of the incident energy scattered into an angular interval
dus about the scattering direction defined by the scatter-
ing angle us , is written as

]R

]us
5

ug ~as!B~as!u2

P inc , (6)

where as 5 k0 sin us and P inc is the total incident flux
through a horizontal plane:

P inc 5 E g ~a!u p~a 2 a0!u2da. (7)

B. Solution of the Scattering Problem
Two methods have been used to solve the scattering prob-
lems. The differential method, on the one hand, is very
general: It can deal with inhomogeneous media and also
more complicated geometries such as inhomogeneous me-
dia covered by a coating, but it remains numerically
costly. On the other hand, we have developed a boundary
integral method that is less general but speeded up
thanks to a hybrid representation of the scattered field.

In the differential method, the inhomogeneous medium
is described by the complex wave number k(x, z) whose
variations are restricted to a layer of thickness D. The
fact that those fluctuations may stem from the presence of
rough surfaces or buried objects has no effect on the nu-
merical scheme. Above and below the perturbed region,
the field is written as a Rayleigh expansion such as Eq.
(5). Inside the perturbed region, Maxwell equations
yield a first-order differential system for (Ey , ]Ey /]z) in
s polarization and (]Hy /]z, ]Hy /k2]z) in p polarization
that can be solved in the Fourier space, for instance by a
Runge–Kutta algorithm. In s polarization, denoting by
e(a, z) and Dk(a, z) the Fourier transform of Ey(x, z)
and k2(x, z), respectively, Maxwell equations yield

]2e~a, z !

]z2 1 E Dk~a 2 a8, z !e~a8, z !da8 5 0, (8)

which can be written in matrix notation as

d

dz F e

]e

]z
G ~z ! 5 T~z !F e

]e

]z
G ~z !, (9)

where ei(z) 5 e(iDa, z) and Da is the sampling step in
the Fourier space. The differential system and the con-
tinuity of Ey and ]Ey /]z at z 5 0 and z 5 D allow us to
evaluate the scattered amplitudes B(a) and the differen-
tial reflection coefficient using Eq. (6). A slightly more
complicated differential system is written for p polariza-
tion. The numerical implementation of this formalism is
straightforward but requires a careful testing of the con-
vergence with respect to the various samplings and trun-
cations. The S-matrix algorithm18 and astute truncating
of the Fourier coefficients19 have drastically improved the
convergence rate and the significance of this technique.
The results given by the differential method are in agree-
ment with that of the surface integral method.16

In the second approach, the field scattered by the rough
surface is classically derived from a surface density, but
that from the rods is expanded as a Fourier–Bessel series.
In the case of scatterers with dimensions smaller than the
wavelength, only a few terms of this expansion are re-
quired, leading to a drastic reduction of the number of un-
knowns, as compared with a classical integral method.
Above the surface, the scattered field is thus written as a
single-layer potential with density f1 , leading to

F~P ! 5 F inc 1 E
C1

G~P, M8!f1~M8!ds8, (10)

where G(P, M8) 5 2i/4H0
(1)(k0PM8) denotes the free-

space Green’s function. Denoting by Fj
R the Fourier–

Bessel expansion of the field scattered by the jth rod in
terms of outgoing Hankel functions, we get

Fj
R~P ! 5 (

n52`

1`

bn
~ j !Hn

~1 !~kbrj!exp~inu j!, (11)

where kb represents the wave number of the surrounding
medium, i.e., of the binder, and where rj and u j are the
local polar coordinates, associated with the jth scatterer,
of P. Hence the field in the semi-infinite medium below
the surface is written as the sum of the boundary integral
and Fourier series

F~P ! 5 E
C1

K~P, M8!f1~M8!ds8 1 (
j.1

Fj
R~P !, (12)

where the kernel K contains the Green’s function in both
media, as well as their normal derivatives. This equa-
tion is rigorous as long as one can plot nonintersecting
circles surrounding each scatterer that do not intersect
C1 . The unknown surface density f1 and the unknown
scattering amplitudes bn

( j) are linked through the bound-
ary conditions on the surface and through the scattering
matrices of the buried scatterers. The scattering matrix
for each scatterer must be either known analytically or
computed by other means. This is the price for fast solu-
tion.

