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\Don’t Stop Believin’ "

Just a small town girl

Livin’ in a lonely world

She took the midnight train

Goin’ anywhere

Just a city boy

Born and raised in South Detroit

He took the midnight train

Goin’ anywhere

A singer in a smokey room

The smell of wine and cheap perfume

For a smile they can share the night

It goes on and on, and on, and on

Strangers waiting

Up and down the boulevard

Their shadows searching

In the night

Streetlight people

Livin’ just to find emotion

Hidin’ somewhere in the night

Workin’ hard to get my fill

Everybody wants a thrill

Payin’ anything to roll the dice

Just one more time

Some will win

Some will lose

Some were born to sing the blues

Oh, the movie never ends

It goes on and on, and on, and on

Don’t stop believin’

Hold on to that feelin’

Streetlight people

Don’t stop believin’

Hold on

Streetlight people

Don’t stop believin’

Hold on to that feelin’

Streetlight people

by Journey
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Introduction and outline

\That’s one small step for man, one giant leap for mankind."
-Neil Armstrong, Astronaut

Introduction

Microscope magni�es small objects to observe a magni�ed image. Magni�ed image
of the objects enables us to see �ner details which are invisible to the human eyes.
Various �elds (microelectronics, biology, material science, medicine etc.) require mi-
croscopy tools to observe objects with micron, sub-micron and nanometric resolution
on wide range of samples for better understanding. Though there are varying forms
of microscopes, optical microscopy has an unique advantage with its non-destructive
and contact-free probing nature in the optical regime. Optical microscope was in-
vented around 16th century, it has been revolutionized since then. This is evident
from the Nobel Prize for Chemistry 2014 being awarded for the development of
super-resolution microscopy [1].

Classical optical microscopy is limited in resolution by the wavelength of light
(di�raction limit) restricting lateral resolution to about �=2, and axial resolution
to about � (the wavelength) [2]. The Nobel Prize for Chemistry 2014 winning
microscopes depend on the 
uorescent markers to achieve super-resolution. It can be
detrimental to introduce 
uorescent markers in to the probed sample, these markers
are non-permanent, they introduce artifacts into the sample, the resolution depends
on the labeling density etc. On the other hand, the invention of computers and
increase in the computational power coupled with the accurate understanding of the
light is pushing the horizons of the optical microscopy further beyond the di�raction
limit.

This PhD thesis is devoted to the optical tomographic di�ractive microscopy
(TDM) for improving the three-dimensional isotropic resolution to observe label-
free objects beyond di�raction limit by only optical means. The TDM is one of the
techniques in the recent years that has seen a tremendous development in high and
super-resolution imaging, pushing the spatial resolution beyond its di�raction limit
with help of optics and computational algorithms. The principle is to illuminate
the sample successively with various angles of coherent light, collect the complex
(amplitude and phase) di�racted �eld and reconstruct the sample 3D permittivity
map through an inversion algorithm.
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Motivation

The motivation to pursue this thesis is to break the optical di�raction limit and
resolve nano-scale objects in the optical regime. Fluorescence Super-resolution mi-
croscope techniques (Stimulated emission depletion microscopy [STED], Stochastic
optical reconstruction microscopy [STORM] and Photo-activated localization mi-
croscopy [PALM]) resolve beyond the di�raction limit but with the limitations dis-
cussed earlier. One of the microscopy application �eld namely microelectronics does
not have the opportunity to take advantage of the 
uorescent markers to perform
the required super-resolution microscopy. On the other hand, Transmission electron
microscopy (TEM) and scanning electron microscopy (SEM) need rigorous sample
preparation, measurements have to be performed in the vacuum, and the interaction
of the electron beam with the sample are some of the disadvantages of these micro-
scope techniques. Most of the research groups working on TDM utilize transmission
con�guration because of its simplicity, objects located on re
ective surface cannot
be resolved with transmission TDM. These disadvantages motivates us to develop
a global microscopy tool to obtain a three-dimensional reconstruction of the object
with its constitutive material properties (e.g. permittivity etc.) using an optical
microscope; namely TDM.

Objective

The objective of the PhD thesis was to improve the transverse resolution beyond �=2,
and axial resolution beyond � by using optical tomographic di�raction microscopy
(TDM) coupled with non-linear inversion algorithms. Improve the TDM experimen-
tal setup with the sate-of-art instruments for ameliorating the measured di�racted
�eld data which we believed would help in improving the resolution. Probe the role of
polarization on the resolution. To image the objects measured in noisy environment
using TDM was also an objective. To experimentally validate the mirror-assisted
tomography for axial-resolution improvement, which was theoretically proposed by
Mudry et al., [3]. Further explore various horizons in improving the overall perfor-
mance of the TDM and simpli�cation of the sample fabrication, experimental setup,
data processing and non-linear inversion algorithm.

Outline of the thesis

This PhD thesis contains four chapters:

� In the �rst chapter, the principles of optical microscopy will be introduced
and the optical di�raction limit will be described in detail. With help of phase
microscopy I explain the principle to obtain a 3D quantitative reconstruction
of the object, which is tomography approach. The basic principles of optical
tomographic di�ractive microscopy will be explained using rigorous electro-
magnetic di�raction. The approximations to this di�raction such as Born
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and Rytov are explored in detail to understand the transmission and re
ec-
tion con�guration of the TDM microscope. The last part of the �rst chapter
deals with experimental setup, the process involved in obtaining full-vectorial
complex di�racted �eld data.

� In the second chapter, I will present the numerical imaging of various mi-
croscopy techniques such as bright-�eld microscopy, dark-�eld microscopy,
phase contrast microscopy, confocal microscopy, 2D synthetic aperture mi-
croscopy and 3D synthetic aperture microscopy from the measured TDM com-
plex di�racted �eld data under scalar approximations. These numerical modal-
ities are possible to realize from a single TDM measurement, thanks to the
complete measurement one obtains from TDM. Each of the above stated mi-
croscopy techniques will be explained with underlying basic principle, numeri-
cal realization with TDM, advantages and disadvantages of their experimental
realizations against the numerical realization from TDM data.

� In the third chapter, I will �rstly explain the meaning and importance of nor-
malization of measured data. Then, the role of polarization to obtain the
isotropic transverse resolution will be demonstrated on an experimental sam-
ple. The brief understanding of rigorous non-linear inversion algorithm will
be explained with help of forward problem and inverse problem theory. The
experimental results corresponding to the coupling of TDM measurement with
non-linear inversion algorithm are detailed to achieve �=4 transverse resolu-
tion. It will be shown that this coupling is e�cient in reconstructing any
defects in the sample too. Further, the imaging of objects in the noisy envi-
ronment with help of singular value decomposition (SVD) will be presented
with experimental data. Finally, SVD noise reduction will be applied on the
experimental data and the non-liner inversion algorithm will be provided with
a priori information about the sample, this will help in achieving �=10 trans-
verse resolution.

� In the last chapter, I will present the experimental demonstration of the axial
resolution improvement by mirror-assisted tomography. First steps will be
to validate on numerical data, fabricate the samples on top of a mirror and
perform TDM measurement. The �nal step will be to perform non-linear
inversion on the measured complex scattered �eld data accounting for the
presence of mirror. The challenges facing the mirror-assisted tomography and
perspectives to solve them will be detailed.





Chapter 1

Principles of tomographic
di�ractive microscopy

\Seeing Is Believing"
-Manfred von Heimendahl, Materials scientist

1.1 Introduction

Tomographic Di�ractive Microscopy (TDM) is a developing advanced digital imag-
ing technique. The technique was �rst proposed by E. Wolf in 1969 [4], it had to
wait until recently for the experimental realization by V. Lauer [5]. This convinced
experts and made them realize of a new imaging technique which can image beyond
the optical di�raction limit.

In the last 7 years it has seen a growth in the number of publications over the
world. This microscopy is also known as synthetic aperture microscopy, tomographic
phase microscopy, optical di�raction tomography, digital holographic microscopy,
scanning holography microscopy etc. The TDM is a label free imaging tool, it has
the ability to reconstruct the 3D refractive index of the sample [6] reconstruction of
biological samples [7]; it can probe the pro�le of a surface [8], etc.

To understand the TDM and its working principle, we start with understanding
the wide-�eld general optical microscope. In wide-�eld microscope we understand
the general principles governing the microscopy, method to obtain a good quality
image and the resolution limit in the general optical microscopes. Wide-�eld mi-
croscope does not provide 3D reconstruction of the sample, since TDM is a 3D
phase microscope, we brie
y explore the phase microscope and the information the
phase microscope can provide to obtain the 3D reconstruction of the sample and the
permittivity map.

Later in this chapter, the basic principles and classical approaches to Tomo-
graphic Di�ractive Microscopy are explained in detail. Then, models (eg., Born
approximation) for reconstruction of TDM data and the role of polarization, wave-
length, environment are discussed. Finally, experimental methods to obtain the
quantitative phase, the experimental setup I developed are presented.
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1.2 Conventional wide-�eld optical microscope

Light propagation and interaction with matter can be understood by Maxwell equa-
tions and classical electrodynamics. This section will explain light and sample in-
teraction that would lead to magnify intensity image starting from the wide-�eld
conventional optical microscope and progress towards understanding of the Tomo-
graphic Di�ractive Microscopy via phase microscopy.

It is not very clear about who invented the �rst optical microscope but the tech-
nique has evolved enormously. Optical microscopy itself is a general term, present
day has seen several astonishing optical microscopy techniques such as bright �eld [9],
dark �eld [10], phase contrast [11], di�erential interference contrast [12], 
uores-
cence [13], confocal [14], light sheet [15], structured illumination [16], single photon
and multiphoton microscopy [17, 18] etc.

Detection
Objective lens

Incident field

Sample

Emitted 

field

z

Tube lens

� �'  

Object focal 

plane

�max 

Figure 1.1 : Wide-�eld microscope - a general representation

To understand the optical microscopy principle we will consider transmission
optical microscope. In the transmission optical microscope Fig. 1.1, the light from a
source is illuminated on the sample. Usually, the light is passed through a lens called
condenser lens to focus it on the sample to get maximum illumination uniformly.
The light passing through the sample is collected by a lens called objective lens.
The tube lens then provides a magni�ed image of the sample on the detector. The
magni�ed image is detected by a detector usually a CCD (Charge Coupled Device)
camera. Later, the captured images can be analyzed. It has to be noted that
wide-�eld microscopy does not provide quantitative information about the sample,
it provides intensity variation image of the �eld in the vicinity of the sample.

The electromagnetic �eld can be de�ned as,

E(r) = Ea(r)ei�(r) (1.1)

where r is the position vector, Ea is the amplitude and � is the phase. The image
on a detector is recorded as intensity,

I(r) = jE(r)j2 (1.2)
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the variations in the intensity is recorded on the detector.
Conventional wide-�eld optical microscope consists of simultaneous illumination

of the whole sample. The simultaneous illumination of whole sample is illumination
of a sum of plane waves simultaneously with each plane wave propagating in di�erent
directions [19]. As the light propagates through the sample, not all the light is
collected, light scattering in the sample may also changes the direction of propagation
of light. The direction of propagation of light is described by the wave vector k =
kxx + kyy + kzz. We can de�ne, kk = kxx + kyy being k projected on (x,y) sample
plane. The k is the wave vector, being kkk = k0 = 2�=�. When



kk



 � k0, kz is
given by,

kz = i

q

kk



2 � k2
0 (1.3)

Microscope can be considered as a �lter which magni�es and collects some of
the plane waves (some of k for detection) which are propagating in the z direction
away from the sample for detection. The detection of the light would depend on
the numerical aperture (NA) of the collecting lens, which collects the light emerging
out of the sample. Numerical aperture, NA = ni sin �max, where �max (shown in
Fig. 1.1) is the maximum polar angle of the plane wave that can be collected by the
objective lens and ni is the refractive index of the medium in which the object is
placed. The collecting lens is called objective lens. The objective lens is combined
with tube lens to magnify the light and to image on the detector to form a wide
�eld image.

Wide-�eld microscopy provides an intensity variation image of the object, it does
not provide a quantitative link between the object and the detected image. The
intensity image is obtained due to the intensity variation caused by the constitutive
material properties and the geometrical properties of the sample. But it is di�cult
to link the intensity image to the geometrical shape or the material properties of the
sample. It is important to have access to this quantitative information about the
object, because it would provide insights into the sample and its behavior in optical
domain. For example, knowing the permittivity of the object under observation will
help in understanding the behavior of the object to polarization, to electric �eld,
to know its material composition etc. It also provides understanding about the
re
ection, transmission and absorption properties of the object.

The goal of a microscope is to achieve a good quality magni�ed image of the
object. To achieve this there are certain optical limitations and conditions. By
understanding these, we will be better able to understand the image obtained using
a microscope.

1.2.1 Abbe sine condition for aberration free imaging

Abbe sine condition helps in designing a microscope to have a good quality image
of the sample. The actual image of the sample is magni�ed by the microscope, the
amount of magni�cation is de�ned by the Magni�cation factor (MF). Magni�cation
is de�ned as the ratio between the image formed on the detector and the initial
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sample size.

MF =
Size of the image formed on the detector

Initial size of the sample
(1.4)

In microscope all the light emerging out of a point P (let us say a point P on the
object focal plane shown in Fig. 1.1) on the sample should be imaged on the detector
at point a P0 (a point P0 on the image plane shown in Fig. 1.1), in this case a sharper
image of the sample will be formed on the detector. P0 is called conjugate point of P.
Such a microscope is called aberration free microscope or stigmatic optical imaging
system. In practical cases, imaging is performed with least possible aberrations. The
phase of the light emerging out of a point P on the sample varies from the phase
detected on the image plane point P0, though they are conjugate points. This can
be due to the imperfections in the optical components, optical alignment etc.

For each point of P on object focal plane to have a point P0 on the image plane
imposes a condition proposed by Ernest Abbe called Abbe sine condition. A plane
wave emerging out of object focal plane makes an angle � (shown in Fig. 1.1) with
the optical axis. The wave travels through the tube lens and detected on the detector
in the image plane with an angle �0 with the optical axis [20] as shown in Fig. 1.1.
Such that,

nisin � = MFndsin �0 (1.5)

where, ni is the refractive index of the medium surrounding the sample and nd is
the refractive index of the detection medium. When the above condition is satis�ed
we obtain an aberration free image on the detector from an imaging system. We
established a condition to obtain sharp image, the following criterion de�ne the
resolution we can reach with a microscope.

1.2.2 Rayleigh criterion for resolution limit

Let us consider two point sources which are separated by a distance �r observed
through a microscope. When �r is signi�cantly large, the two point sources can
be distinguishable with the microscope. On the other hand, as we bring the two
point sources closer, the smallest distance �r that is possible to distinguish the two
point sources is the resolution of a microscope. There have been several de�nitions
of resolution [21], we will understand few of them here.

Di�raction limit imposes a limit on the resolution. Resolution is limited by the
size of the numerical aperture used in the microscope. The plane waves emerging out
of a sample with k having an angle greater then the angle �max (shown in Fig. 1.1)
cannot be collected by the microscope objective. So, plane wave with



kk



 > k0NA
cannot be detected. Where, NA = ni sin �max being the numerical aperture.

The interest has been to increase the NA by some means and bring new informa-
tion to improve the resolution of the microscope. In this direction, water immersion
and oil immersion objectives have been designed to have a numerical aperture close
to 1.5 with the sample being placed in the water or oil medium. Due to the immer-
sion medium the NA is enhanced to an extent. It is challenging to design a high
numerical objective and be aberration free.
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Figure 1.2 : Airy disk formation in a microscope for a point source

In Fig. 1.2, the objective lens forms a Fourier transform of the object and the
tube lens an inverse Fourier transforms to obtain the magni�ed image of the sample.
If the detector is placed between the objective lens and tube lens we will detect the
Fourier spatial frequencies (kd) corresponding to the sample.
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Figure 1.3 : In Fig.A, the Airy disk formation from a single point source is seen.
In Fig.B when two points are closer than the Rayleigh criterion, the two points
cannot be resolved and an overlapping intensities is observed. In Fig.C when the
�rst minimum of one of the Airy disk overlaps with the maximum of other Airy
disk, the two point sources can be resolved, this is at the Rayleigh criterion limit.

Resolution is generally di�erent in transverse direction (in the (x,y) plane) and
axial direction (z or optical axis plane) for a given microscope. Usually, the axial
resolution is worse than the transverse resolution. The reason being the range of
accessible spatial frequencies being di�erent in axial and transverse direction, which
can be understood from Sec. 1.5.3. The axial resolution is discussed in detail later.
Here we will focus on transverse resolution. One of the possible de�nition of the
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transverse resolution of a microscope is given by Rayleigh criterion. The Rayleigh
criterion de�nes the transverse resolution as:

�r =
0:61 �

NA
=

0:61 �

ni sin �max

(1.6)

where, �r is the minimum separation distance between two distinguishable point
sources in the transverse direction of observation under a microscope, � being the
wavelength, NA being the numerical aperture.

The limit in resolution is mainly due to the wave nature of light interaction
with microscope objective, in particular di�raction and scattering. Let us consider
a single point source at the detection as show in Fig. 1.2. The image formed at the
detection plane is an airy disk, which is bright spot which contained 84% of energy
surrounded by the di�raction rings. The airy disk formed is shown in Fig. 1.3.A.

The objective lens performs a Fourier transform of the point source and the
tube lens an inverse Fourier transforms to form the image on the detector, shown in
Fig. 1.2. Each point source forms a Airy disk in the image space, Fig. 1.3.A. Now,
let us consider two point sources separated by a distance �r, the image formed is
shown in the Fig. 1.3.B or Fig. 1.3.C. The intensity pattern detected on the detector
is a superposition of two airy disks formed by two di�erent point sources. When
the two point sources are close to each other, the superposition of two point sources
does not allow to resolve them, shown in Fig. 1.3.B. As we increase the separation
distance �r the two point sources can be distinguished individually. Thus de�ning
the resolution for a particular microscope with given a NA and observing wavelength.
The Rayleigh criterion is obtained when the radial position of the �rst zero of the
two Airy disks is equal to the �r. Which means that the �rst minimum of the one
of the Airy disk superpositions with the maximum of the other Airy disk and vice
verse.

The wide-�eld microscopy is the fundamental microscope, it records only the
intensity variations (Eq. (1.2)). We do not have access to the 3D geometrical infor-
mation of the sample or the material properties of the sample. The resolution is also
limited by the di�raction. To go a step further we will explore the phase microscope
which brings in the geometrical information of the sample by exploiting the phase
information �(r) in Eq.(1.1).

1.3 Phase microscopy

Detectors in general are built to detect the intensity variations (Eq. (1.2)), phase
(�(r)) cannot be detected directly. The ability to measure phase information in
the last decades has opened up new possibilities. This led to exploit this phase
information to obtain quantitative information on the axial dimensions (along the
optical axis of the microscope) of the object, and thus provide a 3D reconstruction.
The phase of the light propagating through or re
ected by an object is a�ected
by its 3D refractive index. Such that, these changes are encoded in the phase
information. So, the phase information becomes important in obtaining the 3D
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quantitative information about the sample and to reconstruct the relevant material
properties of the sample.

Before we further understand the phase microscopy, I would like to introduce few
de�nitions. If a sample is illuminated by a �eld Einc(r), it would di�ract the �eld
Ed(r). Then the total �eld detected on the camera is given by E(r) = E0(r) +
Ed(r), where E0(r) is the �eld that would be present in the absence of the object,
called reference �eld.

There had been vast interest in the phase imaging since the invention of Zernike
phase contrast microscopy (PCM) in 1942 [11] for which Zernike was awarded Nobel
prize (physics) in 1953. The principle behind PCM is explained brie
y. As the light
propagates through the objects the amplitude and phase of the light change depend-
ing on the object under observation. Amplitude variation is due to the scattering
and absorption of light by the object. Zernike understood that scattered �eld and
the incident �eld have a �=2 phase shift as they are detected on the detector, so
they can undergo interference. This led to poorly contrasted image of the object.
Zernike introduced a supplementary phase shift of �=2 between the di�racted and
the non-di�racted (incident) light from the object. By introduction of this phase
shift Zernike was able to enhance the contrast of the image recorded. Phase contrast
microscope provides only qualitative phase information of the phase object. In 1948,
Gabor demonstrated using holography as a tool to extract the phase information
[22]. This led to the establishment of phase imaging �eld.