The validity of this approach has been tested by com-
paring the approach with the standard integral method.
For circular rods with radius a such that k0a , 0.5, one
gets better than a few percent accuracy with three terms
from the Bessel expansion. Typically, the number of un-
knowns is thus reduced by a factor of 5. This permits one
to solve scattering problems with a large number of small
scatterers at low computational cost. Combined with the
beam simulation method, this permits one to deal with
samples of arbitrary size and almost any density of scat-
terers, provided that either the penetration depth or the
thickness of the inhomogeneous layer remains finite. Let
us point out that the penetration depth is governed both
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by absorption and by diffusion, each contributing to the
imaginary part of the effective permittivity, which now
has to be estimated to define the equivalent surface-
scattering problem.

C. Estimation of the Effective Permittivity
The main point of this paper is to show that the scattering
from a rough medium filled with many scatterers can be
separated into surface and volume contributions for a
large range of parameters (like the rms height or the den-
sity of the scatterers). In the following, we restrict our
study to cylindrical rods that are all identical, with a cir-
cular cross section of radius a, and to surface roughnesses
that follow Gaussian statistics with rms height s and
Gaussian correlation function with correlation length l.

The splitting process has already been investigated by
Pak et al.13 To simulate the scattering from an inhomo-
geneous rough medium, they have added incoherently the
scattered intensity of the particles, placed in the binder
under a flat interface, to that of the rough binder alone.
Yet the agreement with the rigorous results was not sat-

Fig. 2. Scattered intensity of various geometries illuminated
under normal incidence; s polarization, w 5 5l. Binder, eb
5 2, s 5 0.1l, l 5 l; scatterers, d 5 0.2, a 5 0.035l, esc 5 9
1 i3.5. Solid curve, rough inhomogeneous medium; dash-dot-
dot curve, rough effective surface. Same roughness parameters
as the inhomogeneous medium. Dotted curve, particles under a
flat surface; same parameters as that of the inhomogeneous me-
dium, but the binder is flat. The effective permittivity is nu-
merically evaluated, eeff 5 2.35 1 i0.65.
isfactory in some cases. To improve the splitting process,
we propose to modify the surface contribution by consid-
ering a rough homogeneous medium whose permittivity
accounts for the presence of the particles in the binder.
The effective dielectric constant will then express the cou-
pling between surface and volume scattering. In Fig.
2(a) we plot the scattered intensity of a rough inhomoge-
neous medium made of a binder of permittivity eb 5 2,
where scatterers of radius a 5 0.035l and permittivity
esc 5 9 1 i3.5 with volume density d 5 0.2 have been
randomly placed. The random medium is illuminated
under normal incidence by a Gaussian beam with waist
w 5 5l. The roughness parameters are chosen such
that the surface and volume contributions appear natu-
rally in the angular behavior of the scattering pattern.
The correlation length being l 5 l and the rms height be-
ing s 5 l/10, the surface-scattering contribution is im-
portant close to the specularly reflected beam. In con-
trast, volume scattering is almost constant whatever the
scattering angles; hence it is clearly visible at high angles
when the surface scattering becomes negligible. This in-
terpretation is confirmed by the dotted and the dash-dot-
dot curves of Fig. 2(a), which respectively represent the
scattered intensity of the particles in the binder under a
flat surface (volume contribution) and the scattered inten-
sity of an homogeneous rough surface with the same sta-
tistical characteristics as the inhomogeneous medium but
with a carefully evaluated effective permittivity. In Fig.
2(b) we compare the scattering pattern of the inhomoge-
neous medium with the sums of the volume-scattering in-
tensities with either the effective rough surface contribu-
tion or the binder rough surface contribution. It is clear
that taking an effective permittivity for the surface con-
tribution gives much better results. The superposition of
the effective surface-scattered intensity with the incoher-
ent scattering of the particles under a flat surface permits
us to represent accurately the incoherent scattering and
the coherent peak of the inhomogeneous rough medium.

The introduction of an effective permittivity comes
from an analysis of the expression of the scattered inten-
sity from rough inhomogeneous media obtained with the
mean-field theory.17 In the simple case of one-
dimensional inhomogeneous surfaces illuminated by an
s-polarized wave, the model shows that the scattered in-
tensity can be separated into surface- and a volume-
scattering contributions. The volume-scattering contri-
bution is close to that given by particles embedded in the
binder under a flat interface, when solely the incoherent
part is considered. The surface-scattering term comes
from a rough surface whose effective dielectric constant
eeff is the average of the permittivity of the binder and
that of the scatterers with respect to their surface density,

eeff 5 eb~1 2 d ! 1 desc . (13)

This result is obtained without any heuristic hypothesis,
by working out a perturbative treatment (or Born series)
of an exact volume integral equation involving the electric
field and the Green’s function of a carefully chosen refer-
ence medium. Extension to the p-polarized case is more
difficult and necessitates a phenomenological approach.
The effective permittivity is then given by Bruggeman
formulas written for a two-dimensional problem:
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eeff
2 1 ~1 2 2d !~esc 2 eb!eeff 2 esceb 5 0. (14)

These effective permittivities permit us to describe cor-
rectly the behavior of the mean (or coherent) field in a
slab of randomly placed scatterers under several restric-
tions inherent to the Born approximation, which under-
lies the mean-field theory. The dielectric contrast and
the size of the scatterers should satisfy the conditions of
the Rayleigh–Gans approximation20:

uesc 2 ebu ! 1, (15a)

2p2auesc 2 ebu/l ! 1. (15b)

Note that the effective permittivities given by Eqs. (13)
and (14) remain real when both esc and eb are real, so the
attenuation of the mean field due to diffusion is not ac-
counted for. Hence the slab should be thin enough that
the diffusion-induced losses are negligible. This could
also be achieved if absorption losses were greater than
diffusion losses.

To improve the determination of the effective permittiv-
ity for problems where these various restrictions do not
hold, for example when the scatterers are metallic, we
have considered the results of effective-medium theory.
It can be shown that, under several hypotheses, the mean
field in a random medium behaves as if it were propagat-
ing in a homogeneous medium with an effective complex
permittivity.1,21 Several expressions of the effective di-
electric constant have been proposed depending on the de-
gree of their approximations. For instance, the Foldy ap-
proximation and the quasi-crystalline approximation give
expressions of an effective dielectric constant that account
for the attenuation of the mean field caused by single-
scattering and double-scattering processes, respectively.
We have chosen a simple formulation proposed in Ref. 22
whose confrontation with experimental data was
satisfactory.23 This formula is derived from a perturba-
tive solution of the Dyson equation for the mean field. It
necessitates the scattering matrix of the particles and the
pair-correlation function g of their centers. The wave
scattered by a cylindrical object can be written in the far
field of the surrounding homogeneous medium with wave
number kb as

Ed~r, u! ' A 2

pkbr
exp~ikbr 2 ip/4!f~u!. (16)

In s polarization and for small enough cylinders, the scat-
tering amplitude f is constant. For perfect conductors, it
may be approximated with good accuracy by f
5 2J0(kba)/H0(kba) for a , 0.05 l. The pair-
correlation function is obtained from the probability den-
sity of scatterer 1 being at x1 and scatterer 2 being at x2 ,
P(x1 , x2). Assuming that P depends solely on r 5 ux1
2x2u, one gets g(r) 5 S2P(r) 2 1, where S is the area of
the domain in which the cylinders have been placed. For
densities smaller than 5%, g is approximated by a step
function equal to 21 for r , 4a and 0 for r . 4a. For
denser media, g(r) is evaluated with Monte Carlo simu-
lations in which the scatterers are randomly distributed
with the constraint that they cannot interpenetrate each
other. The effective dielectric constant is then calculated
through
K2 5 kb
2 1 4irf