As explained earlier the phase information cannot be recorded directly, it is
usually recovered by some means (e.g. o�-axis interference holography [23], phase-
shifting methods [24], wavefront sensor [25] etc.). These methods are discussed in
detail later in this chapter. The phase (�(r)) information and the amplitude infor-
mation of the sample provide complete information and describe the electromagnetic
total �eld di�racted by the sample. But we still have not been able to establish a
link between the 3D geometrical properties of the sample or the material properties
of the sample and the detected total �eld. The next section explore this link.

1.4 Towards 3D imaging by phase microscopy

The most direct way to exploit phase is to adopt a geometric approach of linear
propagation of light. The usual con�guration is to illuminate the object of interest
with a collimated laser beam at normal incidence. The incident wavefront on the
object is a plane wave. At the output of the object, the wavefront is distorted by
the optical path variations caused by the presence of the object as shown in Fig. 1.4.

1.4.1 Volumetric sample

Take for example a volume object such as a biological cell (see Fig. 1.4). The
wavefront distorted by the object is accessed by detecting the phase of the �eld;
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Figure 1.4 : Paraxial approximation of the perturbation of incident wavefront
due to the volume object.

in practice immediately after the object (detection plane in Fig. 1.4). This object
plane is thus conjugated with the image plane of the microscope.

The phase ’(x; y) �eld will then be understood by considering the object being
crossed by unde
ected parallel rays, with each propagate a di�erent optical path
depending on their positions in the object. In the paraxial approximation, this gives
the optical phase delay:

’(x; y) = k0

Z z2

z1

n(x; y; z)dz (2�); (1.7)

where z1 is the position of a plane before the object, z2 is that of the detection
plane, n the refractive index in space and k0 = 2�

�
, the wave number with � the

illumination wavelength in vacuum. The variations in the phase in the object plane
are proportional to the variations of the optical thickness of the object along the z
axis, close to modulo 2�, which is optical path integrated over the sample thickness.
A sensitivity of the order of several nanometers of thickness has been detected suc-
cessfully [26]. It goes without saying that this approach ignores the phenomena of
refraction and di�raction inside the object, and is therefore limited to low refractive
index contrasts. Though this provides more than just 2D information about the
object but we still do not have access to the 3D object information or the material
properties of the object.

Geometric approach to retrieve object information

The most direct method is to extend the previous phase microscopy approach to
di�erent angles of illumination through the object. For each angle, the measured
phase is analyzed with the Eq.( 1.7). From each such data set, an algorithm known
as "�ltered back projection", based on a Radon transform allows to decorrelate the
refractive index of the object from the thickness of the object [27]. The principle is
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the same as in X-ray tomography, where the intensity corresponds to the integration
of the absorption coe�cient of the object along straight rays. However, this method
retains limitations as to not take into account either the refraction or di�raction
generated by the object. It is therefore limited to very low contrast (as for certain
biological samples) and the resolution being of several wavelengths [28{30].

1.4.2 How to get a 3D quantitative image of an object?

In 1969, E. Wolf published a paper to reconstruct 3D semi-transparent object from
the hologram data [4]. Though the phase microscopy yields only 2D images, the
hologram recorded will hold the information of the 3D object under observation.
These holograms has to be processed computationally to retrieve the 3D object
information or 3D refractive index map. E. Wolf described the determination of the
complex refractive index in two steps as:

1. Calculation of the amplitude and the phase of the scattered �eld of the object
from the holograms recorded in transmission.

2. Computational reconstruction of complex refractive index distribution of the
3D object.

Solution to �rst step, determination of phase and amplitude from the interference
hologram data is presented in section ( 1.6.1). Here, solution to second step is to
illuminate the object under observation with di�erent directions of illuminations
successively and record several holograms for each illumination direction. Recover
the amplitude and phase corresponding to each of the illumination direction from the
holograms. From this information 3D sample permittivity can be reconstructed [31,
32]. So, the idea of Tomographic Di�ractive Microscopy (TDM) was born. The next
section presents the detailed theory for obtaining the 3D permittivity map inside
the sample using TDM.

1.5 Tomography: multiple-illumination angle ap-

proach

In digital holography a sample is illuminated by a collimated coherent plane wave,
a hologram of the sample is recorded. From the hologram, the phase and ampli-
tude information is recovered. Tomography is an extension of digital holography
approach. In tomography several angles of illumination with di�erent angles are
used and the complex �eld is recovered from each hologram. Then the 3D permit-
tivity of sample is reconstructed. This section will present the relation between the
relative 3D permittivity of sample and the �eld di�racted by the 3D sample using
electromagnetic theory of light. Later, approximations to the di�raction processes
yielding approximate quantitative information about the sample is presented.
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1.5.1 Tomographic di�ractive microscope

As we understood earlier, to reconstruct the sample’s 3D permittivity map, it is
required to measure the amplitude and phase of the scattered �eld of the object [4].
The scattered �elds are uniquely related to the structure of the object, which will
be demonstrated theoretically later in this section.

q

e(kd, kinc)

ks

CCDImaging 

System

Incident 

illumination 

with angle

Sample
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field

Reconstruction of 

sample

�1

�2

Figure 1.5 : Principle of Tomographic Di�ractive Microscopy (TDM): illumi-
nating the sample with varied illumination angles, light emerges out of sample for
each varied angle of incidence. Interferometric optical imaging system magni�es
the light for varied illumination angles and holograms are recorded. Phase and
amplitude information are retrieved for reconstruction of the 3D refractive index
map corresponding to varied illumination angles

Progressing towards the reconstruction of the 3D permittivity map of the sam-
ple, Tomographic Di�ractive Microscopy (Fig. 1.5) has emerged as a solution. TDM
consists of illuminating coherently with collimated light the sample with varied il-
lumination angles from the condenser lens. Later, objective lens helps in collecting
and magnifying the complex scattered �eld from the sample for each illuminated
angle. It can be noted in Fig. 1.5, the measurement is performed in Fourier do-
main compared to the wide-�eld microscopy (Fig. 1.1) where the measurement is
performed in the image space. The image space and Fourier space are linked by
a simple 2D Fourier transform. To detect the phase and amplitude information
(complex scattered �eld), usually an interferometric technique is employed, such as
o�-axis interferometry [33].

It has to be noted that once the complex scattered �eld data is recorded for
varied illumination angles, several imaging techniques such as dark �eld imaging,
bright �eld imaging, phase imaging, confocal imaging etc., can be realized. This is
possible due to the availability of scattered �eld’s amplitude and phase for several
illumination angles, which describes the scattered �eld completely in the electromag-
netic domain. Numerically the available information can be processed to obtain the
di�erent imaging techniques. The means to realize the above mentioned methods
are presented in the next chapter in detail.
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1.5.2 Electromagnetic di�raction

To understand the link between the recorded holograms (amplitude and phase in-
formation) and the 3D reconstruction of the sample (3D permittivity map) we need
scattering and the electromagnetic theory of light. So far in the wide-�eld and
in the phase microscopy the link was trivial, but to establish a 3D link takinging
into account di�raction and scattering we need to understand the electromagnetic
di�raction process. Let us consider a sample as show in in Fig. 1.6. The object
has a �nite volume V and relative permittivity "(r), i.e. the square of the refractive
index of the sample; for r 2 V; outside the object i.e. r =2 V, "(r) = 1. The goal is
to reconstruct the "(r) (relative permittivity) inside the object of volume V.

Now, let us illuminate the sample with electromagnetic plane wave with electric
�eld Einc(r). This incident �eld interacts with the sample. It is well known that the
electromagnetic wave satis�es the Maxwell equations. We consider the illumination
is a plane wave and sample is non magnetic (�r = 1).

x

z

y

kinc
kd

Permittivity: � (r)

Volume: V 

Figure 1.6 : The sample of volume V is illuminated with plane wave Einc of
direction kinc. The di�racted �eld Ed for all the possible directions of kd is mea-
sured. The goal is to reconstruct the "(r) (relative permittivity) inside the object
of volume V.

In the absence of the sample, and in the isotropic linear media, in free space
(n=1), it can be shown that by combining the Maxwell equations one can obtain
the following propagation equation for the incident �eld [19],

r � r � E0(r) � k2
0E0(r) = i!�0J(r): (1.8)

The Eq. 1.8 represents the �eld that would be present in the absence of the object
called the reference �eld E0(r) (not to be confused with the reference beam ER).
With, k0 = !

c
= 2�

�
is the wave number, ! being the frequency, c light velocity in

vacuum and � is the wavelength of the illuminated light in vacuum. J(r) is the
potential electric current density.
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It has to be noted that Einc(r) 6= E0(r) i because it would depend on the
medium of illumination and the con�guration (whether transmission or re
ection).
In case of re
ection, sample is usually positioned on a substrate. In this case, E0(r)
is the �eld present with the substrate and the absence of the sample on top of it.

Similarly, the total �eld E(r) which is the �eld in the presence of the object and
illuminated by Einc(r) is given by,

r � r � E(r) � k2
0E(r) = i!�0J(r) + k2

0["(r) � 1]E(r) (1.9)

Such that we can de�ne the di�racted �eld by the sample with volume V as,
Ed(r) = E(r) � E0(r). Which is the di�erence between Eq.1.9 and Eq.1.8 given
by,

r � r � Ed(r) � k2
0Ed(r) = k2

0["(r) � 1]E(r) (1.10)

The Eq. 1.10 is inhomogeneous di�erential equation with constant coe�cients.
As the Eq. 1.10 is linear in nature it can be solved using Green’s function.

If we place an in�nitely small dipole emitter p at r, then the �eld created at
a distance r0 is given by �G(r; r0)p, where �G(r; r0) is the Green’s tensor. The
�G(r; r0)p being the solution of the following equation,

r � r � �G(r; r0)p � k2
0

�G(r; r0)p = �(r � r0)p: (1.11)

The solution of Eq. 1.10 can be shown as,

Ed(r) = k2
0

Z

V

�G(r; r0)["(r0) � 1]E(r0)dr0;

or

= k2
0

Z

V

�G(r; r0)�(r0)E(r0)dr0;

(1.12)

with �(r0) = ["(r0) � 1]. Where, �(r) is the linear susceptibility of the object or
the permittivity contrast as ["(r) � 1]. The Eqn. 1.12 represents the di�racted �eld
in the far �eld. This equation can be solved by using outgoing solution to Green’s
function in far �eld [19] and obtain the following equation,

Ed(k) = k0k �
h
k � e�(k) eE(k)

i
: (1.13)

where e� and eE stands for the Fourier transform of � and E respectively.
The above equation can be expressed in Fourier transform as,

Ed(k) = k0k �
�
k �

Z

V

exp(�ik � r)�(r)E(r)dr

�
(1.14)

which is product �E, linear susceptibility and total �eld inside the sample.
The calculations performed in this section were performed without approxima-

tions, Eq.(1.14) can be solved numerically, but the calculations are time and re-
sources consuming.

iEinc(r) 6= E0(r)
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Retrieval of susceptibility in di�raction microscopy

The di�racted �eld contains the information about the object. By measuring the
di�racted �eld for a particular illumination, we have access to the Fourier transform
of �E. The measurements are performed on a 2D detector surface for a 3D volume
object. But the 3D di�racted �eld information of the object is encoded in 2D. For
a given illumination angle (kinc) the di�racted �eld measured in the far-�eld with
a microscope objective will only be the accessible �eld spatial frequencies, being
kk � k0NA. The spatial frequencies beyond k0NA cannot be recorded for a given
microscope objective with given NA.

Though I claim that spatial frequencies beyond k0NA cannot be recorded, it
will be shown later that the accessible spatial frequencies are not limited by the
condition kk � k0NA because of the frequency mixing between the � and E.

The Eq.(1.14) helps us in determining the quantitative linear susceptibility, which
provides the relative permittivity of the object "(r) in three-dimensions. For this the
measured di�racted �eld has to be computed in the Eq.(1.14) taking in to account
the polarization, and the vectorial nature of the �eld. The rigorous computation to
reconstruct the permittivity map of the sample is explained in detail in next chapter.

1.5.3 Born approximation

A common approximation that is most prevalent in the tomographic di�ractive
microscopy (TDM) is the Born approximation [19, 34]. To understand the Born
approximation it is important to understand the optical transfer function (OTF).

Optical transfer function

The optical transfer function (OTF) can be well explained with the understanding
of the point-spread-function (PSF) of a microscope. As shown in Fig. 1.3, consider a
tiny point object as sample which is much smaller than the di�raction limit speci�ed
by the Rayleigh criterion. The object will be visible on the microscope but it would
appear larger than the real size of the object under observation. This is due to the
di�raction as described in the previous section. Thus PSF can be de�ned as a 3D
image of the point like object. Usually, 3D PSF is sharper in x and y plane compared
to the z plane. In general, optical microscopes have better lateral resolution than
the axial resolution. The PSF is dependent on the wavelength of light used for
observation in microscope and the objective used. The degree to which the PSF
spreads de�nes the quality of the microscope.

If there exists a linear relationship between object O and the image formed by
the microscope it is quanti�ed by the optical transfer function. This provides a
quantitative criterion to describe quality of a microscope. The image G formed on
the microscope can be de�ned as:

Image = Object � PSF;

G = O � h;
(1.15)

which is a convolution of object O with PSF h.
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Optical transfer function is the Fourier transform of PSF which is ~h. The Fourier
transform of Equation (1.15) yields,

~G = ~O~h: (1.16)

As explained earlier, not all the light emerging out of sample is collected by the
microscope, only plane waves with



kk



 < k0 NA are detected. The ~h de�nes
the accessible frequencies corresponding to a particular objective in the Fourier
transform domain. The ~h is a low pass �lter, frequencies above a certain cut-o�
frequency cannot be detected for a particular NA. The size of the cut-o� frequency
de�nes the NA in Fourier domain. Later, the link between the OTF and to obtain
the permittivity of the object is discussed. The accessible frequencies of OTF are
di�erent for transmission and re
ection con�guration optical microscope. These
con�gurations and their corresponding OTF’s are discussed in detail later in this
chapter.

Linear link between di�racted �eld and 3D relative permittivity

Born approximation utilizes the di�racted �eld’s amplitude and phase, and considers
di�raction as a phenomenon of simple di�usion, neglecting contribution due to the
multiple scattering. That is in the single scattering regime, when the samples are
well separated there will be no electromagnetic coupling. This leads us to only
interference between the �elds scattered by di�erent scatterers in the sample and
di�raction [35].

Born approximation is valid if the �eld di�racted by the object Ed is very small
compared to the reference �eld E0, which is the �eld observed without the presence
of the object. This is typical when the object is of low contrast, for typical values
of lower refractive index contrasts implying weaker scattering. For weak-scattering
the convergence of the Born series and sets the validity of the Born approximation,
is known in the literature [36{42] as

ka�n � 1 (1.17)

where, �n is the refractive index contrast and a being the radius of the sphere or the
radius of an in�nite cylinder shape. This theoretical common bound of the validity
of the Born approximation provides insights into the objects that can be imaged
under born approximation case.

From the previous section it can be seen that, total �eld (E(r)) can be expressed
as,

E(r) = E0(r) + Ed(r) (1.18)

Under the Born approximation the Eq.(1.18) can be considered as E(r) � E0(r),
with the �eld inside the object is approximately equal to the reference �eld.

In practice, this approximation is used in TDM with two additional simpli�-
cations [5, 7, 43{55]. Firstly, any polarization e�ect is neglected and the �eld is
considered as scalar quantity. Secondly, the object is considered to be in a homoge-
neous medium, i.e. E0 becomes equal to the illumination �eld Einc (incident �eld),
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namely a plane wave. So, the Eq.(1.12) becomes,

Ed(r) = k2
0

Z




�G(r; r0)�(r0)Einc(r
0)dr0: (1.19)

To solve the above equation we have to calculate the corresponding Green’s
function. Since the Eq.(1.19) is scalar in nature, for a position r, which is su�ciently
far away from the object i.e. in the far-�eld for a given wave vector of direction k,
the scalar Green’s function can be approximated as,

�G(r; r0) =
eik0r

4�r
e�ik�r0

; (1.20)

with k = k0
r
r

and r = jrj. Using Eq.(1.20) in Eq.(1.19), we obtain:

Ed(r) = k2
0

eik0r

4�r

Z




�(r0)e�i(k�kinc)�r0

dr0: (1.21)

The above equation can be rewritten with Fourier transform as follows:

Ed(k; kinc) / ~�(k � kinc)

/ FT3D [�(k � kinc)]
(1.22)

Thus, in the far �eld, the di�racted �eld with a wave vector k for a wave vector
of illumination kinc is linearly related to 3D relative permittivity contrast of the
object [19].

The object is illuminated with varying angles of incidence (kinc), the amplitude
and phase of di�racted �eld corresponding to varying angle of incidence is retrieved.
The object is then reconstructed by a numerical inversion process, using a simple
3D inverse Fourier transform of the spatial frequency map obtained by synthetic
aperture (explained in the next section). With this approach, experimental 3D
reconstructions along transverse resolution are almost two times better than the
Rayleigh criterion predictions [5, 7, 52].

1.5.4 TDM: synthetic numerical aperture

From the holograms, 2D complex di�racted �eld is extracted. The di�racted �eld’s
spatial frequencies will be con�ned to a radius of kk � k0NA in the Fourier domain.
This data can be projected on to a sphere of radius k0 as shown in Fig. 1.7 to
form a cap of sphere. As we vary the kinc, the angle of incidence of the incident
�eld (Einc), we measure complex di�racted �eld (Ed) for each such incidence. Each
of the measured 2D di�racted �eld (Ed) will be projected on a sphere to form a
individual cap of sphere. This provides 3D Fourier components of the di�racted
�eld for a particular incidence in the form of a cap of sphere.

Each such individual cap of sphere can be placed in a single Ewald’s sphere
called synthetic aperture satisfying the condition k � kinc. The formation of the
synthetic aperture in transmission and re
ection cases are explained in detail later
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Figure 1.7 : Projection of 2D di�racted �eld of radius k0NA on to a sphere of
radius k0 to form a cap of sphere.

in this section. From the Born approximation we understood that this 3D Fourier
components are related to the 3D object properties and its reconstruction through
Eqn. 1.22.

It was noted in the previous section that due to the frequency mixing between
the � and E in the di�racted �eld Eq. 1.14, the accessible spatial frequencies of
� would depend on the spatial frequencies of E. This means that it is possible to
�nd the di�racted �eld beyond the k0NA. As already stated in the TDM, sample is
illuminated with varying angle of incidence (Einc,kinc), the �eld inside the sample
changes with each illumination, each di�racted �eld measurement (Ed,kd) yields
di�erent accessible spatial frequencies. These several di�erent spatial frequencies
(�) corresponding to varying (Einc) incident �eld are combined together to form a
synthetic aperture which has a radius of 2k0NA[56].

It has to be noted that to perform the tomography, either sample can be ro-
tated [28, 57] or illumination can be varied [5, 30, 58{60]. S. Kou and C. Sheppard
showed that when high NA apertures are used for TDM measurements [61, 62] there
is no signi�cant di�erence between these two methods. For practical reasons, change
of angle is preferred coupled with high NA objectives.

Using the data collected by either rotating the sample or rotating the illumination
3D synthetic aperture is formed. In this thesis, the illumination is rotated [33]. This
3D synthetic aperture in the Fourier space is called the optical transfer function as
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de�ned in the section. 1.5.3. The OTF is approximated to one at the points that
are detectable under a given microscope and zero elsewhere.