2 ~4rf !2kb
21E

0

`

exp~ikbr !g~r !sin g~kbr !dr,

(17)
where r is the number density equal to d/(pa2). When
the scattering amplitude is not constant, in p polarization
for instance, we replace f in Eq. (17) with the forward-
scattering amplitude, i.e., f(p) if the angle of the incident
plane wave is u 5 0 as proposed in Ref. 23. When the
scatterers satisfy conditions (15) and (16), we verify that
the real part of the effective permittivity obtained with
Eq. (17) is close to that given by Eq. (13) in s polarization
and Eq. (14) in p polarization. Yet Eq. (17) also provides
an imaginary part, depending on the volume density, that
expresses the attenuation, due to diffusion, of the wave
inside the medium.

When multiple scattering takes place, for instance
when the density of scatterers is high (above 20%) and
when their scattering power is important, the analytical
expression of the effective dielectric constant is not accu-
rate enough. This inaccuracy is observed if we compare
the values of the coherently reflected and transmitted in-
tensity of a slab filled of scatterers with that of a homoge-
neous film that has the same thickness and effective
permittivity.23 In this case, a numerical optimization of
the effective permittivity is performed by studying the co-
herent transmission and reflection of the inhomogeneous
slab for various thicknesses. This technique permits us
to account for the diffusion losses that reduce the trans-
mitted amplitude and is not restricted by the scattering
amplitude or the density of the rods. Note, however, that
the behavior of the mean field inside an inhomogeneous
slab does not always follow that of the field inside an ef-
fective isotropic homogeneous film. Varying the angle of
incidence may change the value of the effective permittiv-
ity. Yet in our examples concerning two-dimensional sys-
tems illuminated under s polarization with small scatter-
ers, this approximation is usually valid. We used this
numerical evaluation when the density of scatterers did
not allow a good calculation of the diffusion losses.

We now come back to the empirical rule of the splitting
of the scattering of rough inhomogeneous media into sur-
face and volume contributions from a numerical point of
view. The volume contribution is given by the incoherent
intensity scattered by the particles placed in the binder
beneath a flat surface. Note that by construction of the
effective refractive index, the coherent intensity of the flat
inhomogeneous medium is, in principle, equal to the
specular peak given by the flat homogenized medium.
The surface contribution is given by the total (coherent
and incoherent) intensity scattered by the rough homoge-
neous effective surface. We have adopted this rule in all
the following numerical experiments. It has enabled us
to predict with accuracy the diffuse intensities and the
specular reflected beam in many configurations of rough
inhomogeneous media.

3. NUMERICAL STUDY
In this section we present several numerical experiments
of scattering from rough inhomogeneous media to illus-
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trate the splitting rule. These examples do not provide
an exhaustive study of the validity of this interpretation.
Indeed, the large number of parameters, rms height, cor-
relation length, density of particles, scattering amplitude,
and penetration depth (or permittivity contrast or losses)
makes it a difficult task. They show, however, that the
analysis of scattering from rough inhomogeneous media
in terms of surface and volume contributions is reason-
able well beyond the usual domain of validity of perturba-
tion theories (i.e., small rms height, small scattering am-
plitude) and can also explain subtle scattering
phenomena such as the shift of the Brewster angle. The
numerical results presented in the following are obtained
by averaging the scattering patterns over several hun-
dred samples, each illuminated by a Gaussian beam with
w 5 3l or 4l.

A. Beyond the Perturbative Domain
In this paragraph the light is s polarized and the particles
are perfectly conducting cylinders with diameter 0.07 l.
Hence their scattering amplitude is important, so a per-
turbative treatment based on Born approximation is not
possible. The rms height is moderate, 0.2–0.3 l, but is
also beyond height perturbative models. We study vari-
ous densities of scatterers. Basically, we observe three
configurations: (1) the volume scattering dominates, (2)
the surface scattering dominates, or (3) they have roughly
the same importance. In Fig. 3 the density of scatterers
is d 5 0.03, and the roughness parameters are s 5 0.3l
and l 5 l. With such a small density the scattering
losses are very small, and the wave penetration depth is
important if the binder is not lossy. For numerical rea-
sons we have thus taken a binder with permittivity eb
5 3 1 i0.4. Losses allow us to avoid very-long-range in-
teractions and thus to limit the size of the system in both
depth and width. The effective permittivity is calculated
with the analytical model, Eq. (17), eeff 5 3 1 i0.6. In
this case the volume and surface contributions are of the
same order, and their sum describes accurately the scat-
tering of the rough inhomogeneous medium. Note that
diminishing the binder losses increases the volume con-
tribution. In Fig. 4 the permittivity of the binder is real