The general Eq.(1.21) can be written as,

Ed(k; kinc) / ~�(k � kinc)

/ ~�(K)
(1.23)

where, K = k � kinc is the object spatial frequency.
Then the reconstruction of the permittivity map can be written as,

~�rec(r) =

Z
~�(K) � OTF (K)eiK�rdk

= �(r) � FT �1 [OTF ]

= �(r) � PSF (r)

(1.24)

where, � is the convolution operator, PSF is the synthetic point spread function.
One can determine the PSF by inverse Fourier transforming the optical transfer
function (OTF). Depending on the illumination and detection schema implemented
in TDM, the accessible spatial frequencies and the position of access in the OTF
varies. The formation of synthetic aperture OTF is explained with an example
schema of transmission as follows.

Transmission TDM con�guration

For the transmission con�guration of TDM, let us assume that both the condenser
used for illumination and objective used for detection have the same numerical
aperture (NA). As shown in Fig. 1.10, a sample is illuminated and the light transmits
through the sample and the detection is performed on the opposite side of the
illumination.

Let us build the synthetic numerical aperture for transmission con�guration of
TDM step by step. Consider the sample is illuminated with normal incidence (NI)
as shown in Fig. 1.10.A. The Fourier frequency components corresponding to illu-
mination are detected in 2D and they are transformed to form a cap of sphere. This
cap of sphere has to be positioned in the Fourier domain depending on the kinc and
k for each detection point on the detector. The position of each detection point is
calculated from k � kinc. In the case of normal incidence the illumination angle is
equal to zero. The di�racted �eld is detected on the pixels inside NA in Fourier
space which form an angle with the optical axis. Each pixel is shifted to match its
spatial frequency component which is determined from k � kinc, which was already
in the form of cap of sphere and to be positioned. Now, the �nal step is to position
the cap of sphere in a global synthetic sphere satisfying the condition K = k � kinc

for each pixel. It has to be noted that red spot show in Fig. 1.10.A is the specular
transmission component, which corresponds to the illumination �eld. The specular
transmission component for the transmission con�guration hides the zero spatial
frequency component.

Consider a second case, the sample is illuminated with an angle close to the
numerical aperture from �rk direction as shown in Fig. 1.10.B. The corresponding



22 1.5 Tomography: multiple-illumination angle approach

K
x
 / k

0

-2 -1 0 1 2

K
z / 

k 0

-2

-1

0

1

2

Figure 1.8 : Center cut along the 3D synthetic aperture (optical transfer func-
tion) for transmission con�guration, which is a torus located at the center of the
synthetic sphere in 3D. The white region represents the detectable spatial frequency
region of the OTF for a given numerical aperture of NA=0.95.

A B

Figure 1.9 : The real part of 3D PSF (3D Fourier transform of optical transfer
function) for transmission con�guration. Fig.A: Center cut (for x-z at y=0).
Fig.B: Center cut (for x-y at z=0).
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Figure 1.10 : Synthetic numerical aperture formation in transmission con�guration of TDM. In Fig.A, object is illuminated
in normal incidence, the di�racted �eld is shown in Fourier domain with red dot being the specular focus of the incident �eld.
The di�racted �eld is projected to form a cap of sphere and positioned on the synthetic Ewald’s sphere satisfying the condition
K = k � kinc. Similarly for Fig.B, object is illuminated with extreme angle along positive rk direction and cap of sphere is
positioned according to K = k�kinc. It can be noted that the specular focus of incident �eld is located at the center of the Ewald’s
sphere or synthetic 3D aperture. For Fig.C, object is illuminated with extreme angle along negative rk direction and the cap of
sphere is positioned.
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2D spatial frequency components and the transformation into a 3D cap of sphere is
performed. The positioning of this 3D cap of sphere in the synthetic 3D sphere again
performed using the condition K = k � kinc. This 3D cap of sphere is positioned
along with the normal incidence cap of sphere which was already positioned, the
overlapping pixels are averaged out.

Consider a third case, the sample is illuminated with an angle close to the nu-
merical aperture from rk direction as shown in Fig. 1.10.C, the direction is exact
opposite to the direction used in the second case. Similar process as stated in the
second case is employed and the 3D cap of sphere is positioned in the synthetic 3D
aperture and the overlapping pixels are averaged. Because we position cap of sphere
inside Ewald’s sphere, cap of spheres does not overlap through out. Particularly at
the edges of the sphere there is no overlap. Nevertheless, at the location of overlap
it will have an e�ect on the noise reduction but not over the whole 3D OTF [46, 62].

One can continue with many such illumination angles, collecting the di�racted
�eld and the positioning of the each cap of sphere in the 3D synthetic aperture. If
all the possible illumination angles were used and detected, the resulting synthetic
aperture sphere is a torus positioned in the center [62]. A cut along the center of
such a 3D synthetic aperture is shown in Fig. 1.8. It has to be noted that the radius
of the synthetic aperture is 2k0NA compared to the radius of the di�racted �eld
data for one illumination which is k0NA.

It is important to note the extension of the PSF along the z direction as shown in
Fig. 1.9.A in comparison to x or y direction shown in Fig. 1.9.B. The PSF is longer
in z direction. This is due to the range of frequencies that are accessible along the z
direction of the transmission OTF being smaller compared to the transverse direction
x or y seen in Fig. 1.8. As matter of fact, the axial resolution in transmission
con�guration is three time worse than the transverse resolution.

Re
ection TDM con�guration

In the re
ection con�guration of the TDM the kinc is reversed compared to the
transmission con�guration. This means that the illumination and the detection are
performed with the same objective from the same side. Construction of 3D synthetic
aperture for re
ection con�guration is similar to transmission con�guration. It is
explained in steps as follows.

Firstly, the sample is illuminated as shown in Fig. 1.11 with an incident �eld
Einc with incident wave vector kinc. The detection of the re
ected di�racted �eld
Ed having wave vector k. Consider the normal incidence case, the corresponding
di�racted �eld and the projection to obtain the 3D cap of sphere were obtained. This
cap of sphere is positioned in the synthetic aperture sphere satisfying the condition
K = k � kinc as shown in Fig. 1.11.A. Due to the illumination and detection being
performed on the same side, the cap of sphere is positioned at one of the polar edge
of the synthetic aperture.

Let us illuminate the sample with an angle close to the numerical aperture from
�rk direction as shown in Fig. 1.11.B. The corresponding cap of sphere is positioned
at location satisfying K = k�kinc and averaged out. Similarly, if we illuminate with
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Figure 1.11 : Synthetic numerical aperture formation in re
ection con�guration of TDM. In Fig.A, object is illuminated in
normal incidence and detected in the same direction, the di�racted �eld is shown in Fourier domain with red dot being the
re
ected specular focus of the incident �eld. The di�racted �eld is projected to form a cap of sphere and positioned on the
synthetic Ewald’s sphere satisfying the condition K = k � kinc. Similarly for Fig.B, object is illuminated with extreme angle
along positive rk direction and cap of sphere is positioned according to K = k � kinc. It can be noted that the specular focus of
incident �eld is located along the kz axis of the Ewald’s sphere or synthetic 3D aperture. For Fig.C, object is illuminated with
extreme angle along negative rk direction and the cap of sphere is positioned.
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Figure 1.12 : Center cut along the 3D synthetic aperture (optical transfer func-
tion) for re
ection con�guration with NA=0.95, which is a spherical solid incom-
plete sphere located at the polar end of the synthetic sphere in 3D. The white region
represents the detectable spatial frequency region of the OTF for a given numerical
aperture.
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Figure 1.13 : The 3D PSF (Fourier transform of 3D optical transfer function) of
re
ection con�guration. It is complex in nature. Fig.A: Center cut (x-z at y=0)
of real part of 3D PSF . Fig.B: Center cut of imaginary part of the 3D PSF (x-z
at y=0).
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an angle close to the numerical aperture from rk direction as shown in Fig. 1.11.C,
we can position the corresponding cap of sphere in the synthetic aperture sphere.

By continuing with several such illuminations in the re
ection con�guration, it
is possible to build a synthetic aperture corresponding to re
ection TDM as shown
in Fig. 1.12. It can be seen that the OTF in Fig. 1.12 is not symmetrical about zero,
the inverse Fourier transform of such an OTF will yield a complex point spread
function. The real part shown in Fig. 1.13.A shows a PSF with negative rebounds
which will corrupt the reconstruction of the object. Whereas, the imaginary part
is asymmetric. If the object under observation has complex permittivity, then the
complex PSF will mix with the "0 and "00 in the reconstruction.

Complete TDM con�guration

This is an ideal case in which the object is illuminated under all possible directions
(4� radians) with Einc and detected under all possible directions (4� radians) the
di�racted �eld Ed. In such a case we would obtain a perfect solid sphere with
radius 2k0NA as shown in Fig. 1.14. The OTF for such a con�guration is also
constructed using the same condition being k � kinc as explained in transmission or
re
ection con�guration. The corresponding PSF will be like as shown in Fig. 1.9.B,
but isotropic in all directions.

Kx

Ky

Kz

Radius = 2k0

Figure 1.14 : Optical transfer function corresponding to a complete con�guration
of a TDM provided the illumination and the detection are performed in all possible
directions.

Resolution of synthetic aperture TDM

In summary, the Rayleigh criterion de�ned the transverse resolution for the classical
wide �eld microscope, i.e. the smallest distance center to center �r between two
point objects that can be resolved:

�r =
0:61 �

NA
=

0:61 �

ni sin �max

(1.25)
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where NA is the numerical aperture of the objective. Generally the Born approx-
imation synthetic aperture reconstructed using tomographic microscopy achieves an
improved theoretical transverse resolution �r [63]:

�r =
0:61�

NA + NAinc

; (1.26)

where NAinc is the numerical aperture of the objective used for illumination.
So, synthetic aperture TDM provides twice better transverse resolution as clas-

sical wide-�eld microscopy, provided the illumination and detection are performed
with same numerical aperture objective. The axial resolution is better in case of
the re
ection con�guration compared to the classical wide-�eld microscopy. The
best recipe would be to combine both transmission and re
ection spatial frequency
components or to have access to the 4� steradians scattered �eld data in all possible
directions. In this context, E. Mudry et.al proposed the deposition of a sample on
a mirror and measure the di�racted �eld in the re
ection con�guration [3]. On the
other hand the sample can be rotated to detect all the possible frequencies [64].

1.5.5 Rytov approximation

Another linear approximation of the di�racted �eld to obtain permittivity of object
is the Rytov approximation [27, 65, 66]. We have seen in section. 1.5.3 that the Born
approximation takes into considering that the total �eld within the object can be
approximated by the incident �eld, which is usually valid when the index contrast is
low. However, even low contrast can lead to a signi�cant phase di�erence between
the two �elds if the object is large enough. It is usually considered that the Born
approximation may remain valid as long as the phase shift induced by object remains
below � [27]. The Rytov approximation is meanwhile no longer dependent on the
size of the object. It is however sensitive to the gradient of the refractive index.
It has to be noted that this approximation uses the same simpli�cations as that of
Born approximation, namely a scalar approach and homogeneous space.

Under this approximation, the �elds are usually expressed with complex phases,
which leads to the following expressions for the total �eld E and reference �eld E0:

E(r) = e�(r) and E0(r) = e�inc(r): (1.27)

The validity condition for Rytov approximation is given as,

jjr(�(r) � �inc(r))jj2 � k2
0j�(r)j: (1.28)

We can then show that in far �eld, the di�racted �eld Ed(k; kinc), the incident
�eld E0(k; kinc) and � are connected by the relation [67]:

E0(k; kinc) ln

�
1 +

Ed(k; kinc)

Einc(k; k0)

�
_ ~�(k � kinc): (1.29)

The above equation is valid for objects which are weakly absorbing and di�racting
with low refractive index contrast �n, r[�(r) � �inc(r)] ’ k0�n(r) and � ’ 2�n.
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The validity condition therefore simpli�es �n(r) � 1 in this case. In practice,
when �n exceeds about 10�2, the approximation deteriorates rapidly, even on small
objects [27]. The approximation of Rytov is not necessarily always better than the
Born approximation, but it is more suited to large low-contrast objects. It is thus
in particular possible to provide 3D reconstructions without distortion of biological
cells near the sizes of 10�m, unlike the Born approximation [67, 68]. One of the
drawbacks is that the phase obtained from the reconstruction has to be unwrapped
to have practical understanding about the object.

1.5.6 Improvements to TDM

Approximations presented above provides a simple means of retrieving the quanti-
tative information about the object under observation. As the goal is to strive for
super-resolution with better quality and precision it is important to consider other
parameters such as polarization of light, measurement environment, wavelength etc..
In reality, the Eq.( 1.14) has to be solved rigorously without approximations. That
would provide a closer estimation to the electromagnetic behavior of light. This
means that electromagnetic �elds are treated as vectorial �elds. Light polarized in
a single direction (e.g. x-direction) provides well resolved images in that particu-
lar direction. The true link between the scattered �eld and the object is through
full-vectorial �eld taking into consideration the polarization. The di�racted �eld
measured full-vectorial with light polarized in all directions provide isotropic resolu-
tion in all the directions [33]. Later, in the thesis it is explained how to implement a
full-vectorial TDM to obtain isotropic resolution images in the transverse direction.

Approximations does not take into account multiple scattering between the
sample-sample, sample-substrate etc., taking multiple scattering into account is also
expected to improve the imaging overall [69{73].

Our speci�city

Object deposited on a opaque substrate presents challenge to obtain the 3D permit-
tivity map. Scanning electron microscope (SEM), Atomic force microscope (AFM)
are surface probing techniques [74]. TDM on the other hand can work in re
ection
to obtain the 3D permittivity map for samples of re
ecting nature with. By taking
into account the substrate and considering it in the calculations can provide qual-
ity 3D reconstructions (shown later). These calculations require speci�c algorithms
which are developed in our Team SEMO, Institute Fresnel. The details about the
multiple scattering and algorithms are presented in the third chapter.

Measurements can be performed with multiple wavelengths using TDM as shown
in Fig. 1.15. An object illuminated by, let us say � = 632:8nm will have a shorter
spatial frequency cut-o� compared to � = 475nm. Provided there is no dispersion,
by combining the shorter and longer wavelength measurements (� = 632:8nm +
� = 475nm) in the synthetic aperture sphere or OTF and averaging �lls more
spatial frequency points compared to a single wavelength measurement. This would
provide a better PSF compared to single wavelength measurement reconstruction of



30 1.5 Tomography: multiple-illumination angle approach

A

kx

Radius = k0NA

ky

Kx

Ky

Kz

�=632.8 nm,

kinc

k

z

r  

A

Radius = 2k0

B

A

kx

ky

Kx

Ky

Kz

�=475 nm,

kinc

k

z

r  

Radius = 2k
ë

0

O
T

F
 w

it
h

 t
w

o
 w

a
v

e
le

n
g

th
s 

co
m

b
in

e
d

Radius = k
ë

0NA

Figure 1.15 : In Fig.A, object is illuminated by � = 632:8nm, wavelength of
light at normal incidence, the di�racted �elds 2D Fourier components are mea-
sured with a NA (i.e. of � = 632:8nm) and projected to form a cap of sphere.
Similarly, in Fig.B, object is illuminated by � = 475nm wavelength light at nor-
mal incidence, the di�racted �elds 2D Fourier components are measured with a
NA (i.e. of � = 475nm) and projected to form a cap of sphere. Note that the
radius of 3D synthetic aperture varies from 2k0 to 2k0

0 due to wavelength. These
two measurements can be combined in a synthetic aperture provided there is no
dispersion, since they belong to the same object at di�erent wavelengths. Optical
transfer function corresponding to two wavelengths when combined and averaged
at overlapping points �lls additional points in the 3D synthetic aperture sphere
compared to a single wavelength con�guration. This can performed in all possible
direction and combined together to �ll the additional spatial frequency information
about the object compared to single wavelength measurement.
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sample. J. Jung et.al., present the results obtained with di�erent wavelengths on a
sample [75], but we would like to go a step further and combine the multi-wavelength
data to better �ll the OTF.

This section presented the di�raction theory to understand the TDM and it was
compared with classical wide �eld microscope. Some approximations employed to
compute the quantitative image of the object and the possible improvements to
the TDM were brie
y presented. The following section will present the experimen-
tal implementation of the TDM which permits us to realize the above mentioned
improvements.

1.6 Experimental Set-up

The tomographic di�ractive microscope can be implemented in either transmission
con�guration or re
ection con�guration as explained in previous section. The mea-
surements performed in this thesis employed a re
ection con�guration TDM due to
its advantages. To summarize the advantages of the re
ection con�guration: it pro-
vides higher Fourier spatial frequency data along the optical-axis of the microscope
in comparison to the transmission con�guration, re
ective samples can be imaged,
it requires taking into account the substrate etc. We have recently addressed the
speci�c features of such a con�guration [76], not many research groups are involved
in such research activity addressing the need of re
ective samples which cannot be
measured in transmission using TDM. The interest is also to probe the samples that
are re
ective in nature or that are deposited on a opaque substrate. Note that most
of the TDM set-ups can only work in transmission con�guration. So, the preferred
con�guration is re
ection con�guration for our research group.

Before the experimental implementation of the setup is presented, I present you
the experimental retrieval of the phase information.

1.6.1 Experimental methods for phase imaging

Quantitative phase imaging is obtaining the phase image of an object quantitatively.
The quantitative phase information cannot be recorded directly because phase varies
fast. Present cameras are not fast enough to record phase. The frequency of the
visible light is between 700 THz and 405 THz. Camera at best can record 500 MHz
or little more. But cameras are capable of recording the intensity information of
light. By using the intensity image, the phase information can be obtained in two
steps indirectly.

1. First step is to record the phase variation by recording the intensity informa-
tion. The phase information of the object is encoded in the intensity image by
means of e.g. interference [56], ptychography [77], Shack-Hartmann sensor[78]
etc.

2. From this intensity information the phase is extracted. The second step is to
recover the quantitative phase information from the intensity image digitally
by processing the holograms or the recorded intensity information.
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It has be noted that the phase microscopy detects only the 2D phase for a given
volume object as shown in Fig. 1.4 for a particular plane wave incident on the
object. It does not directly provide the quantitative information about the sample.
Nevertheless, the quantitative information about the sample is coded in the 2D
phase information. In the previous section, the link between the phase information
and the quantitative 3D object is established.

The �rst step as explained earlier is an experimental method for encoding the
phase in the intensity image. Di�erent experimental methods are presented in this
section. The incident �eld can be expressed in space domain as follows:

Einc(r) = Ea(r)ei�(r) (1.30)

where r is the position vector, E0 is the amplitude, and � is the �eld phase. The
image on a detector is recorded as intensity if one observes the Einc(r),

Iinc(r) = jEinc(r)j2 (1.31)

as such the phase information cannot be recovered.
When the Einc(r) is incident on an object, the object scatters the incident �eld,

this is called scattered �eld Ed(r). Then the total �eld is given by E(r) = Einc(r)
+ Ed(r).

If the total �eld E(r) is interfered with another �eld called reference �eld ER

whose phase is known, the �eld detected Eintf (interference) will be as follows,

Eintf (r) = E(r) + ER(r) (1.32)

Then the resulting intensity from the above equation has the desired phase term
�(r) as shown below,

Iintf (r) = jE(r)j2 + jER(r)j2 + 2 jE(r)j � jER(r)j � cos [��(r)] (1.33)

where, ��(r) represents the phase di�erence. As the phase of the ER(r) is
known (usually a plane wavefront), it is possible to recover the ��(r) term, which
is of interest.

Equation 1.33 represents the interference method used to recover phase. Several
such methods are presented brie
y below that can be used to recover the �(r).

O�-axis or shear methods for phase imaging

Principle: A reference beam ER(r) is interfered with the total �eld E(r) from an
o�-axis as shown in the �g. 1.16. Mach-Zehnder interferometer is one such o�-axis
method used in the optical testing [79]. Mach-Zehnder interferometer consists of two
arms object arm and reference arm. The object whose phase has to reconstructed
is positioned in the object arm. The light passes through the object in transmission
and carries the phase information of the object. Reference beam whose phase is know
(usually a plane wavefront) propagates along the reference beam path. Reference
beam and the object beam are interfered with the help of a beam splitter (BS2
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Figure 1.16 : Mach-Zehnder interferometer: M1, M2, mirrors; BS1, BS2, beam
splitters. The interferometer consists of two arms reference arm and object arm.
The beam passing through the object encodes the information about the object. The
reference beam is interfered with the object beam from o�-axis. The interference
pattern is recorded on the CCD.

seen in Fig. 1.16). The beam splitter BS2 helps in creating an o�-axis angle on the
reference beam. Both object arm and the reference arm are adjusted to have same
path length from source to the detector. As the object beam and the reference beam
arrive at the detector with an angle with respect to each other an interference pattern
is formed. The intensity pattern which corresponds to the interference is recorded
on the CCD as hologram. Let us consider a simpler interference in one dimension
only, i.e. in x. Then the interference pattern formed is given by the equation,

Iintf = I + IR + e�i�xE + ei�xE� (1.34)

where I is the intensity of the total �led or object beam, IR is the intensity of the
reference beam and E is the total �eld or the object �eld (incident �eld + scattered
�eld) and E� is its complex conjugate. The quantitative phase information of interest
is recovered from this single intensity image by digital means.

The 2D Fourier transform of the recorded hologram (Eq. 1.34) is performed,
resulting in,

~Iintf = ~I + ~IR + ��� � ~E + �� � ~E�; (1.35)

where �� is the Dirac function located at the spatial frequency (�; 0). We obtain
~I and ~IR at the center of the spatial frequency origin, these terms will have a cut-
o� frequency of two times that of NA. Whereas the factors ��� � ~E and �� � ~E�

are con�ned to the NA in the Fourier space. Due to the convolution of the Dirac
function with ��� � ~E and �� � ~E�, these two terms are shifted from the center of
the spatial frequency origin in the Fourier space and centered at (�; 0) and (-�; 0).
This shifting will depend on the o�-axis angle introduced between the object beam
and the reference beam. If the angle is big enough the terms ��� � ~E and �� � ~E�
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will not overlap with the terms ~I and ~IR which are located at the origin. Then, it
is possible to have direct access to the complex total �eld of the object ~E knowing
~ER.

O�-axis methods require only one single hologram to recover the phase informa-
tion. This drastically decreases the sensitivity to external 
uctuations. Temporal
sampling is high in case of o�-axis methods since one intensity image is su�cient.
Hence, these methods can be employed in studying real-time changes of a phase
object. On the other hand, the spatial frequency of sampling must be high enough
to recover the fringe period and requirement of a reference wave are some of its
disadvantages.

Digital holographic microscopy [80] and Hilbert phase microscopy [81] are some of
the o�-axis methods used in quantitative phase-contrast imaging microscope which
employs the o�-axis interferometry technique to recover the phase information.

Other methods for phase imaging

Phase-shifting methods [82, 83] involves shifting of the phase relative to the object
beam in steps and recording of holograms (interference between scattered �eld and
reference beam) for each phase step. It is possible to calculate the phase from the
three or more such phase steps.

In common-path methods [55, 68, 84], the reference beam and the object beam
share the same propagation path. The principle can be explained with a simple
lateral-shearing interferometer. The incoming beam is amplitude divided in to two
or more beams propagating alongside each other. The interference between the
beams is recorded and the phase of the wavefront is recovered digitally [85].

The white-light methods [86] a broadband white-light is used as a light source.
The low coherence length of broadband sources results in a reduced point-to-point
spatial phase noise. Utilizing monochromatic light sources will increase speckle and
point-to-point spatial phase noise[87].

These are the main methods used to retrieve phase experimentally. The advan-
tages of each method is as follows: o�-axis methods provides fast acquisition rate,
phase-shifting methods provide high transverse resolution, common-path methods
provide temporal stability and white-light methods spatial uniformity [87] respec-
tively. The disadvantages of each method is as follows: o�-axis method require high
resolution detector to well sample the interference fringes, phase-shifting methods
require more measurements which a�ects the stability and it is time consuming, re-
covery of phase is not a straight forward step in common-path method, white-light
method require precise adjustment of the object and reference arms. A combination
of above methods can also be employed to retrieve the phase information combining
the advantages and disadvantages.

A Shack-Hartmann wavefront sensor (SHWFS) [78, 88] can be used to estimate
slow phase variations with less pixels on the detector, but microscopy applications
require more pixels. So, a advanced wave front sensor called quadri-wave lateral
shearing interferometry (QWLSI) [25, 26, 89{91] can also be employed to measure
the amplitude and phase.
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1.6.2 Description of the set-up

The tomographic microscope I have developed is presented on Fig. 1.17. The light
source is a low coherence supercontinuum laser (NKT Photonics SuperK Extreme
EXW-12), that can be �ltered from 450 nm to 800 nm with a variable spectral width
thanks to a variable bandpass �lter (NKT Photonics SuperK Varia). The laser beam
is linearly polarized and then divided into a reference beam and a beam directed
towards the sample called sample beam or object beam. The object beam and the
reference beam are interfered o�-axially. Due to the low coherence any parasitic
re
ection from the optical components in the object beam path does not interfere
with the measurement.

A fast steering mirror (M, Newport FSM-300) permits to control the de
ection
of the sample beam, while a beam expander and diaphragm D generate a wide
collimated beam with near homogeneous power density. This beam illuminates the
sample after transmission through the microscope objective (can be varied to have
di�erent NA) and the associated tube lens (L). It can be locally assimilated to a
plane wave since the dimensions of the object are small compared to the width of the
beam. The center of the mirror is conjugated with the center of the sample through
the beam expander, the tube lens and the microscope objective. Thus, rotating
the mirror varies the illumination angle without shifting laterally the beam on the
object. The polar angle of the illumination can be varied over the whole NA of the
objective. The �eld scattered by the object is collected by the microscope objective
(Zeiss Epiplan-Apochromat 50�, NA = 0.95 or Nikon Apo TIRF oil 100�, NA =
1.49) and imaged on a sCMOS camera (Andor Zyla) after passing through relay
lenses L2 and L3 to obtain a global magni�cation of about 300.

The magni�ed object image is detected in image space as it permits to adjust
the position of the object directly and the signal to noise ratio is more adapted for
small objects in the image space. In case of small objects the di�racted �eld will be
spread over the NA in Fourier space measurement, in image space measurement it
would focus at the location of the object. Along with that the specular re
ection,
the re
ection of beam that corresponds to the substrate will have a stronger signal
compared to the di�racted �eld of the sample, the camera dynamic range is not
adapted to measure such variation in Fourier space measurement con�guration. So,
imaging in the image space is preferred compared to Fourier space measurement.
The measurement of the re
ection from the substrate is used for normalization of
the TDM data, so it is also important to measure the specular re
ection �eld. The
normalization procedure employed is explained in the next chapter in detail.

After spatial �ltering with a pinhole (P) and collimation, the reference beam
is coherently superimposed on the image �eld with an o�-axis arrangement thanks
to beam splitter BS3. O�-axis holography can then be performed to retrieve the
amplitude and the phase of the image �eld. Retrieval of phase from the recorded
holograms is described in section. 1.6.1.

The half-wave plates (HW1 and HW2) are used for full-vectorial �eld measure-
ment. The use of them is explained as follows.
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1.6.2.1 Measurement of the full vectorial di�racted �eld

As pointed out in the previous section it is important to measure the full vectorial
�eld and solve the equation,

Ed(k) = k0k �
�
k �

Z




exp(�ik � r)�(r)E(r)dr

�
: (1.36)

The above equation for TDM at the image plane can be written as [92],

Ed(rk) =

Z

kk<k0NA

1q
k2

0 � k2
k

(esŝ + epp̂) exp(ikk � rk) dkk: (1.37)

where, k0 = 2�
�

, ŝ = ẑ � k̂, p̂ = ŝ � k̂, k = kk + [1=
q

k2
0 � k2

k]ẑ, and (es, ep)

are the di�racted �elds complex amplitudes propagating along k belonging to the
polarizations ŝ and p̂.

x�  or H

D2

! or V 

D1

� � 

Figure 1.18 : Measurement of full vectorial �eld is performed along two bases.
The illumination polarization is either along x̂ or ŷ. The detection polarization is
either along D̂1 or D̂2. This illumination and detection schema form a orthogonal
bases. With � = 45�.

To carry out vectorial measurements of the di�racted �eld under full polarization,
two half wave plates have been placed in the illumination and reference arms (HW1

and HW2). They are used to generate two polarization basis : horizontal and
vertical directions, x̂ and ŷ (shown in Fig. 1.18), for the illumination arm, and
along the two diagonal directions, D̂1 = (x̂ + ŷ)=

p
2 and D̂2 = (x̂ � ŷ)=

p
2, for

the reference arm. These four directions are all orthogonal to ẑ, which is the unit
vector along the optical axis of the microscope. For an illumination polarized along
x̂, detecting successively the scattered �eld polarized along D̂1 and D̂2 permits to
retrieve the vectorial scattered �eld. Indeed, thanks to the microscope magni�cation,
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the propagation angles of the Fourier components of the scattered �eld (or di�racted
�eld) are so small in front of the camera (well below 1�), that any polarization
component along ẑ can be neglected. Repeating this procedure for an illumination
polarized along ŷ, it is then possible to generate the vectorial scattered �eld for any
linear polarization in the (x̂; ŷ) plane for the illumination.

The total �eld from object E = Ed +Einc is interfered with ER beam (not to be
confused with reference �eld which is called E0!) experimentally. The usual proce-
dure to obtain the full vectorial �eld is (see Fig. 1.18) by changing the polarization
along the sample arm E and reference beam ER and recovering phase from the holo-
grams as: Illuminate V or ŷ polarized light along sample arm and reference beam
with light polarized along D̂1, which form the illumination and detection schema
as ŷD̂1. Similarly, ŷD̂2, x̂D̂1 and x̂D̂2 are performed. From these data sets it is
possible to compute the full-vectorial complex di�racted �eld data.

In a classical TDM set-up, the illumination and reference beams have the same
polarization, and only a projection of the scattered �eld on this direction is measured.
With our full-polarized set-up, getting the vectorial scattered �eld for any linear
polarization of the illumination requires four times more data. The measurement
procedure is therefore basically four times longer, but could be only twice longer
using at once two orthogonally polarized reference beams [93].

In this thesis, I investigate samples deposited on a substrate. To improve the
sensitivity of the reconstructions, I perform a reference measurement on the bare
substrate. It permits to measure the specular re
ected �eld for each illumination
angle. By subtracting it to the �eld measured in the presence of the sample, only
the di�racted �eld part remains, and the speckle noise generated by the illumination
and the specular re
ection is diminished.

1.6.3 Developments to the set-up

The Tomographic Di�ractive Microscopy (TDM) setup has been upgraded with sev-
eral new components, this section presents the developments. Before I started my
thesis work, the setup had He-Ne (� = 632:8nm) laser with very high coherence
length. This would contribute to the noise because of the re
ection from the sev-
eral optical components mixing with the di�racted �eld. It was desired to have low
coherence length source and also to have a source which can be tuned to a desired
wavelength. The camera used was CCD camera (Kappa PS4-1020) which had low
sensitivity. The speed, sensitivity and the electronic noise can be reduced signif-
icantly by adapting a better camera. The rotating mirror to change the angle of
illumination was driven by two stepper motors (Newport NSA12), which was slow
and contributing to the time consumption in the measurement. As the setup op-
erated at single wavelength until I started my thesis, the reference arm had �xed
components, which cannot be tuned to change the path length of the reference
beam. The half-wave plates positioned in the object and reference beams has to be
tuned manually for each measurement. To recall, for a complete measurement four
such adjustments (ŷD̂1, ŷD̂2, x̂D̂1 and x̂D̂2, refer Sec. 1.6.2.1) of the half-wave
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plates have to be performed to obtain full vectorial �eld. These were addressed and
upgraded during my thesis for the betterment of the setup.

One of the signi�cant improvement is the supercontinuum laser. This allows to
tune the wavelength of interest from 450nm to 800nm and also a favorable bandwidth
ranging from 4nm to several nanometers can be chosen. Due to its low coherence
length (about 100 �m) there was a signi�cant improvement in the reduction of the
light re
ecting from the optical components in the setup does not interfere, which
signi�cantly improved the measured data. But on the other hand the reference
beam has to be tuned carefully to match the path length of the object arm path.
Since it has a low coherence length of 100�m, it was challenging initially. After the
introduction of delay line it is now familiar to tune the reference path length and
get good contrasted fringes when object arm �eld and reference beam are interfered.

A sCMOS camera (Andor Zyla) was installed which is externally cooled with a
coolant. This camera o�ers high speed, high sensitivity imaging performance with
frame rates. Rolling and Global Shutter modes provide 
exibility to adopt the
imaging technique being performed. In Rolling shutter, di�erent lines of the camera
pixels array are exposed at di�erent times. The read out of the camera reads those
exposed pixels. In Global shutter, all the pixels are exposed simultaneously and
captured at same instance. Because of cooling, read out noise decreased compared to
a previous CCD camera. Also due to the interface of the camera with computer the
acquisition is faster. It has to be noted that the sensor is protected by a transparent
glass slide, the experiments performed on the camera showed there was no e�ect of
this on the measured data due to the low coherence length of the supercontinuum
laser (NKT Photonics SuperK Extreme EXW-12).

The setup was optimized to have a one-click acquisition schema. To realize this,
two half-wave plates (HW1 and HW2 shown in �g. 1.17) were mounted on a rotating
actuator. The camera, rotating mirror, and half-wave plates were controlled by the
computer and can be programmed. The whole measurement process once the object
to observe is �xed and the setup is tuned, the measurement can be performed with
one-click on the computer. This takes into account the measurement procedure
listed in the above section of changing polarization in both reference beam and
sample beam arms.

1.7 Conclusion

This chapter explained the principles of tomographic Di�ractive Microscopy (TDM)
through wide-�eld microscope and phase microscope. The general principle is illu-
minating the sample with several varying incidence plane waves and detecting their
complex di�racted �eld. Whereas in the classical wide-�eld microscope the K�ohler
illumination is used. Retrieval of phase is performed using the o�-axis holography
con�guration in the context of phase microscopy. Phase microscopy is the �rst step
towards understanding the link between the axial direction of the sample and the
light propagating through it. Which is based on optical path di�erence measurement,
though it is sensitive along optical axis does not provide 3D information or material
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properties of the object. On the other hand, TDM depends on the measurement
of di�racted �eld’s amplitude and phase (complex �eld) of the sample for several
incident angles. Measuring the complex di�racted �eld provides a link to retrieve
linear susceptibility �. The Born and Rytov approximations provide quicker access
to the sample permittivity considering approximations to the vectorial di�racted
�eld, they establish a linear link between the sample permittivity contrast and the
measured complex di�racted �eld. In general, the link between object and scattered
�eld is non-linear. Approximative approaches provide rough estimate of the sam-
ple. So, non-linear reconstruction schema is needed to reconstruct the non-linearly
linked di�racted �eld data. This non-linear inversion schema is presented in the
third chapter.

The TDM provides better spatial frequency coverage and better sensitivity to
high spatial frequencies compared to classical microscope due to the varying illumi-
nation angle and coherent detection schema. Various TDM con�gurations such as
transmission, re
ection and complete con�gurations provide access to various parts
of the Optical Transfer Function (OTF) of the Ewald’s sphere (synthetic 3D aper-
ture). We noted that the resolution in transmission con�guration along the axial
direction is worse than the transverse direction due to the inaccessibility of high
frequency components along the axial direction. It was stated that having access
to both transmission and re
ection would provide better resolution in combination
with full-vectorial measurement. In the last chapter, I show how to obtain isotropic
resolution combining the advantages from transmission and re
ection con�gurations
using a mirror.

Finally, the experimental setup utilized in this thesis work is presented in detail
along with the signi�cant upgrades in camera, wavelength tunable supercontinuum
source, faster rotating mirror and the rotatable half-wave plates. The measurement
setup is developed such that the measurement can be performed with one-click and
faster compared to its state at the beginning of this thesis.



Chapter 2

Imaging with tomographic
di�ractive microscopy holograms

under scalar approximations

\Your eyes can deceive you. Don’t trust them."
-Obi-Wan Kenobi, Star Wars

2.1 Introduction

In this chapter, we explore the di�erent possibilities to utilize the tomographic
di�ractive microscope (TDM) complex �eld (amplitude and phase) data. In the
TDM measurement, we illuminate the sample with di�erent successive illumina-
tions and the detection of di�racted �eld is performed (see Sec. 1.5). The TDM
measurement is performed only once but the complex �eld data provides access to
several imaging techniques by means of post numerical treatment. This is due to
the fact that TDM measurement data provides complete complex scattered �eld in-
formation of the sample for varying illumination angles. This is a new approach, to
numerically realize several imaging techniques from one single measurement. This
chapter will focus on imaging under scalar approximations, neglecting the vectorial
nature of the light; providing access to the reconstructed image rapidly.

Usually, the optical microscopes are built to perform speci�c imaging method
such as bright-�eld microscopy, dark-�eld microscopy, phase-contrast microscopy
or confocal microscopy. These microscopes provide images directly and require no
post treatment. To realize other methods from the speci�c method the microscope
is built for, the microscope system need changes in the optical components. For
example, to perform dark-�eld imaging on a bright-�eld imaging microscope system
the illumination and the detection schema has to be changed. However TDM has
a �xed experimental setup and measurement is performed only once. Any of the
imaging methods described in this chapter can be reconstructed later with post
numerical treatment at our will. Along with the microscope methods speci�ed above,
TDM techniques such as two-dimensional synthetic aperture and three-dimensional
synthetic aperture imaging can also be realized with TDM data.

It is known that combining two or more imaging techniques bring comprehen-
sive information to better understand the sample [94]. For example, bright �eld
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image and dark-�eld microscope image would provide information to determine the
boundary of the substrate or the background and the sample. The combination of
several imaging methods through numerical treatment is called multimodal numer-
ical imaging. This is one of the advantage of TDM: one set of measurement can
provide di�erent comprehensive images of the sample and we expect these di�erent
imaging techniques provide better understanding about the sample in comparison
to single imaging technique.

This chapter focused on TDM scalar imaging will present how TDM data set can
be post processed numerically to obtain bright-�eld, dark-�eld, phase-contrast, con-
focal, two-dimensional synthetic aperture, and three-dimensional synthetic aperture
microscopy. I performed the TDM measurement to obtain the measurement data.
The algorithms used to realize the techniques described above with experimental
data was developed by me during this thesis work. I will also present what are the
additional advantages provided by the numerical modalities here.

Before we start with understanding numerical realization, let us understand the
data set we have access to at the end of a TDM measurement.

2.2 TDM data set

To perform the scalar approximations based numerical imaging techniques, it is
essential to understand the TDM measurement data set. This section will present
the sample used throughout the chapter to perform di�erent numerical imaging
techniques, illumination strategy and the detected di�racted �eld.

300 nm

Figure 2.1 : Scanning Electron Microscopy image of the fabricated sample used
for demonstration of di�erent numerical simulated imaging techniques in this
chapter.

Dr. Anne Talneau, Laboratoire de Photonique et de Nanostructures (LPN),
Marcoussis, France fabricated a test sample as shown in Fig. 2.1. The sample was
made up of resin rods (relative permittivity of 2) of width = 100nm, length = 300nm
and height = 140nm deposited on the Si substrate. Twelve resin cylinders were
placed radially at the summit of a dodecagon, let us call this reference star sample.
Such a schema of sample is fabricated because it allows us to test the resolution. As
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we observe from the outer edges to the inner edge the distance between the resin
rods decreases, provides ideal con�guration to test the resolution. I will reconstruct
this sample numerically in this chapter using di�erent imaging techniques.