Fig. 3. Rough inhomogeneous medium illuminated under 20° of
incidence; s polarization, w 5 3l. Binder, eb 5 3 1 i0.4 s
5 0.3l, l 5 l. The cylindrical scatterers are perfectly conduct-
ing: a 5 0.035l, d 5 0.03l; the effective permittivity is calcu-
lated with Eq. (17) eeff 5 3 1 i0.6.
and equal to eb 5 2. The density of scatterers is in-
creased from 0.05 to 0.2. In Fig. 4(a), d 5 0.05, the vol-
ume contribution dominates in such a way that the scat-
tering from the flat inhomogeneous medium does not

Fig. 4. Various geometries illuminated under 20° incidence; s
polarization, w 5 4l. Binder, eb 5 2. The cylindrical scatter-
ers are perfectly conducting a 5 0.035l. (a) d 5 0.05, l 5 l,
various rms heights. The volume contribution dominates in
such a way that changing the roughness does not affect the scat-
tering pattern. (b) d 5 0.1, s 5 0.2l, l 5 l. The effective sur-
face contribution is increased and the penetration depth of the
wave inside the volume is limited by the diffusion losses. The
effective permittivity calculated with Eq. (17) is eeff 5 0.67
1 i1.95. (c) d 5 0.2, s 5 0.2l, l 5 0.5l. The diffusion losses
are important, the penetration depth is small, and the effective
surface contribution dominates. The effective permittivity is ob-
tained numerically by studying the coherent reflected energy of
the inhomogeneous medium with a flat interface eeff 5 27 1 i3.
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present any specularly reflected beam. Following the
splitting rule, this amounts to saying that the surface
contribution is negligible. Indeed, the effective dielectric
constant eeff 5 1.34 1 i0.9 of the rough effective surface
yields a scattering contribution that is 20 times smaller
than the volume contribution. Hence, whatever the
roughness, the scattering diagram remains the same. In
Fig. 4(b) the volume density is 0.1. The effective permit-
tivity given by Eq. (17) is eeff 5 0.67 1 i1.95. The pen-
etration depth of the wave inside the medium is thus re-
duced by the scattering losses. As a consequence, the
volume contribution decreases, while it remains greater
than the surface contribution. In Fig. 4(c) the density of
scatterers is 0.2. In this case, the effective dielectric con-
stant is evaluated numerically from the value of the co-
herent field reflected by the particles under a flat inter-
face, eeff 5 27 1 i3. The penetration depth is much
smaller than l, and the surface contribution dominates.
Note that the effective surface behaves like a metallic me-
dium even for small densities of scatterers. In all the
previous examples, the splitting rule is accurate. Nu-