The sample shown in Fig. 2.1 was placed in the TDM setup (shown in Fig. 1.17) to
perform TDM measurement. The wavelength used for measurement is � = 475nm.
The objective used for illumination and detection has a NA=0.95. The sample was
illuminated by eight directions of incidence, de�ned by a �xed polar angle of 60� and
for every 45� of azimuthal angle inside the NA of objective. The sample used in this
chapter is thinner in nature, for such a sample to improve the transverse resolution,
high angles of incidence are important. High angles of incidences give rise to high
spatial frequency components. Depending on the sample complexity the number
of illumination angles required vary, for this sample we realized that 8 angles were
su�cient. The di�racted �eld from the sample is interfered with a reference beam
o�-axially as explained in the previous chapter (Sec. 1.6). This results in obtaining
8 holograms corresponding to 8 angles of incidences. From these holograms the
amplitude and the phase information are retrieved.

A full-vectorial measurement is performed, this means we illuminate and de-
tect with known polarization as explained in section Sec. 1.6.2.1. To have the full-
vectorial data set, I illuminate and detect as x̂D̂1, x̂D̂2, ŷD̂1 and ŷD̂2 (where �rst
letter represent the illumination polarization and the other letter represents the de-
tection polarization), see Fig. 1.18. That would result in 4 data sets. This chapter
deals with non-polarized reconstruction (scalar approximation). To perform non-
polarized imaging, I sum the intensity images obtained from x̂D̂1, x̂D̂2, ŷD̂1 and
ŷD̂2. For illumination case, by summing we create a non-polarized illumination.
Because the illumination was either in x̂ or ŷ along orthogonal basis, a summation
of intensities would yield non-polarized illumination. Also true for orthogonal de-
tection basis D̂1 and D̂2 to obtain non-polarized detection data. So, non-polarized
measurement = x̂D̂1 + ŷD̂1 + x̂D̂2 + ŷD̂2, sum of intensities of individual data
set.

Now, I will show you the numerical reconstruction of di�erent non-polarized
imaging techniques from this data set. The experimental principle of each individual
technique is explained. The numerical realization of the imaging technique with the
TDM data will be presented. The di�erence between the experimental realization
and the numerical realization with TDM data, its advantages are discussed.

2.3 Bright-�eld microscopy

Bright-�eld microscopy is the simplest of the microscopy techniques. This method
was the �rst employed imaging technique to observe micro scaled objects. This
technique is interesting because of simple experimental setup requirement and for
imaging in real-time. It is based on the use of the intensity variation recorded on
the camera to image the sample. The illumination light can either be white-light or
monochromatic in nature.



44 2.3 Bright-�eld microscopy

The imaging can be performed in either transmission or re
ection con�guration.
In both cases the illuminated light interacts with the sample. After interaction the
light carries the information about the sample. Variation is caused in the intensity of
light due to the absorbance of the sample variation and scattering. The absorbance
and scattering varies at di�erent locations of the sample due to the material prop-
erties (refractive index) and the thickness (geometrical) variations. Parts of the
illuminated light does not undergo any variation. The interference between the un-
varied illumination light and the scattered light produces the intensity variation.
The re
ected light from the substrate (in case of re
ection) or illuminated light (in
case of transmission) forms a bright background to provide contrast to the image.
So, this technique is called bright-�eld imaging [9, 95]. The bright-�eld image as
intensity variation is recorded on the camera. As noted in the previous chapter,
cameras are capable of detecting only the intensity. This makes it possible to record
the intensity in real time and observe the characteristics of the sample directly on
the camera.

A simple representation of the bright-�eld imaging microscope is shown in Fig.1.1.
The sample is illuminated with a single wide-�eld light source. As discussed in the
previous chapter, the wide-�eld illumination can be decomposed into a set of plane
waves propagating in di�erent directions (discussed in last chapter, section.1.2). The
condenser lens is used to illuminate the sample. The light propagates away after
interacting with the sample, it is collected on the detector, thanks to the objective
and the tube lens.

Numerical TDM bright-�eld imaging

To numerically generate the TDM bright-�eld imaging, I use the sample described
in this chapter and the illumination and detection schema is explained in the section
Sec. 2.2. I have access to the complex di�racted �eld corresponding to each illumi-
nation. The amplitude information is su�cient for this method. How do we obtain
the bright �eld image from this TDM data set?

The amplitude of the total �eld (E(r) = E0(r)+Ed(r)) is a sum of the amplitude
of the scattered �eld Ed(r) and the reference �eld E0(r) (�eld that would exist in
the absence of a sample). We have access to 8 illumination angles amplitude data
in this case. The bright �eld image is obtained by summing the intensities detected
for each illumination angle,

jEbright�field(r)j2 =
X

q=1!n

jEq(r)j2 ; (2.1)

where q represents the varying angle of incidence of the incident �eld and the corre-
sponding total �eld. The TDM bright-�eld image for the sample shown in Fig. 2.1
is numerically obtained as shown in Fig. 2.2. It has to be noted that as I sum the
intensities of 8 di�erent angles of incidence, there is no interference between them.
The contrast in the bright-�eld image is purely due to the interference between the
scattered and the illuminated light.



2.4 Dark-�eld imaging 45

300 nm

Figure 2.2 : The TDM bright-�eld image of the sample at � = 475nm. Scale bar
represents the intensity.

The Fig. 2.2 represents a non polarized TDM bright-�eld image. The previous
section explained the method to obtain non-polarized data from the TDM data
set. The Fig. 2.2 shows that we have resolution to separate the resin rods at the
outer edge of the cylinders. But the resolution and contrast is not satisfactory to
distinguish each individual rods towards the center of the sample.

Advantages and disadvantages:

The advantage of bright-�eld imaging technique is, it is easy to implement. It does
not requires any extra optical components in a microscopy setup. The image is
visualized in real-time. The limitations include low optical resolution, inability to
observe low absorbance or weakly scattering objects, inability to image very low
refractive index contrast or transparent samples. In biology, the sample is usually
transparent in nature. So, they are stained to have good contrasted bright-�eld
images, but staining might introduce some artifacts into the bright-�eld image [9, 74].
Bright-�eld imaging technique can be used as a technique which can provide initial
insights into the sample. Later, a better imaging microscopy technique could be
used to image a particular location or certain characteristics of the sample in detail.

The TDM bright-�eld method in comparison to the bright-�eld microscopy just
requires numerical reconstruction and shares the same advantages as discussed above.

As the contrast is not su�cient enough to resolve individual resin rods in the
sample, I explore other methods to image with improved contrast. One such method
is dark-�eld imaging technique.

2.4 Dark-�eld imaging

Dark-�eld microscopy was conceived to increase the image contrast compared to the
bright-�eld imaging technique. The general principle of the dark-�eld imaging is to
collect only the di�racted light from the sample and block the illuminating light. The
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Figure 2.3 : Dark �eld microscopy principle

illuminating light (transmission case) or the light re
ected from substrate (re
ection
case) form intense background signal and generally decreases the sample contrast
in imaging. Sample in microscope is illuminated with a condenser lens, in wide-
�eld microscope it forms a cone. To accomplish dark-�eld microscopy, instead of
illuminating the sample with a full cone of wide-�eld light, it is illuminated with
a hollow cone of wide-�eld light from a condenser lens. This hollow cone of light
is formed by passing the illuminated light through a annular aperture before the
condenser lens as shown in Fig. 2.3. The annular aperture blocks the center of the
beam of the illuminated light. The hollow cone of light interacts with the sample.

In the absence of a sample the non-di�racted light does not enter the objective
(see Fig. 2.3). So, the background appears dark in the absence of the object. In the
presence of an object, the scattered light from the object enters the objective lens
and is collected on the detector with help of tube lens. Scattered light enters the
objective because of the change in the direction of propagation due to the refractive
index change introduced by the sample and its geometrical thickness. The image
formed on the detector appears bright (or contrasted) with dark background. Thus,
it is called dark-�eld imaging [96].

It is possible to numerically realize the dark-�eld image from the TDM measure-
ment data, the method is described as follows.

Numerical TDM dark-�eld imaging

The principle of dark-�eld TDM is shown in Fig. 2.4, it represents the dark-�eld
imaging for a single normal incidence illumination case.The idea is to stop the non-
di�racted light from being detected as I stated in the principle of dark-�eld imaging.
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Figure 2.4 : Dark �eld microscopy using TDM, only normal incidence illumina-
tion case is demonstrated here.

For this purpose, a dark-�eld mask (blocker) is employed. This dark �eld mask is
positioned in the back-focal plane of the objective in the Fourier domain. Ideally, the
non-di�racted �eld or illuminated �eld in the Fourier domain forms a specular delta
peak (generally broadened specular delta peak is observed in the case of experimental
data). It is located at the center of the NA in the Fourier space for a perfect
plane wave and normal incidence case (shown in Fig. 2.5). The location of the
specular delta peak corresponding to the non-di�racted or illuminated �eld varies
with varying angle of incidence inside the NA in the Fourier space. The dark-�eld
mask blocks the non-di�racted �eld, shown in Fig. 2.5.B the black area of the Fourier
domain. This is implemented numerically by multiplying data in Fourier space with
a mask.

The sample, illumination schema and the detection schema utilized to collect
the TDM data set is described in the section Sec. 2.2. From this, we already have
access to the total �eld amplitude (E(r) = E0(r) + Ed(r)), which is a sum of the
illuminated �eld amplitude and the di�racted �eld amplitude from the sample. To
recall, the sample was illuminated with 8 varying angles of incidence. This varying
angles of incidences produces specular delta peak of illumination at varying positions
in the total �eld data. So to implement the TDM dark-�eld imaging principle stated
before, we require a dynamic dark-�eld mask depending on the illumination angle.

It is important to note that as the measurement was performed in the image space
to collect complex di�racted �eld, we can go to the Fourier space by performing
Fourier transform. Once in the Fourier space, the location of the specular delta
peaks are detected numerically in the Fourier domain for each illumination data
set. For example, in Fig. 2.5.A, the specular delta peak is at the center of the
NA in the Fourier domain data. For each angle of incidence, the specular delta
peak is substituted by zeros. Fig. 2.5.B shows the example for the normal incidence
illumination case. The di�racted �eld amplitude (Ed(r)) is una�ected except in
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BA

Figure 2.5 : Suppression of the specular re
ection in the Fourier space on
the scattered �eld data. Fig.A: Total �eld in log10 scale inside the NA in the
Fourier domain for normal incidence case. The bright spot corresponds to the
non-di�racted �eld. Fig.B: The non-di�racted �eld is substituted by zeros numer-
ically (black region), giving only the di�racted �eld (Ed(r)).

the specular region, where we consider it does not carry useful information. This
operation can be performed for �eld detected for every individual incidence angle.
This means that we have access to only the di�racted �eld amplitude (Ed(r)) of the
sample for varying angles of incidence. From this data, the dark-�eld image can be
obtained. The above operation can be represented as,

jEdark�field(r)j2 �
X

q=1!n

��Edq
(r)

��2
; (2.2)

where q represents the varying angle of incidence. The di�racted �eld intensity from
all the incidence angles are summed up to obtain the TDM dark-�eld image.

300 nm

Figure 2.6 : Dark �eld image of the sample Fig. 2.1 at � = 475nm

The TDM dark �eld image of the sample seen in Fig. 2.1 is shown in Fig. 2.6.
The image is also non-polarized in nature, similar to the case discussed in bright-
�eld imaging section. Compared to the bright �eld image Fig. 2.2, the dark-�eld
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image Fig. 2.6 is well contrasted with background being dark in nature. It has to
be noted that the signal level in the dark �eld image is also lower compared to the
bright-�eld image. The rods are not resolved towards the inner edge of the rods too.

Advantages and disadvantages:

Dark �eld microscope imaging is preferred for viewing objects that are transparent
and absorb very low light with low refractive index contrast. Because of the low
refractive index contrast it is hard to identify the sample, this technique is useful for
such cases. Dark-�eld imaging technique can provide an excellent tool to identify the
boundaries and the location of the sample with sharp contrast with dark background.
Presence of dust or other artifacts around the sample can also scatter light. Such
scattered light can interfere with the detected �eld of the sample, this diminishes
the accuracy of the dark-�eld image. So to avoid this, the sample has to be artifact
or dust free, stressing the importance of sample preparation for dark-�eld imaging.

The position of condenser stop in classical dark-�eld microscope can produce
artifacts and aberrations in imaging. Whereas, this disadvantage is overcome by
means of numerical dark-�eld mask in numerical dark-�eld TDM. The size of the
mask can also be varied depending on the spreading of the specular delta peak in the
Fourier domain. In the classical dark-�eld imaging, the illumination is with wide-
�eld hollow cone light with �xed dark-�eld mask. Whereas in the TDM dark-�eld
imaging the sample is illuminated with varying coherent illumination angles, so the
dark-�eld mask is dynamic and numerical. As the TDM dark-�eld mask is numerical
in nature, it can be numerically constructed and applied to any illumination angle
data. So, compared to the classical dark-�eld microscope where the illumination is
limited within a cone, numerical dark-�led TDM can be applied to all illumination
angles inside NA. Thanks to the numerical mask, it is very advantageous to vary its
size depending on the requirements on the sample to be imaged.

On the other hand, low signal level in the dark-�eld imaging is a disadvantage.
This can be overcome by operating on the illuminated �eld instead of suppressing
it, with such as phase contrast microscopy.

2.5 Phase contrast microscopy

Phase contrast microscopy (PCM) provides contrast to the low contrasted samples
and conserves the signal intensity. This is performed by transforming phase di�er-
ences of light caused by refractive index variations at various locations of sample
into di�erences in the intensity of light. As light propagates through the di�erent
regions of the sample with di�erent optical path (refractive index and geometry of
the sample) lengths the phase of the illuminated light is changed depending on the
interaction location of the sample. But the intensity variation would be very small.
As discussed in the previous chapter, the detectors and eye are insensitive to phase
di�erences. If the change in the phase di�erence can be visualized as amplitude
or intensity variation, that would provide a better contrasted image than just the
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intensity variation image. Zernike understood this process and invented the phase
contrast microscopy [11, 97].
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Figure 2.7 : Phase contrast microscopy principle.

To understand the principle of PCM, let us consider that we illuminate a sample
with a plane wavefront light Einc(r). The plane wavefront after interacting with the
sample will consist of di�racted �eld (Ed(r)) and the non-di�racted �eld E0(r). The
detected light can be given by (E(r) = E0(r)+Ed(r)). The intensity of the detected
light is known by I = jE0 + Edj2. This is interference between the di�racted and
the non-di�racted �eld. The object will be poorly contrasted if Ed � E0. In this
case, the phase shift between Ed and E0 is equal to �=2, ie., Ed is in quadrature with
E0. This results in poor interference between the di�racted and the non-di�racted
�eld. This would lead to poorly contrasted image. On the other hand, if the phase
di�erence between Ed and E0 is �, then we will have destructive interference, leading
to highly contrasted image.

The phase di�erence of Ed(r) and E0(r) is due to the optical path di�erences
caused by refractive index and geometry of the sample at various locations of the
sample. If the sample is of low refractive index compared to the surrounding then
the optical path di�erence won’t be su�cient enough to cause interference needed
to contrast the sample. But the phase di�erence between Ed(r) and E0(r) can be
introduced arti�cially in the microscope to improve the contrast. This is the basic
principle behind PCM.

The general implementation of phase contrast microscope (shown in Fig. 2.7)
includes a condenser annulus and a phase plate in addition to the optical components
of a wide-�eld microscope. The condenser annulus is placed in the front focal plane
of the condenser lens, this lets hollow cone of light to pass through and blocking the
light passing through the center of it. This hollow cone of light passes through the
sample thanks to condenser lens. After passing through the sample the light has the



2.5 Phase contrast microscopy 51

total �eld information, both the di�racted �eld and the non-di�racted �eld. The
phase plate lying in the back focal plane of the objective consists of a phase ring
which changes the phase of light passing through it by ��=2. Notice the geometry
of the phase plate, only the light passing through the ring part of the phase plate
undergo a phase shift compared to the center and periphery.

The illumination was with a hollow cone of light. So, the non-di�racted light (or
illuminated light) passes through the ring of the phase plate undergoing additional
��=2 phase shift with respect to the di�racted �eld. Between the di�racted and
non-di�racted light there is a phase di�erence around � or 0 introduced arti�cially
to form either constructive interference or destructive interference. Along with the
arti�cially introduced phase shift the di�racted �led can also posses phase shift from
the refractive index variation and thickness. The intensity of the light is reduced or
increased depending on the interference between the di�racted and non-di�racted
light. So, the phase shift of the sample is transformed into intensity variation due
to the interference.

The method can either be positive phase contrast or negative phase contrast de-
pending on the ��=2 phase ring used in the setup. In positive phase contrast (+�=2
phase ring), the sample is contrasted against a bright background. On the other
hand in negative phase contrast (��=2 phase ring), the sample appears brighter
against a dark background. This can be numerically realized with the TDM data as
follows.
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Figure 2.8 : Phase contrast microscopy with TDM

The phase contrast microscopy can be realized with the TDM data set by numer-
ically generating a phase contrast TDM. The principle behind the numerical phase
contrast TDM is shown in Fig. 2.8 for the normal incidence illumination case, in
transmission TDM. The architecture and principle of the phase contrast TDM is



52 2.5 Phase contrast microscopy

similar to the TDM dark-�eld imaging, except instead of a blocker in the back focal
plane of the objective a phase plate is used. This phase plate introduce ��=2 phase
shift to the non-di�racted light (specular broadened delta peak) or illuminated light
with respect to Ed.

The TDM complex total �eld (E(r) = E0(r) + Ed(r)) data was acquired as
explained in the section Sec. 2.2. The location of the specular peak is determined in
the Fourier domain for each illumination angle. A numerical phase plate is generated
by introducing a ��=2 values at the location of the non-di�racted �eld data or the
specular broadened peak region. The intensities of all the detected �elds are summed
up to obtain the phase contrast TDM image. The mathematical representation is
given by

jEP CM(r)j2 �
X

q=1!n

jEq(r) � exp(i SPM)j2 ; (2.3)

where, E is the total �eld, SPM is the specular phase mask with values zeros ev-
erywhere except ��=2 at the specular non-di�racted light location and q represents
the varying angle of incidence.

BA

300 nm300 nm

Figure 2.9 : Phase contrast TDM results of sample Fig. 2.2.A: Fig.A: Positive
phase contrast TDM image. Fig.B: Negative phase contrast TDM image.

Phase contrast image of the sample, see Fig. 2.1 is shown in Fig. 2.9. The
Fig. 2.9.A shows the phase contrast microscopy image generated with positive phase
contrast TDM and Fig. 2.9.B represents the negative phase contrast TDM. Fig. 2.9.A
shows destructive interference at the location of the resin rods on the sample, re-
sulting in higher background signal and lower signal at the resin rods giving rise to
positive phase contrast TDM. So, the sample is darker than the background. It is
contrary in the case of negative phase contrast TDM, in this the sample is brighter
than the background.

It is interesting to compare the signal level of the images obtained with methods
already discussed in this chapter and the phase contrast TDM images. The bright
�eld TDM image shown in Fig. 2.2 and the phase-contrast images seen in Fig. 2.9
have similar background signal. The background is brighter in bright-�eld TDM
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and positive phase-contrast TDM image, except the phase contrast TDM is better
contrasted because of the signal di�erence between the background and the resin
rods being higher. The dark-�eld TDM image shown in Fig. 2.6 compared to the
negative phase contrast TDM image seen in Fig. 2.9.B seem to be better contrasted.
Phase-contrast does not seem to improve a lot the contrast here compared to dark-
�eld, probably because the resin is partly absorbent. But, the total signal level of
negative phase contrast TDM image is signi�cantly higher than the dark-�eld TDM
image. But the signal di�erence between the background and the resin rods are
comparable.

Advantages and disadvantages:

The main advantage is to obtain very high contrast images of the sample with out
staining or introducing artifacts into the sample with high signal level. It is ideal for
studying and analyzing very thin samples and low refractive index materials [97].
Phase contrast works if the phase delay induced by the sample is weak. In general
phase contrast microscopy the phase plate limits the NA of the objective to an
extent. Phase halo e�ect is a ring like artifact that surrounds the perimeter of the
sample and the inner features, degrading the quality of PCM image. Shading o�
e�ect occurs when the sample’s contrast reduces steadily as we move from the center
of the sample towards its edges in PCM.

The limitations mentioned above can be overcome signi�cantly by means of nu-
merical phase contrast TDM. With numerical phase contrast TDM it is possible
to use same NA for illumination and detection. This is possible thanks to the nu-
merical phase of ��=2 being applied on measured data for each illumination angle
individually and numerically compared to experimental PCM phase mask reducing
the size of the NA. Phase halo e�ect and the shading e�ects are avoided because
of the use of numerical phase plate in the numerical phase contrast TDM. During
the TDM experiment there is no phase plate to induce these e�ects. As numerical
phase contrast TDM is a post experimental treatment, we have the possibility to
apply either ��=2 or other phase value di�erences to the non-di�racted �eld.

Numerical phase contrast TDM improved the signal intensity level and the con-
trast, but the resolution is still a concern. We explore the possibility to improve the
resolution by performing numerical confocal microscopy on TDM data in the next
section.

2.6 Confocal microscopy

Confocal microscopy is utilized to increase the image contrast of thick samples and
also to improve resolution. Confocal microscopy is based on detecting the intensity
variations. The principle is to restrict the light originating from overlying or nearby
scattering objects located in the sample from being detected on the detector. To
perform this, the light is detected from each point individually by observing a single
di�raction limited spot along the transverse or the axial direction [98{100]. The
light is restricted with help of a pinhole positioned in front of the detector. This
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Figure 2.10 : Confocal microscopy principle.

pinhole blocks the out-of-focus scattered light and preserves the light at the point
of focus, so the confocal images are free of defocus-blur and look sharper.

The principle of confocal microscopy is explained in the Fig. 2.10. The light is
focused on the sample with help of a condenser lens, the in-focus di�racted �eld
from the focus point propagates and reaches the detector (usually a photomultiplier
tube). The out-of-focus di�racted light originating from the regions where light is
not focused are cut-o� by a pinhole positioned in front of the detector.

The pinhole positioned in front of the detector depends on the NA on the objec-
tive used, magni�cation of the optical system and wavelength used for the measure-
ment. The diameter of the pinhole is usually optimized to �t the diameter of the
Airy disk formed for a given microscope. The formation of Airy disc was explained
in the section Sec. 1.2.2. Additional to the NA of the objective, wavelength used
for measurement, the pinhole diameter determines the resolution of a confocal mi-
croscope. If the pinhole is larger than the airy disc, the out-focus light is collected
and transverse resolution can be decreased. If a pinhole thinner than a Airy disc is
used, the detected signal is weaker. A pinhole of size 1 airy unit (AU) gives the best
signal to noise ratio.

The light is collected from a single focus point on a single point detector. To
acquire a complete image, a scan has to be performed. The confocal scanning can be
performed in 3D. In this section, I will concentrate only on the transverse resolution.
The improvement in the axial resolution is discussed in detail elsewhere in this thesis.

The numerical means of producing better resolved confocal TDM image is de-
scribed below.

Confocal TDM

The complex di�racted �eld is obtained by illuminating the sample with 8 angles
of incidences. Detailed description of the sample used, illumination schema and the
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detection schema is described in the section Sec. 2.2. The sample is illuminated
with 8 know wave vectors kinc and it di�racts in all possible directions. We collects
certain components limited by the NA of the objective, the wave vector of the
collected di�racted �eld is given by kd. Then, the accessible data set from the
section Sec. 2.2 can be represented as Et(kd; kinc) = Ed(kd; kinc) + Einc(kd; kinc),
which is sum of di�racted and incident �eld) in the Fourier domain. The confocal
image has to be obtained from this total �eld data.

To perform confocal scanning we have to focus light and collect the light from
individual point numerically with a numerical pinhole. If 8 angles of incidence are
sent together coherently it will create a focus point on the sample. The di�racted
�eld from the focused spot has to be collected. This process is continued spot by
spot (scan) over the whole sample to have the image.

The numerical realization of confocal TDM is presented here. We have the total
�eld data from 8 angles of incidence. I sum the 8 total �elds (Et(kd; kinc)). This
results in getting total �eld from a focused spot,

X

inc

Et = Et

"
X

inc

Einc

#
; (2.4)

where the term
P
inc

Einc corresponds to the confocal illumination spot. The above

step is experimental equivalent of illuminating the sample with a confocal spot, it is
done numerically. This is possible because di�raction is a linear process. As stated
earlier, the confocal scanning will be performed in the transverse direction x and y.
Let us focus on performing TDM confocal detection on a single point on the sample
(x0, y0) step by step.

First step is to detect the light from the sample at a desired position (x0, y0). To
perform this, a phase factor has to be applied to each illumination total �eld data
(of 8) to change the position of constructive interference (confocal spot detection).
By this, the focus is shifted to the position (x0, y0) of the sample, which means
we are illuminating at this point. The �eld obtained from this point in the Fourier
domain is given by summing up all the total �elds as,

Edd(kdx; kdy) =
X

kq

Ete
�ikqx�x0�ikqy �y0 ; (2.5)

where q represents the illumination angle. The Edd represents the sum of all the
total �eld originating from the focused spot (x0, y0). With kqx and kqy being the
wave vectors components of the incident �eld in the x and y coordinates respectively.
The kdx and kdy are the corresponding wave vectors components in detection.

Second step is to go to image space. The inverse Fourier transform of Edd would
yield the image originating from the focused spot at illumination (x0, y0) on the
sample.

Third step is to �lter the image from the position (x0; y0) using a pinhole to
perform confocal detection. For this purpose a numerical pinhole is constructed. The
pinhole F (x0; y0) has ones at the location of the pinhole and zeros elsewhere. The
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size of the pinhole can be one pixel or 2�2 or 3�3 or of user choice. For simplicity,
let us consider only 1 pixel. The numerical multiplication of the numerical pinhole
F (x0; y0) with the image from second step would provide the confocally detected
information corresponding to the position (x0, y0) on the sample.But we so far has
obtained information from only position (x0; y0) on the sample. To obtain the whole
image of the sample, we have to perform a scan.

The �nal step is to perform the scan over the sample, the position (x0, y0) is
changed over the sample. The above stated steps are repeated until the full scan of
the sample is performed to obtain the full confocal image of the sample.

As stated in the section Sec. 2.2, we are under scalar approximations. The results
from each polarization data sets are added together to obtain a non-polarized nu-
merical confocal TDM image, for more details refer the �nal part of section Sec. 2.2.

x0

y0

Figure 2.11 : For a focused point (x0, y0) on the sample, the detected intensity
on a camera in the image space without a pinhole.

The above stated method is applied on the sample shown in Fig. 2.1 with 8 angles
of incidences along the perimeter of the NA separated by 45 deg each. The detailed
description of the data set used for confocal detection is explained in the section
Sec. 2.2. The light is focused on the sample, point by point numerically, consider
a point (x0, y0). For (x0, y0), the intensity detected on the detector by summing
the 8 incidences and transforming to the image space will appear as a focus point
at (x0; y0) (distorted Bessel beam) shown in Fig. 2.11 (i.e. after the second step
explained in the numerical TDM confocal procedure above). The size of the central
spot is about 400nm in diameter. The image Fig. 2.11 is without a pinhole detection.
A numerical pinhole can be chosen to obtain the numerical confocal intensity of the
point (x0, y0), which would provide intensity for a single pixel.

To obtain the �nal full confocal image of the sample, the focus has to be scanned
and detected with a pinhole all over the sample. The focus step size for illumination
and the pinhole size for detection are critical for resolution and noise. They both
can be chosen numerically. The numerical TDM confocal image obtained is shown
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Figure 2.12 : The confocal TDM image of the sample Fig. 2.1 generated numer-
ically by utilizing the TDM hologram data and scanning digitally. Fig.A: The size
of the confocal pinhole is 25nm. Fig.B: Size of the confocal pinhole is 425 nm,
the size of central spot.

in Fig. 2.12. Step size used for scan was 25nm, the size of the focusing beam would
be a Airy disk limited by di�raction (for � = 475nm and NA=0.95), similar to
Fig. 2.11. This Airy beam is used to illuminate the sample with a step size of 25nm.

For detection, a single pixel detection would result in a confocal image as shown
in Fig. 2.12.A. The size of the pixel used for detection is 25nm. Numerical confocal
TDM provides this ideal opportunity. Such a pinhole is di�cult to implement in
experimental confocal microscopy. If implemented one would obtain very low signal
and impossible to detect the sample. As stated before, the size of the diameter of
the Bessel beam is about 400nm. It is possible to increase the pinhole size to 425nm,
the numerical TDM image obtained from such a pinhole is shown in Fig. 2.12.B. In
this case, the intensity obtained from this 425nm pinhole is summed up and assigned
to a single pixel on the confocal image.

A smaller pinhole provides better resolution as see in Fig. 2.12.A, but is sensitive
to noise. As the pinhole size is increased Fig. 2.12.B, the resolution is not good
enough to resolve the inner edges of the resin rods of the sample. The result obtained
is better than the wide-�eld, dark-�eld or phase contrast microscopy image in terms
of the resolution. The resin rods are better resolved in Fig. 2.12.A.

The numerical confocal TDM has several advantages compared to the generic
confocal experimental setup, they are discussed below.

Advantages and disadvantages:

The resolution is better than the generic wide-�eld methods because of the pinhole
detection.

Many of the short comings of experimental confocal setup such as scanning rate,
and dynamic pinhole with respect to the NA of the objective and wavelength used
can be easily overcome by confocal TDM. Scanning is performed numerically, the
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area of interest on the sample can be chosen with the confocal TDM, reducing time.
The pinhole size can be varied numerically, importantly after the measurement and
not during the measurement as in the case of generic confocal experimental setup.
It is possible to extend this method to 3D. For 3D we would need more illumination
angles, but a 3D position scan still be obtained from a 2D angular scan.

To further increase the resolution of the test sample and obtain a quantitative
link between the object and detected �eld, we can then perform synthetic aperture
techniques.

2.7 2D synthetic aperture microscopy

Two-dimensional synthetic aperture microscopy reconstructs the sample in 2D from
the measured complex scattered �eld data of the TDM. In TDM, we illuminate the
sample with various illumination angles and detect the scattered �eld data. Each
illumination angle provides access to the detection of di�erent regions of the spatial
frequencies in Fourier domain. The amplitude and the phase information of the spa-
tial frequencies are know. The principle of the 2D synthetic aperture is to recombine
these di�erent 2D complex spatial frequencies in the Fourier space to form single
synthetic numerical aperture (NA). The diameter of such synthetic numerical aper-
ture is twice larger than the diameter of the numerical aperture used for detection
of single incidence in TDM. Inverse Fourier transform of the 2D synthetic aperture
numerical aperture would yield the two-dimensional synthetic aperture reconstruc-
tion of the sample. The formation of 2D synthetic aperture is explained in detail
below.

The formation of the synthetic 2D aperture is shown in Fig. 2.13. The object
to be imaged is illuminated with coherent light, it di�racts the light in all possible
directions. Objective lens collects the scattered light with a given NA. For normal
incidence angle of illumination case, the scattered �eld detected in Fourier domain
is shown in the Fig. 2.13 with red dotted circle. The red dotted circle speci�es the
limit of detected frequencies for a given NA of objective, given by radius k0NA.

Now, let us consider that the object is illuminated with a coherent beam having
wave vector kinc1 as shown in Fig. 2.13.A. This would lead to the sample scattering
di�erent spatial frequencies compared to the normal incidence case, but the size of
the numerical aperture used for detection remains k0NA radius. The location of
the detected spatial frequencies corresponding to kinc1 illumination would depend
on the kd � kinc in the Fourier domain, with kd being the detected di�racted �eld
wave vector. Knowing this, the measured spatial frequencies can be positioned in
the 2D synthetic aperture satisfying the condition kd �kinc as shown in Fig. 2.13.A.

Similarly, the angle of incidence is varied to kinc2 (Fig. 2.13.B), kinc3 (Fig. 2.13.C),
kinc4 (Fig. 2.13.D), etc., They provide access to di�erent spatial frequencies in the
Fourier domain. They are positioned in the synthetic numerical aperture satisfying
the condition kd � kinc for each incidence and the di�racted �eld wave vector. The
common spatial frequencies between di�erent illumination angles when they are
repositioned in the synthetic numerical aperture are averaged. The repositioning of
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Figure 2.13 : Formation of 2D synthetic aperture in TDM.
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Figure 2.14 : Final 2D synthetic aperture in TDM if all the possible angles of
illumination are used compared to only 4 angles shown in Fig. 2.13.D.

the di�racted �eld data provides a 2D synthetic aperture whose numerical aperture
is twice larger than the NA of the objective used for detection. The radius of the
synthetic numerical aperture is 2k0NA. Combining many such illumination angles
it is possible to �ll the whole 2D synthetic aperture as shown in Fig. 2.14.

With 2D synthetic aperture microscopy we have increased the accessible spatial
frequencies, which would mean increase in the resolution along the transverse di-
rection. As the positioning of the spatial frequencies were performed in 2D space
along transverse directions, the sample’s 3D geometrical information cannot be re-
constructed. But in the next section, the 2D spatial frequencies are positioned in
3D space to obtain the 3D geometry of the sample.

The reconstruction of the sample Fig. 2.1 can be demonstrated with the 2D
synthetic aperture TDM. The measured data set used for 2D synthetic aperture
reconstruction is explained in detail in the section Sec. 2.2 of this chapter. The
measured complex scattered �eld data for each illumination angle were positioned
in the Fourier domain as explained in this section above. This forms a nice 2D
synthetic aperture as shown in Fig. 2.15.A. Notice that only 8 angles of incidence
were used for this data set, we already have a good �lling of the 2D synthetic
aperture.

The Born approximation explained in the section Sec. 1.5.3 establishes a sim-
ple relationship between the measured scattered �eld and the sample. The Fourier
transform of this 2D synthetic aperture complex data (Fig. 2.15.A) would yield the
2D reconstruction of the sample in the image space (Fig. 2.15.B) or equivalent re-

ectance of the sample [59]. We obtain a complex (amplitude and phase information)
image. The image shown in Fig. 2.15.B represents the modulus of the reconstruction.

The reconstruction Fig. 2.15.B is a non-polarized reconstruction of the sample.
But, the data set explained in the section Sec. 2.2 was performed with four po-
larization combinations (x̂D̂1, ŷD̂1, x̂D̂2 and ŷD̂2). To obtain the non-polarized
reconstruction we sum the results obtained from all the above polarization combi-
nations, resulting in Fig. 2.15.B.
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Figure 2.15 : Fig.A: The modulus of 2D synthetic aperture in the Fourier domain
shown in log scale for eight directions of incidences. The 8 incidences were de�ned
by a �xed polar angle of 60� and an azimuthal angle regularly spaced within 2�.
Specular region (illumination modulus) is masked. Fig.B: 2D synthetic aperture
reconstruction of sample (see Fig. 2.1 for the sample). Fourier transform of A
would yield B. The Fig.B here displays the modulus of the complex reconstruction.

The Fig. 2.15.B shows better reconstruction compared to the bright �eld, dark
�eld, and phase contrast microscopy discussed in this chapter. The resolution is
better than those techniques and slightly better than the confocal technique, observe
the separation of the resin rods in Fig. 2.15.B. As we observe towards the interior
of the rods, we fail to resolve the rods.

The 2D synthetic aperture TDM method provides only the 2D reconstruction
of the sample. It fails to provide a link with the sample characteristics such as the
relative permittivity or the 3D geometry of the object. Those information would
help in understanding the sample further. On the other hand, this method is simple
to implement, computationally less demanding and can be performed quickly.

The interest is to reconstruct the sample in 3D and calculate the permittivity
map. So far we were able to perform only 2D reconstructions. Next step will be to
use the measured complex �eld information to reconstruct the sample in 3D.

2.8 3D synthetic aperture microscopy

The real life samples are 3D in nature. The three-dimensional synthetic aperture
microscopy provides the opportunity to reconstruct them in 3D. In the 3D synthetic
aperture case, the image is related to the distribution of the permittivity inside the
object and retrieves the geometrical information also. The 3D synthetic aperture
microscopy is performed under Born approximation to reconstruct the 3D sample as
explained in the previous chapter, section (Sec. 1.5.3). Under Born approximation,
we know that there is a linear link between the complex scattered �led data and the
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relative permittivity of the object, Ed(kd; kinc) / 3D FT [�(kd � kinc)]. Where, �
is the relative permittivity contrast, Ed(kd; kinc) is the di�racted �eld data.

Under the Born approximation the di�racted �eld data can be positioned in the
Ewald’s sphere as explained in the last chapter (Sec. 1.5.4). This establishes a link
between the 3D sample and the 2D measured di�racted �eld data. The 2D di�racted
�eld data is transformed into a cap of sphere and positioned in the 3D Ewald’s sphere
(see Fig. 1.8 for transmission con�guration and Fig. 1.11 for re
ection con�guration).
This 3D synthetic aperture (Ewald’s sphere) can be inverse Fourier transformed in
3D to obtain the 3D reconstruction of the sample and the permittivity contrast
distribution of the sample.
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Figure 2.16 : Fig.A: Modulus of 3D synthetic aperture reconstruction of sample
Fig. 2.2.A in xy plane, a cut along z=0 plane. Fig.B: Modulus of reconstruction
along the xz plane, a cut along the y=0 plane. Same scale in x, y and z.

To demonstrate this method, we again use the data set used through this chapter,
explained in section Sec. 2.2. To recall, the sample was illuminated with 8 angles
of incidence. The di�racted �eld data corresponding to the 8 illumination angles
were positioned in the Ewald’s sphere and 3D inverse Fourier transformed to obtain
the 3D result as shown in Fig. 2.16. The Fig. 2.16.A shows a transverse cut. The
Fig. 2.16.B is to demonstrate the 3D capability, it shows a axial cut along y-axis
(y=0).

The reconstruction obtained with 3D synthetic aperture in transverse direction
(xy, Fig. 2.16.A) is comparable to the reconstruction in the 2D synthetic aperture
microscopy (Fig. 2.15.B). It has to be noted that one require lesser illumination angle
of incidences for 2D synthetic aperture compared to the 3D synthetic aperture case.
Because in 3D synthetic aperture 3D volume is �lled with cap of spheres, whereas
in 2D synthetic aperture case, we �ll a circular area with 2D data. The axial
direction reconstruction is therefore elongated, this also proves the point that the
reconstruction in the axial direction in microscopes are worse than in the transverse
direction.
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Most of the groups researching on the TDM are oriented towards using this 3D
synthetic aperture microscopy in the transmission con�guration. Here we demon-
strated with a sample deposited on a re
ecting substrate and with very few angles
of illumination to obtain initial 3D reconstruction of the sample. To recall the
disadvantages of the Born approximation or 3D synthetic aperture microscopy, po-
larization e�ects are neglected, the medium is considered to be homogeneous, the
sample is of low permittivity contrast etc., so it is not adapted here. But we have
the initial 3D geometry of the sample reconstructed here.

The reconstruction obtained here has to be compared with the reconstruction
that will be obtained using the accurate methods for inversion presented in the
next chapter. Nevertheless, 3D synthetic aperture is a simple and rapid means of
obtaining the 3D geometry of the sample. The sample that we imaged in this chapter
had scatterers that are closer as we observed towards the inner edge of the sample.
This implies that multiple scattering has to be taken into account [35]. The next
chapter will utilize the same data set as here but will obtain better reconstruction
in 3D with improved resolution and quantitative 3D permittivity map of the sample
thanks to rigorous iterative inversion algorithm.