Fig. 5. Various geometries illuminated under s polarization; w
5 4l. Binder, eb 5 5 1 i0.1; perfectly conducting scatterers:
d 5 0.05, a 5 0.035l. Effective permittivity calculated with
Eq. (17) is eeff 5 4.4 1 i1.3. (a) s 5 0.3l, l 5 l, normal inci-
dence; the splitting rule works. (b) s 5 0.7l, l 5 l, 30° of inci-
dence; the splitting rule is not accurate.
merical experiments not shown here, with other angles of
incidence, other correlation lengths, and other rms
heights (the latter remaining in the moderate roughness
range ,0.5 l) have been performed with the same result.
In contrast, we have encountered some difficulties when
the roughness is increased. In Fig. 5 we study the split-
ting rule for an inhomogeneous medium with binder per-
mittivity eb 5 5 1 i0.1, scatterer density d 5 0.05, corre-
lation length l, and two rms heights, s 5 0.3l and 0.7l.
The effective dielectric constant given by Eq. (17) is eeff
5 4.4 1 i1.3. It is clear that the sum of the surface and
volume contributions represents accurately the scattering
from the inhomogeneous medium when s 5 0.3l,
whereas it underestimates that of the inhomogeneous me-
dium when s 5 0.7l. A possible reason for this discrep-
ancy is that when the roughness is increased, the thick-
ness of the perturbed region, contained between the
highest and lowest incursions of the surface, is of the
same order as the penetration depth of the wave. Hence
the contribution to volume scattering of the particles that
are present in this particular domain becomes important.
In our opinion, estimating the volume contribution with
the scattering pattern of particles under a flat interface is
no longer accurate. Indeed, for the same finite spot,
more particles are strongly illuminated under the rough
surface than under the plane, as a consequence of the
true length of the rough boundary. Thus, as it stands,
the volume scattering is certainly underestimated.

B. Brewster Incidence
In this subsection a rough surface is illuminated under p
polarization around Brewster’s angle. In these condi-
tions, the volume-scattering contribution is enhanced,
and it is also interesting to study the shift of Brewster’s
angle. The reflectivity of a flat surface illuminated under
Brewster’s angle is null. It has been shown with a
second-order small-perturbation method24 that when the
surface is slightly rough, the specularly reflected (coher-
ent) intensity presents a minimum for an incident angle
close to but smaller than the Brewster angle. In the fol-
lowing, we show that volume scattering modifies this shift
in accordance with basic homogenization rules.

The rods are circular in shape, with radius a
5 0.05l, and their volume fraction is d 5 3%. They are
embedded in a lossy medium, with complex permittivity
eb 5 2 1 i0.1. In the presence of losses, the reflection
coefficient for a flat interface no longer vanishes, but here
a deep minimum still exists at Brewster’s angle, approxi-
mately 54°76. Two kinds of rods are considered: one
with lower permittivity than the embedding medium (esc
5 1), Figs. 6(a) and 6(b), and one with higher permittiv-
ity (esc 5 5), Figs. 6(c) and 6(d). With such a low density,
volume scattering is mainly single scattering. The sur-
face roughness parameters are s 5 0.05l, and the corre-
lation length is l 5 0.5l. The random medium is illumi-
nated by a Gaussian beam with w 5 3l and u inc 5 55°.
Using such a relatively narrow beam permits us to give
more obvious evidence of Brewster’s phenomenon. In-
deed, it can be seen in Figs. 6(a) and 6(b) that the specu-
larly reflected beam extends roughly from 45° to 80° and
exhibits a deep minimum around Brewster’s angle.
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Fig. 6. Scattered patterns of various geometries illuminated under 55° of incidence; p polarization, w 5 3l. A zoom about the Brew-
ster angle of the binder (54°76) is given in (b) and (d). Binder, eb 5 2 1 i0.1; s 5 0.05l, l 5 0.5l. Scatterers, d 5 0.03, a 5 0.05.
(a) and (b), esc 5 1; (c) and (d), esc 5 5. Solid curves, reflected intensity of the rough inhomogeneous medium; dotted curves, particles
under a flat surface (volume); dashed–dotted curves, effective surface; dashed curves, scattered intensity of the volume plus that of the
effective surface, minus the reflection from a plane with the effective permittivity. (b) and (d), solely the dash and solid curves are plotted.
The shift of Brewster’s angle is estimated from the loca-
tion of the minimum of the scattered intensity. As usual,
the four plotted curves represent the contributions of the
effective surface: of the rods under a flat interface and of
the sum of these two (after one specular reflection is re-
moved) to be compared with the scattering pattern of the
rough inhomogeneous medium. The latter two plots are
amazingly close to each other both for permittivity con-
trast and in and out of the specular region. This result
shows that the splitting rule can also express very fine ef-
fects. Let us focus now on the minima of the various pat-
terns around Brewster’s angle. If esc 5 5, the effective
permittivity, given by Eq. (17) or Bruggeman formula Eq.
(14), is eeff ' 2.05 1 i0.1. Therefore, if the effective per-
mittivity is increased compared with that of the binder,
the rods create a displacement of the minimum toward
larger angles. In contrast, for air bubbles (esc 5 1),
since the effective permittivity is smaller than that of the
binder, both surface and volume effects shift the mini-
mum toward lower angles. This explains why the mini-
mum in Fig. 6(d) occurs at larger angles than in Fig. 6(b).
Another example of the well-foundedness of the split-
ting rule and of the importance of a good evaluation of the
effective permittivity is presented in Section 4.