2.9 Conclusion

Tomographic di�ractive microscope is seen by researchers as a new technique, dif-
ferent from other conventional microscope techniques. In this chapter, it is demon-
strated to reproduce the conventional intensity based microscope techniques such
as bright-�eld imaging, dark-�eld imaging, phase-contrast microscopy and confocal
microscopy using the TDM measurement data. These techniques are numerically
realized by utilizing the TDM measured data set. The advantage being the TDM
measurement was performed only once on the sample. This is due to the fact that,
TDM provides complete complex measured �eld data and includes all the stated
methods for numerical reproduction later.

The conventional TDM reconstruction techniques results such as 2D and 3D
synthetic aperture microscopy used by majority of the research groups in the world
were also presented but adapted here with re
ective substrate. But, the interest
would be to reconstruct the sample with better resolution and 3D quantitative per-
mittivity map than the methods discussed in this chapter. That would provide the
best possible resolution and quantitative information about the sample. In the next
chapter, we look for accurate methods to reconstruct the sample from the TDM
data and compare the reconstructions obtained in this chapter.





Chapter 3

Imaging with tomographic
di�ractive microscopy holograms

using accurate models

\Fast is �ne, but accuracy is everything."
-Xenophon of Athens, Historian

3.1 Introduction

In this chapter, I numerically reconstruct objects using accurate modeling of the light
(electromagnetic and polarization) matter (3D objects) interaction. In the previous
chapter, I have presented the scalar approximation based reconstructions resulting
in limited resolution and poor quality of reconstruction. The accurate modeling
of light can improve the resolution and the quality of reconstruction compared to
the scalar approximation techniques. The methods that will be explained in this
chapter, go beyond the scalar techniques in utilization of the full-polarized nature
of the incident light and measured complex di�racted �eld. For the reconstruction,
no approximations are assumed. The link between the sample’s vectorial di�racted
�eld and the material properties (permittivity contrast) are solved non-linearly by
numerical means. This resulting in the 3D reconstruction of the sample permittiv-
ity map. We also developed a technique to handle the noisy optical tomography
di�raction microscopy (TDM) measured data and reconstruct the sample from such
a data set. Coupling of TDM data with accurate reconstruction techniques were
tested on the samples with di�erent orientations to test its viability.

Non-linear inversion approach is one of the specialization of our research group
(SEMO, Institute Fresnel) compared to the other research groups working on optical
tomography di�raction microscopy (TDM). Usual approach among the researchers
working on TDM around the world is to reconstruct the sample under scalar ap-
proximations (Born or Rytov or other methods) with compromised resolution and
the quality of the reconstruction[30, 52, 67]. We also specialize in reconstructing the
samples deposited on a re
ecting substrate and high permittivity contrast samples.
The non-linear inversion algorithms were developed by the group, I adopted it to
image the samples and achieve super-resolution images presented in this chapter.

65
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I will present the full vectorial complex �eld TDM accurate reconstructions tech-
niques to reconstruct the 3D permittivity of the probed sample with better resolution
and quality compared to approximation approaches [93, 101]. Before the accurate
non-linear inversion of the data, the data has to be processed.

3.2 Normalization of TDM data

The measurement of TDM data involves illumination of the sample with varying
angles of incidence and collecting the complex di�racted �eld data from it. Due to
varying incidence angles and the duration of measurement there can be 
uctuations
in the laser power or environmental perturbations etc. These 
uctuations are com-
pensated with the help of normalization. To have the same amplitude and phase for
all illumination angles at a particular position on the sample, one has to normalize
the TDM data. So, the normalization is performed on the amplitude and phase
information of the data extracted from the TDM holograms.

3.2.1 Normalization procedure

The normalization procedure aims at setting the data set in agreement with the
following assumptions. First, the sample is illuminated by plane waves with unity
amplitudes. Second, the phase origin for the illuminating �eld and for the scattered
�eld is placed on the surface of the substrate. The presence of the substrate is indeed
taken into account. Because for varying angles of incidence, the Fresnel re
ection
coe�cients changes and it is accounted for during the normalization procedure.

The phase origin is not known during the measurement. It is nevertheless possible
to correct the phase of the data set to become in agreement with the assumption
that phase origin is located on the substrate. We have developed two methods to
correct this phase origin mismatch, which are detailed in Ref. [76]. Two important
points then remain in the procedure. First, normalize the modulus of the scattered
�eld to compensate the possible laser power 
uctuations from one illumination angle
to another. Second, normalize the phase of this �eld, to correct the di�erent phase
delays introduced on the illuminating beam from one illumination angle to another.
These two steps use as reference signal the specular re
ection on the substrate. This
approach is valid if in the specular direction the scattered �eld is negligible compared
to the specular re
ection coming from the sample, which is true for small objects
that are studied in this thesis.

In the full polarized measurements, the polarization of the illuminating beam
can be initially along x̂ or ŷ (see Fig. 1.17 and Fig. 1.18). In the general case, once
the beam has been de
ected by the fast steering mirror to an arbitrary direction,
the polarization of the incident �eld Einc on the object can be decomposed into its
S (TE) and P (TM) components :

Einc = � cos(�i)Eincŝ + sin(�i)Eincp̂; (3.1)
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where Einc is the complex amplitude of Einc and �i is the azimuthal angle of the
illumination. The specularly re
ected �eld Er then becomes :

Er = � cos(�i)rSEincŝ + sin(�i)rPEincp̂; (3.2)

with rS and rP the Fresnel re
ection coe�cients for S and P polarizations.

3.2.2 Normalization factor

The �eld Eim imaged on the camera is measured along the two polarization directions
D̂1 and D̂2 (shown in Sec. 1.6.2.1). Eim is the sum of the �eld scattered by the
object and the �eld Er re
ected by the substrate. For any illumination angle, it
is possible to calculate theoretically the value Eth

r � D̂p (p = 1 or 2) for the case
jEij = 1, as supposed in the inversion procedure. Note that in the image space of
the camera, thanks to the high magni�cation, ŝ and p̂ can be considered in the
(x̂; ŷ) plane.

To normalize both the modulus and the phase of the data set Eim;l � D̂p, it has
to be multiplied for each illumination l by the factor Ml :

Ml =
j
ljS Eth

r;l � D̂p e�j’l

2�hjEim;l � D̂pjiS

; (3.3)

where 
l is the projection of kl on the optical axis of the microscope, and S the
surface of the �eld of view that can be imaged on the camera. ’l is the phase
that is measured in the specular re
ection direction. hjEim;l � D̂pjiS is the mean
modulus, averaged over the �eld of view, of the signal detected on the camera for
the l�th illumination. As the object is small on the image, it can be considered as
the experimental value of hjEr;l � D̂pjiS.

The multiplication by Ml ensures that the maximal value of jEim;l � D̂pj in far
�eld, which corresponds to the specular re
ection, is equal to that scattered by
a portion of substrate of surface S when illuminated by a plane wave with unity
amplitude. This is the amplitude normalization part.

The phase normalization must guarantee that all the illuminating plane waves
have a common phase origin placed on the substrate, as in the inversion algorithm.
To ful�ll experimentally this condition, the phase of the detected �eld Eim;l �D̂p has
to be shifted by a constant, so that the phase in the specular re
ection direction
matches the argument of the theoretical Fresnel re
ection coe�cient. This is exactly
what is performed through the multiplication by Ml.

Once this normalization has been carried out for each polarization combination in
the data set (x̂D̂1, ŷD̂1, x̂D̂2 and ŷD̂2), it is possible to combine them to generate
the vectorial scattered �eld f l, for any linear polarization of the illumination in the
(x̂; ŷ) plane.

Such normalized data can further be used to perform accurate reconstruction of
the sample.
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3.3 Non linear inversion method

In classical TDM, the inversion consists in applying a 3D inverse Fourier transform
to the data set. This simpli�ed approach is valid only if the following conditions
are met. First, the single scattering approximation is veri�ed. Second, the scalar
approximation is valid, ignoring the polarized nature of light. Third, the sample
is illuminated by a plane wave and surrounded by a homogeneous medium. We
have developed an inversion algorithm that breaks all these limitations by taking
into account the full-vectorial (polarization) nature of the scattered �eld and the
non-linear link between the sample and the measured �eld.

First, we will understand the role of polarization and the requirement to perform
four measurements to obtain the full-vectorial data set.

3.3.1 Polarization and transverse isotropic resolution

In this section, I will present the importance of the polarization for illumination and
detection with respect to the resolution. In the section Sec. 1.6.2.1, we demonstrated
the measurement of the full-vectorial �eld for both illumination and the detection.
To recall, the polarization of illumination and the detection are controlled by means
of the half-wave plates positioned in the experimental setup. It is controlled in
both illumination path and the detection path. Four data sets with either vertical
or horizontal polarization along the illumination directions and D̂1 or D̂2 (�45deg
with respect to vertical direction, see Fig. 1.18) along the reference beam direction
are measured. From these four data sets, it is possible to obtain a full-polarized
data set for any polarization using Jones operator. To be precise, the four data
sets measured during the measurements are x̂D̂1, x̂D̂2, ŷD̂1, and ŷD̂2; with the
�rst letter indicating the illumination polarization and the other letter indicating
the detection polarization.

To demonstrate the requirement of full-polarized measurement and its in
uence,
we consider the four individual data sets measured during the measurement using
TDM. We use the same reference sample we used in the previous chapter with 12
resin rods placed radially at the summit of a dodecagon Fig. 2.1. The illumination
angles and the detection are also conserved. Let us consider the case of x̂D̂1,
we observe the dark-�eld image obtained for only this polarization combination.
The dark-�eld image corresponding to x̂D̂1 is shown in Fig. 3.1.A, obtained with
the method described in the section Sec. 2.4. The Fig. 3.1.A shows incomplete
information about the object. Instead of 12 resin rods, we image only 10 spots in
the dark-�eld image at the location of the resin rods. This is due to the incident
and detection polarization combination being x̂D̂1.

Yet the di�erent polarization combinations x̂D̂2 (Fig. 3.1.B), ŷD̂1 (Fig. 3.1.C),
and ŷD̂2 (Fig. 3.1.D) yield complementary information about the sample. Each case
illuminates and detects with di�erent polarization, so we obtain the complimentary
information. This emphasizes the importance of the full-polarized measurements in
the TDM for achieving isotropic super-resolution along the transverse direction. It
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Figure 3.1 : Dark �eld images corresponding to, Fig.A: x̂D̂1, Fig.B: x̂D̂2,

Fig.C: ŷD̂1, and Fig.D: ŷD̂2.

has to be noted that relying on single polarization or scalar measurements would
fail to provide isotropic transverse resolution.

300 nm

Figure 3.2 : Unpolarized dark-�eld image of the sample at � = 475nm, resulting
from the summation of Figs. 3.1.A, B, C, and D, in the transverse direction (xy).

The unpolarized dark-�eld image of the sample is displayed in Fig. 3.2, it shows
a transverse cut along the xy direction. The image is obtained by summing the
four x̂D̂1, x̂D̂2, ŷD̂1, and ŷD̂2 di�erent polarization (Figs. 3.1.A, B, C, and D)
dark-�eld images and averaging. The image Fig. 3.2 shows all the 12 branches of the
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imaged sample, highlighting the importance of taking into account all polarization
cases.

We understood that for isotropic resolution all the polarization cases have to be
taken into account or unpolarized light has to be used. However unpolarized light
produces limited resolution images as shown on Fig. 3.2 or in the previous chapter.
So, we perform 4 di�erent measurements (x̂D̂1, x̂D̂2, ŷD̂1, and ŷD̂2) and combine
them to obtain full-vectorial �eld, this will permit to improve the resolution. To
seek better resolution and 3D reconstruction we progress towards the utilization of
full-vectorial �eld without approximations for TDM imaging starting from now in
this thesis.

Before we understand our inversion approach on the measured data, it is im-
portant to understand the forward scattering problem. This helps in understanding
the way we estimate the sample, the forward estimation is used in the inversion
procedure.

3.3.2 Forward problem

Forward scattering problem is modeling the interaction of the electromagnetic �elds
with an object of interest. In simple terms, we know size, shape and constituent ma-
terial of an object along with it’s surrounding medium. We illuminate the know elec-
tromagnetic �eld (Einc) and we calculate the unknown scattered �eld (Ed) from the
object (shown in Fig. 3.3). Generally, the forward scattering problem is solved by nu-
merical means. Analytical solution exists only for simple objects (e.g. homogeneous
spheres, cylindrical objects etc.) [102]. Though there exists many methods to per-
form forward scattering problem, we use the coupled dipole method (CDM) or dis-
crete dipole method [92, 103, 104] to compute the forward problem. The CDM has
the advantage of restricting the computational domain to the size the object, the
calculation precision can be optimized by the size of the discretization units (seen
in Fig. 3.3 as cubes).

z

x

y

Einc Ed

Sample: �(r)

Volume: V

N units

Figure 3.3 : The coupled dipole method discretization of arbitrary 3D object into
N cubical units. The Einc is the incident �eld and Ed scattered �eld.
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Purcell and Pennypacker [103] introduced the CDM method in 1973 to study the
scattering of light. From the chapter 1 we recall the relation we derived between the
scattered �eld and incident �eld,

Ed(k; kl) =

Z

V

g(k; r0)�(r0)E(r0; kl)dr0; (3.4)

E(r; kl) = E0(r; kl) +

Z

V

G(r; r0)�(r0)E(r0; kl)dr0: (3.5)

kl is the wave vector of the lth illuminating plane wave, and k is the wave vector
along which the scattered �eld is detected in far �eld. The object is represented
by its permittivity contrast � = " � "b, where " is the relative permittivity of the
object and "b that of the surrounding medium, equal to 1 for the samples placed in
the air and equal to 1.515 for the samples in oil environment. E0 is the reference
�eld, the one existing in the absence of the object. E is the total �eld, the sum of
E0 and Ed. g and G are respectively the near �eld and the far �eld Green tensors.
g(k; r0)p is the near �eld emitted in the k direction by a dipole p placed at r0 in
the reference medium. G(r; r0)p is the electric �eld at r emitted by a dipole placed
at r0 in the reference medium. V is the volume of the sample. Note that when all
approximations used in classical TDM are met, Eq. 3.5 becomes a simple 3D Fourier
transform of � (discussed in chapter 1 under Born and Rytov approximations).

Now, let us calculate the scattered �eld that we would obtain on a measurement
surface by illuminating a known sample. The distance between the measurement
surface and the sample decides whether calculations are near-�eld or far-�eld. As
TDM is far-�eld measurement technique, we stick to the far-�eld calculation of
the forward problem with CDM in this thesis. To calculate the sample’s forward
scattered �eld the sample is discretized in a bounded cube shaped box with N units
as shown in Fig. 3.3. Using cubic discretization the Eqn. 3.5 can be written as,

E(r; kl) = E0(r; kl) +
NX

j=1

Z

Vj

G(r; r0)�(r0)E(r0; kl)dr0: (3.6)

with Vj the volume of the j-th cube used for discretization. We use the hypothesis
that the �eld and the permittivity are uniform inside each sub cubic discretization.
Then,

E(r; kl) = E0(r; kl) +
NX

j=1

"Z

Vj

G(r; r0)dr0

#
�(r0)E(r0; kl): (3.7)
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The above equation can be transformed into a system of linear equations to perform
volume integration numerically as,

E(rm; kl) =E0(rm; kl) +
NX

j=1;j 6=m

"Z

Vj

G(rm; r0)dr0

#
�(rj)E(rj ; kl)

+

�Z

Vm

G(rm; r0)dr0

�
�(rm)E(rm; kl):

(3.8)

with m=1,...,N.
We make an approximation that the Green’s function is constant over any cubic

cell when m 6= j. For a particular case when m = j, the Green’s function presents
a singularity as G(rm; r0) goes to in�nity, jrm � r0j ! 0. In literature there are
various approaches to solve this, we use a approach that Vm approaches zero, i.e. as
Vm shrinks down around the point rm [105].

lim
Vm!0

Z

Wm

G(ri; r0)dr0 = L; (3.9)

where L depends on the shape of Vm [105]. For a spherical or cubic shape we can
write [105]

L = �I

3
; (3.10)

with I being the identity matrix.
Then the Eq. (3.8) can be expressed as

E(rm) = E0(rm) +
NX

j=1;j 6=m

G(rm; rj)�(rj)E(rj)Vj � �(rm)

3
E(rm): (3.11)

When we have large number of discretization cells, the linear system is solved
iteratively [106]. We usually begin with an initial estimate, at the end of the iterative
procedure one obtains the exact result [92]. If one solves the above equation, we
would obtain the total �eld inside the object. The accuracy of the �eld can be
varied by changing the discretization size of the cubic unit. From the total �eld it
is possible to calculate the scattered �eld, in the far-�eld it can be expressed as,

Ed(r) =
NX

j=1

G(r; rj)�(rj)E(rj)Vj � �(rm)

3
E(rm): (3.12)

Which means that the scattered �eld can be calculated for any arbitrary posi-
tion r from the above equation. So, for a known object with known illumination
electromagnetic �eld the di�racted �eld in the far-�eld can be calculated.

The forward problem is useful to compare it with the measured scattered �eld
and make sure that the measurement was performed under best possible means.
But the interest is to calculate the sample permittivity from the measured di�racted
�eld. The forward problem helps to estimate the sample in the inversion procedure,
described in the following section.
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3.3.3 Inverse problem

z

x

y

?

Einc Emes

� 

�

Figure 3.4 : Geometry of the inverse problem: the investigation domain in inver-
sion procedure 
. � is the measurement data. The unknown object is reconstructed
from the measured data within an inversion box discretized by cubic units of desired
size.

The inverse problem is to reconstruct the shape, constitutive material (namely
the spatial permittivity distribution) and the position of the object from the mea-
sured full-vectorial complex scattered �eld (Fig. 3.4). We know the illuminated
electromagnetic �eld, and the measurement of the scattered �eld is performed ex-
perimentally. We calculate the unknown object in this section. For TDM data
most methods in the literature solve the 3D inverse problems under Born or Rytov
approximations[46, 50] under scalar considerations. These methods do not take into
account the polarization and the vectorial nature of the electromagnetic �eld. In our
group we developed an inversion algorithm to take those into consideration during
the reconstruction. This is important because the samples are 3D in nature and the
light interacts electromagnetically. The importance of polarization was emphasized
in section Sec. 3.3.1.