4. REDUCTION OF SURFACE SCATTERING
It has been demonstrated that coatings deposited on
rough homogeneous surfaces can lead to a scattering-
reduction effect. This effect, which has been studied both
theoretically and experimentally, was first observed with
smooth surfaces25 and afterward in the resonance
domain.26,27 It has been found that the strongest
scattering-reduction effect is always obtained with classi-
cal antireflection layers. In this section we extend this
study to the case of rough inhomogeneous surfaces.

For a given rough homogeneous surface the perfor-
mance of a scattering-reduction coating depends strongly
on its optogeometrical parameters (e.g., thickness and
permittivity). Designing the coating for obtaining the
lowest scattering level requires knowledge of the permit-
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tivity of the bare surface. In all the cases the profile of
the bare surface is assumed to be perfectly replicated by
the coating. The method used for determining thickness
h and permittivity e of the antireflection layer is the same
as the one used for optical thin-film applications. h and e
are chosen so that destructive interference between the
waves reflected at each interface (air/layer and layer/
substrate) occur. Among the solutions obtained, the one
with a real value of e is retained in order to eliminate spu-
rious effects on the scattering level that are due to absorp-
tion in the coating. We denote by es the permittivity of
the substrate. In this case,

h 5
l

2pAe
arctanFAe~ns 2 1 !

ks
G , (18a)

with

e 5
ks

2

ns 2 1
1 ns , (18b)

where

ns 1 iks 5 Aes.

Since so far the study of scattering-reduction coatings has
been carried out only for homogeneous dielectric surfaces,
the question that arises is whether a scattering-reduction
effect can be obtained in the case of rough inhomogeneous
media and how the optogeometrical parameters of the
coating can be determined.

We have tested the behavior of the rough inhomoge-
neous medium studied in Fig. 2 (Section 2), covered by an
antireflection layer optimized for the binder. One can see
in Fig. 7(a) that the amount of scattered energy is lower
than for the bare inhomogeneous medium. The results of
Sections 2 and 3 suggest that a better performance can be
obtained by taking into account the permittivity eeff of the
effective medium. This is confirmed by the results of Fig.
7(a). The antireflection coating optimized for eeff
strongly reduces the total amount of scattered energy and
gives a better scattering-reduction effect than the antire-
flection coating optimized for eb . However, as the trans-
mitted energy is stronger, it leads to an enhancement of
volume scattering. This effect, which is clearly visible in
Fig. 7(a), is stronger at high scattering angles because
volume scattering is predominant at high spatial frequen-
cies. The result is that at high scattering angles, the
scattered energy is stronger for the coated medium than
for the bare one. Figure 7(b) shows that the angular be-
havior of the scattering pattern of the coated rough inho-
mogeneous medium resembles that of the coated flat in-
homogeneous medium. The observed difference in the
vicinity of the specular beam stems from the residual
scattering contribution of the effective surface that has
not been totally eliminated by the coating.

These results generalize those obtained for homoge-
neous surfaces. Surface scattering can be nearly elimi-
nated by depositing an appropriate coating, even in the
case of inhomogeneous media. For better results, the op-
togeometrical parameters of the coating should account
for the value of the effective permittivity of the random
medium. In this case an enhancement of volume scatter-
ing is obtained.

5. CONCLUSION
We have shown that the scattering pattern of rough inho-
mogeneous media can be explained in terms of surface-
and volume-scattering contributions. The volume contri-
bution is obtained by evaluating the incoherent scattering
from particles placed in the binder under a flat surface.
The surface contribution is given by the scattering of a
rough homogeneous surface whose permittivity accounts
for the presence of the particles in the binder. This per-
mittivity is obtained either analytically with effective-
medium theories or numerically by studying the coher-
ently reflected and transmitted beams of a slab of the
inhomogeneous medium. The splitting rule works well
beyond the usual validity domains of perturbation theo-

Fig. 7. Scattering-reduction effect obtained with two different
coatings deposited on a rough inhomogeneous medium. Param-
eters of the medium are the same as in Fig. 2. The value of the
effective permittivity eeff was determined numerically by study-
ing the specularly reflected and transmitted field of slabs of the
random medium with different thicknesses eeff 5 2.35
1 i0.65. When the antireflection (AR) layer is optimized for the
binder, its permittivity is e 5 eb

0.5 5 1.41 and thickness h
5 l/4eb

0.5 5 0.21l. When the layer is optimized for the effec-
tive medium Eqs. (18), e 5 1.627 and h 5 0.159l.
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ries, even if multiple scattering occurs in the volume or on
the surface. The incoherent scattering is well repre-
sented by the sum of the two contributions, and the
specular peak is also retrieved. With this rule, we can
explain the shift of the Brewster angle for inhomogeneous
rough media. By depositing on the inhomogeneous me-
dium a coating that is optimized for the effective rough
homogeneous surface, we are able to diminish the surface
contribution and thus enhance the volume scattering.
The splitting process permits us to interpret scattering
diagrams and to simplify the numerical calculations by
treating the volume and surface problems separately.
Yet some improvements should be evident when the
roughness is of the same order as the penetration depth of
the wave inside the random medium. Indeed, if the con-
tribution of the particles just below the surface is impor-
tant, the volume scattering cannot be described simply by
that of the flat binder full of particles.

Corresponding author Anne Sentenac can be reached
by e-mail at anne.sentenac@fresnel.fr.
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film rugueux hétérogène,’’ Ph.D. thesis (Ecole Centrale
Paris, 1999).

18. L. Li, ‘‘Formulation and comparison of two recursive matrix
algorithms for modeling layered diffraction gratings,’’ J.
Opt. Soc. Am. A 13, 1024–1035 (1996).

19. L. Li, ‘‘Use of Fourier series in the analysis of discontinuous
periodic structures,’’ J. Opt. Soc. Am. A 13, 1870–1876
(1996).

20. C. Bohren and D. Huffman, Absorption and Scattering by
Small Particles (Wiley, New York, 1983).

21. U. Frish, ‘‘Wave propagation in random media,’’ in Probabi-
listic Methods in Applied Mathematics, A. T. Bharucha-
Reid, ed. (Academic, New York, 1968), pp. 75–197.

22. J. B. Keller, ‘‘Stochastic equations and wave propagation in
random media,’’ Proc. Symp. Appl. Math. 16, 145–170
(1964).

23. A. Ishimaru and Y. Kuga, ‘‘Attenuation constant of a coher-
ent field in a dense distribution of particles,’’ J. Opt. Soc.
Am. 72, 1317–1320 (1982).

24. M. Saillard, ‘‘A characterization tool for dielectric random
rough surface: Brewster phenomenon,’’ Waves Random
Media 2, 67–79 (1992).

25. C. Amra, G. Albrand, and P. Roche, ‘‘Theory and application
of antiscattering single layers: antiscattering antireflec-
tion coatings,’’ Appl. Opt. 25, 2695–2702 (1986).

26. H. Giovannini and C. Amra, ‘‘Scattering-reduction effect
with overcoated rough surfaces: theory and experiment,’’
Appl. Opt. 36, 5574–5579 (1997).

27. H. Giovannini and C. Amra, ‘‘Dielectric thin films for maxi-
mized absorption with standard quality black surfaces,’’
Appl. Opt. 37, 103–105 (1998).