Our inversion method is an iterative inversion procedure. It is based on combi-
nation of linearized methods [107{110] and modi�ed gradient method [111, 112] to
determine the permittivity of an unknown object inside an investigating domain 
.
The inversion method retrieves simultaneously the sample permittivity contrast �
and the total �eld El in a bounded investigation domain 
 (outside 
, � is assumed
to be null) from the set of scattered far �eld measured data f l, for l = 1; � � � ; L illu-
mination angles. The method has been already successfully applied to reconstruct
and retrieve the permittivity of several 3D objects[25, 113{115].
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We illuminate by plane waves on an object and collect the scattered light from
it on a camera. We know the angles used for illumination and we calculate the
angles of the scattered �eld for each pixel. The calculation is possible thanks to
the known NA of the objective, wavelength of light used for measurement, pixel
size of the camera and the overall magni�cation of the TDM experimental setup.
Thus, the illumination angles, normalized measured di�racted �eld data with their
corresponding collected angles, wavelength used for measurement and the substrate
on which samples are deposited (recall, samples used in this thesis are re
ective in
nature and deposited on a substrate) are known. With these parameters the process
of reconstruction of the object begins by numerical means. The volume integrals of
Eqs. 3.4 and 3.5 are performed over 
 and numerically solved by discretization 

into N subunits on a cubic lattice with period much smaller than the wavelength of
illumination. Similar to the discretization performed in the forward problem. For
the sake of simplicity, symbolic notations are used for Eqs. 3.4 and 3.5, which are
restated as :

Ed;l = B�El; (3.13)

El = Eref;l + A�El; (3.14)

where B and A are the operators for the far �eld and near �eld Green tensors,

respectively i.
Starting from an initial guess provided by the back-propagation of the data

set [116], � and El are gradually estimated as shown in forward problem and adjusted
at each iteration so as to minimize a cost functional involving the measured data.
The basic idea underlying the Hybride inversion method is to build up two sequences
related to the permittivity contrast and the total �eld within the scattering domain
according to

El;n = El;n�1 + �l;n;�� l;n + �l;n;!!l;n; (3.15)

�n = �n�1 + �ndn; (3.16)

where the � l;n, !l;n and dn are updating direction in the research domain for the
total �eld El;n and the contrast �n, respectively. The �l;n, �n are scalar coe�cients.
For more details about the updating and detailed description of the variables, please
refer to thesis of Ting Zhang [92]. So, for iteration number n, the cost functional
reads :

Fn(�n; El;n) = W�

LX

l=1

kh
(1)
l;nk2

� + W


LX

l=1

kh
(2)
l;nk2


; (3.17)

where W� weighting coe�cient and W
 is normalization coe�cients respectively,
de�ned by

W� =
1

NP
l=1

kfmes
l k2

�

: (3.18)

iThe presence of the substrate is taken into through these tensors
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W
 =
1

NP
l=1

kEinc
l k2




: (3.19)

The h
(1)
l;n and h

(2)
l;n are residual errors computed from Eqs. (3.13) and (3.14),

respectively :

h
(1)
l;n = f l � B�nEl;n; (3.20)

h
(2)
l;n = Eref;l � El;n + A�nEl;n: (3.21)

The minimization is performed with the hybrid gradient procedure described in
Ref. [113].

By providing the illumination angles used to illuminate the unknown object and
the measured scattered �eld data to the inversion algorithm, it computes the 3D
object permittivity map. This algorithm has been widely used during this PhD
thesis to reconstruct various objects. The next section will present one such result
obtained from the measurement performed on the sample shown in Fig. 2.1.

3.3.4 Experimental results

a) Test sample

The TDM data used for non-linear inversion in this section is presented in detail
in section Sec. 2.2. To recall, the sample (Fig. 2.1) was illuminated with eight
directions of incidences, de�ned by a �xed polar angle of 60� and an azimuthal
angle regularly spaced with 45� and scattered �eld is measured. The data set is
processed for di�erent polarization combination measurements performed for full-
vectorial measurement (described in Sec. 1.6.2.1). The data is phase and amplitude
normalized as explained in the Sec. 3.2 and Sec. 3.3. The complex di�racted �eld
data can now be inverted as described in this section above to obtain 3D permittivity
map of the sample.

The results obtained using the measured data on the test sample is shown in
Fig. 3.5. The Fig. 3.5.A shows a transverse image obtained using the dark-�eld
TDM explained in the previous chapter, Sec. 2.4. The Fig. 3.5.B is obtained by
the application of the 3D synthetic aperture approach on the same measured data
explained in Sec. 2.8, its axial image is shown in Fig. 3.6.A. The 3D-FFT (Fig. 3.5.B)
resolution is slightly better than the dark-�eld image (Fig. 3.5.A).

As stated above, once the scattered �eld is measured, it can be projected to have
any vectorial combination for illumination and detection. Using this, we transformed
the data as x̂x̂ (illumination polarization is along x̂ and detection polarization is
also along x̂) and ŷŷ (illumination polarization is along ŷ and detection polarization
is also along ŷ). Such polarization combination data was provided to the inversion
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Figure 3.5 : Reference sample: Fig.A: Full-polarized dark-�eld image. Fig.B:
Transverse cut along the center of the full-polarized 3D-FFT reconstruction.
Fig.C: Reconstructed permittivity averaged over the sample’s height using x̂x̂+ ŷŷ

TDM. Fig.D: Reconstructed permittivity averaged over the sample’s height using
the full-polarized TDM.

algorithm. The result obtained with such an inversion data set is shown in Fig. 3.5.C.
From the inversion procedure we also obtain 3D reconstruction of the sample, the
axial cut corresponding to Fig. 3.5.C is shown in Fig. 3.6.B. This reconstruction is
better than both 3D-FFT and dark-�eld image. But the inner edges of the rods along
the diagonal directions of the sample are not well resolved because the polarization
being x̂x̂ and ŷŷ. This further emphasizes the importance of full-polarized TDM
and non-linear inversion.

So, we perform the full-vectorial inversion. The result obtained with full-polarized
TDM and non-linear inversion explained in the above section is shown in Fig. 3.5.D,
it shows a transverse cut along the xy direction. The corresponding axial cut is
shown in Fig. 3.6.C. This provides the best transverse isotropic resolution.

The results of Fig. 3.5 and Fig. 3.6 shows that the vectorial inversion provides
a signi�cantly better transverse resolution, axial sensitivity, and overall 3D permit-
tivity map than the other methods discussed in the previous chapter. In particular,
it resolves the inter distance between the branches at its smallest (100 nm) which
is not the case for the 3D synthetic aperture microscopy, dark-�eld images, phase-
contrast microscopy and confocal microscopy. Polarization of the illumination and
the scattered �eld is taken into account. The individual rods are well separated and
the resolution is beyond the Rayleigh criterion limit discussed in the Sec. 1.2.2.

The time required to perform a non-linear inversion depends on the size of the
object being reconstructed, number of illumination angles used during the measure-
ment, the discretization size of the scattered �eld data in Fourier space, the dis-
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Figure 3.6 : Reference sample. Fig.A: Axial cut along the center of the full-
polarized 3D-FFT reconstruction. Fig.B: Reconstructed permittivity along the
center of yz-plane using x̂x̂ + ŷŷ TDM. Fig.C: Reconstructed permittivity along
the center yz-plane using the full-polarized TDM at � = 475nm.

cretization size used for the numerical reconstruction (size of the pixel), the speed
of the computer used for the inversion, the model used for inversion (Born [110]
or Hybride method [111] or Conjugate gradient method [117]) and the algorithm
optimization. The above stated parameters can be �ne tuned to achieve results de-
pending on the requirements. For the result presented for the above sample, shown
in Fig. 3.5.C in 3D, it took about 8 hours to perform non-linear inversion.

On the other hand the inversion procedure is computationally demanding and
time-consuming compared to the other methods, but e�orts are being made in our
group to decrease the inversion time signi�cantly. The inversion time and computa-
tional speed of course depends on the amount of illumination incident angles used,
the resolution and the accuracy that one would like to reconstruct etc. In the world,
not many research groups have coupled the TDM to an inversion algorithm that
takes into account multiple scattering and the polarization e�ects and provides such
a super-resolution image. Also, working in re
ection con�guration with TDM is
challenging. These were some of the specializations of our group (SEMO, Institute
Fresnel, Marseille).

To demonstrate further the robustness of coupling the TDM with non-linear
inversion algorithm we tested further complicated samples than the one presented
in this section.

b) Sample with one missing branch

To demonstrate the e�cacy of our method and in-dependency of the symmetric na-
ture of samples, we fabricated a sample with a resin branch missing [Fig. 3.7]. The
dark-�eld image [Fig.3.8.A], 3D-FFT [Fig.3.8.B], x̂x̂+ŷŷ polarized TDM [Fig.3.8.C]
and full-polarized TDM [Fig.3.8.D] results corresponding to the sample are pre-
sented.

The missing branch is very evident from all the techniques from the above images.
The resolution and discussions for the reference star sample are also applicable to
this particular sample. The inability of x̂x̂ + ŷŷ TDM to resolve diagonal branches
is clearly seen in this sample by comparing Fig. 3.8.C and 3.8.D. Though the sample
is asymmetric the reconstruction algorithms provide similar permittivity estimate
and resolution.
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Figure 3.7 : SEM image of sample with one missing branch compared to the
sample shown in Fig. 3.6.
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Figure 3.8 : Results of star sample with one missing branch. Fig.A: Full-
polarized dark-�eld image. Fig.B: Transverse cut along the center of the full-
polarized 3D-FFT reconstruction. Fig.C: Reconstructed permittivity averaged over
the sample’s height using x̂x̂ + ŷŷ TDM. Fig.D: Reconstructed permittivity aver-
aged over the sample’s height using the full-polarized TDM at � = 475nm.

c) Sample with misaligned branches

To further demonstrate the e�ciency of our technique in retrieving the alignment
of sample branches we fabricated a sample as shown in Fig.3.9, two of the sample
branches were misaligned in comparison to the reference sample.

Again, the full-polarized TDM provides best results with better resolution com-
pared to other methods. The misaligned branch at the bottom is not very well
resolved with x̂x̂+ ŷŷ TDM, whereas full-polarized TDM resolves better. The other
methods; 3D-FFT and dark-�eld image fail to provide conclusive evidence on the
misaligned branches.

The resolution we obtained with the non-linear inversion method is one of the
best considering marker-free nature of the sample. We explored the possibilities to
extend the resolution beyond what is obtained in this section, but experimental noise
was one of the issue preventing the inversion procedure from converging. It would



3.4 TDM imaging in noisy environment 79

Figure 3.9 : (SEM image of sample with one branch misaligned compared to
sample Fig. 3.6.
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Figure 3.10 : Results of star sample with misaligned branches. Fig.A: Full-
polarized dark-�eld image. Fig.B: Transverse cut along the center of the full-
polarized 3D-FFT reconstruction. Fig.C: Reconstructed permittivity averaged over
the sample’s height using x̂x̂ + ŷŷ TDM. Fig.D: Reconstructed permittivity aver-
aged over the sample’s height using the full-polarized TDM at � = 475nm.

be advantageous to have a procedure to handle noisy TDM experimental data. I will
now explain such a method to locate and reconstruct the samples when the TDM
data is corrupted by experimental noise.

3.4 TDM imaging in noisy environment

In this section, we study the detection and the localization of objects in a noisy
environment. It is a major issue because all the imaging applications have some
level of noise or we are interested in a particular features of a sample in a very
noisy data. Usually, the features of a sample maybe buried in the heterogeneous
noise due to experimental noise, heterogeneities of the host medium etc. It is also
of interest to localize a particular area of the sample and reconstruct, this would
mean smaller area of reconstruction. The above discussed topics has been widely
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researched in acoustics and electromagnetic domains and lead to development of
several numerical treatments to obtain meaningful image from noisy data[118{120].
The time reversal technique or its monochromatic counterpart, DORT procedure
(for the French acronym d�ecomposition de l’op�erateur de retournement temporel,
Time Reversal Operator Decomposition) has emerged has the powerful technique to
identify the sample features from noisy environment.

3.4.1 Principle of DORT

Let us understand the time reversal concept �rst. It is based on the idea that the
wave propagation does not vary in a lossless non-magnetic media. We will take the
help of wave equation to understand this, given by

r
2E(r; t) � �0"(r)

@2

@t2
E(r; t) = 0: (3.22)

The solution to the above equation is E(r; t), the vectorial electric �eld in the 3D.
With �0 and "(r) are the magnetic permeability and electric permittivity of the
medium, respectively. In the above equation we have a second order time-derivative
operator which depends on time t. For any scattered �eld E(r; t), there is E(r; �t),
which is also a solution to the Eqn. 3.22. This is called time reversal invariance. The
solution E(r; �t) means we have a wave which converges coherently to the emitting
sources. So far we were in the time domain.

We will now understand the building of the scattering matrix in Fourier space.
Let us assume, we have several scatterers in a sample. We illuminate the scatterers
successively by electromagnetic excitation l=1,...,Ns. For each illumination l, we
measure the scattered �eld at the detector pixels called receivers, m=1,...,Nr. From
this we build a complex scattering matrix Klm, with l being the illumination �eld and
m being the detection pixel. Observe the similarities between the TDM illumination
and detection schema with the construction of scattering matrix K.

In case of lossless medium, the time reversal and the complex conjugation are
equivalent operations. So, the illumination becomes detection pixel and detection
becomes illumination pixel Klm = Kml. The conjugate transpose matrix of K is
described by Ky. The time reversal operator (TRO) can then be described by L =
KyK. L is a Hermitian operator with eigenvalues being positive real valued and its
eignevectors are orthogonal in nature [121].

The DORT is time reversal’s counterpart in frequency domain. DORT consists in
analyzing the eigenvalues and eigenvectors of the Time Reversal Operator (TRO),
in order to synthesize incident �elds that focus selectively on targets of interest.
We have two important properties of L. First, the number of dominant eigenvalues
depends on the number of scatters present in the sample. The eigenvector associated
with the eigen value permits us to localize and focus selectively. This procedure
requires to record the complex �eld (amplitude and phase) scattered by the sample
for various illuminations in order to build the scattering matrix K of the target (K
relates the incoming �eld to the outgoing one).
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Relation between DORT and SVD

As explained above time reversal operator can be represented by L = KyK. It can
be shown that (KyK)y = (KyK). Which means that Ly = L. The eigenvalues and
the eigenvectors of the matrix L can be calculated. Which can be represented as
L=v�vy, with � being singular values and u & v representing unitary matrices.

Now, the Singular Value Decomposition (SVD) can be performed on the scatter-
ing matrix K directly. Which would yield, K=v�uy. It can be shown that KyK =
v�vy.

This means that DORT utilizes the intensity of the �eld and SVD utilizes the
complex �eld itself. Using SVD, it can be shown that for point-like scatterers in the
single scattering regime, a few singular vectors of K (or equivalently, the eigenvectors
of the time reversal operator KyK where y denotes the conjugate transpose), here-
after called the DORT vectors, correspond to incident �elds that focus selectively
on the targets [122, 123]. This method has been recently applied in optical domain
to perform focusing on gold nanoparticles placed under an aberrating layer [124].

DORT inversion

The DORT or time reversal technique permits to identify and localize the scatters
located in the sample. This is done by generating agile incident �elds that focus
on targets embedded in a randomly inhomogeneous medium. But this method does
not provide images of the sample that we would like to reconstruct [124]. To ob-
tain quantitative information about the samples (geometrical size and permittivity)
additional data processing and inversion is required[120, 125].

DORT has to be combined with an inversion procedure to obtain quantitative
information. The inversion procedure can be the procedure explained in the section
Sec. 3.3.3. Recently, it was proposed to apply an inversion procedure on data ob-
tained with DORT illuminations [124, 126]. It was shown on simulated data that
this combined DORT-inversion approach was signi�cantly better than standard in-
version techniques for estimating targets buried in an inhomogeneous soil. The
DORT illuminations dimmed the in
uence of the clutter and allowed the restriction
of the investigation domain to small regions surrounding the targets [126]. We lo-
calize and we construct only around a small region around the target that we are
willing to reconstruct. In this section, we adapt this procedure to optical microscopy
and show experimentally its interest for imaging objects of various sizes in a noisy
background [121].

Since we have access to the complex scattered �eld data from the TDM measure-
ment, we can perform the DORT to localize and SVD to reconstruct the sample. We
demonstrate the powerfulness of this method by demonstrating it on experimental
TDM data set in this section to reconstruct the samples.

3.4.2 Application of DORT to TDM

We have seen that the full-polarized TDM enables to reconstruct the sample 3D
permittivity map with a resolution about one-fourth of the wavelength whatever the



82 3.4 TDM imaging in noisy environment

direction in the transverse plane. In this section, we apply the DORT and inversion
procedures to reconstruct the samples on TDM data corrupted with experimental
noise.

With the classical TDM inversion procedure, the sample is reconstructed with
a domain larger than sample. If we have a sample with small interesting features,
reconstructing the whole sample is time consuming. To avoid this we can perform
selective reconstruction by knowing the location of the targets beforehand inside the
sample. DORT can help in localization of the targets. We can take a small domain
for reconstruction around the target and reconstruct the target quantitatively.

To apply DORT inversion to the TDM data, we will process it and construct a
scattering matrix as follows.

In TDM, the sample is illuminated with a collimated beam under various inci-
dent angles and polarization states and its scattered �eld (phase and amplitude) is
recorded for a large number of observation directions within the Numerical Aperture
(NA) of the microscope objective. We have seen the reconstruction of the sample
in scalar approximations in the previous chapter and the non-linear inversion tech-
niques in this chapter. The interest of TDM is that it provides directly the scattering
matrix of the sample and it is thus perfectly adapted to the implementation of the
DORT-inversion procedure.

A full-polarized measurement has to be performed to obtain the scattering matrix
K. The illumination and the detection schema for the full-polarized measurement
was discussed in section Sec. 1.6.2.1. To recall, the illumination and detection is per-
formed as x̂D̂1, ŷD̂1, x̂D̂2 and ŷD̂2, with �rst letter representing the illumination
polarization and the other representing the detection polarization.

There are three steps involved in applying DORT-inversion. First is to build
suitable scattering matrix from measured TDM data. Second step is to perform
eigenvalue decomposition of the time reversal operator. The �nal step to perform
inversion.

For �rst step, let us say, I illuminate the sample with incidences m=1,2,...,M. To
build a scattering matrix suitable for DORT-inversion, I need to project the incident
�eld x̂ and ŷ to obtain ŝ and p̂ respectively. Where, ŝ is polarization P or TM and
p̂ is polarization S or TE.

�
p̂
ŝ

�
=

�
cos �inc sin �inc

�sin �inc cos �inc

� �
x̂

ŷ

�
; (3.23)

By this way, we obtain the scattered �eld corresponding to di�erent incident
angles l and two incident polarization states S and P, for N observation directions.
Here, N is the number of pixels on the camera used for detection. Similarly, the
measured scattered �eld (D̂1 and D̂2) can be decomposed in to S and P polarizations
respectively. So, for each incident angle m, at the detection pixel on the camera n,
four di�erent groups of data can be observed, as Kpp

mn, Kps
mn, Ksp

mn and Kss
mn. The

�rst letter of the superscript indicates the polarization state of the illumination (TM
or TE), and the second letter indicates the projection of the vectorial scattered �eld
on the polarization state TM or TE. Then we can construct a scattering matrix K
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of dimension 2M � 2N .

K =

0
BBBBBBBBBBBBB@

Kpp
11 Kpp

12 : : : Kpp
1N Kps

11 Kps
12 : : : Kps

1N

Kpp
21 Kpp

22 : : : Kpp
2N Kps

21 Kps
22 : : : Kps

2N
...

...
. . .

...
...

...
. . .

...
Kpp

N1 Kpp
N2 : : : Kpp

NN Kps
N1 Kps

N2 : : : Kps
NN

Ksp
11 Ksp

12 : : : Ksp
1N Kss

11 Kss
12 : : : Kss

1N

Ksp
21 Ksp

22 : : : Ksp
2N Kss

21 Kss
22 : : : Kss

2N
...

...
. . .

...
...

...
. . .

...
Ksp

M1 Ksp
M2 : : : Ksp

MN Kss
M1 Kss

M2 : : : Kss
MN

1
CCCCCCCCCCCCCA

: (3.24)

In theory, the scattering matrix K is strictly symmetrical (due to the reciprocity
theorem), see the thesis of T.Zhang [92]. In the experimental con�guration, we illu-
minate with few angles compared to the number of detection points on the detector.
The non-symmetrical behavior can be corrected by replacing each element Kmn, by
1
2
(Kmn + Knm) [127]. But the singular value decomposition (SVD) can be directly

performed on the matrix K, without symmetrizing the scattering matrix [128].
The second step is to calculate the singular value decomposition and observe

them being focused on the scatters. We calculate the SVD of the scattering matrix
K, K =

P2M

j=1 vj�ju
y
j, where �j is the singular value of K, which is real and non-

negative. In this expression, the 2N vector vj gives the vectorial �eld di�racted by
the sample when the illumination is a sum of plane waves with directions km = 1:::M
with p̂ and ŝ amplitudes �xed by the 2M vector uj. Due to the reciprocity theorem,
the 2M vector uj can also be interpreted as the vectorial �eld di�racted along the
�km = 1:::M direction when the illumination is a sum of plane waves with directions
kN=1...N and p̂ and ŝ amplitudes �xed by the 2M vector vj. For forming the DORT
agile illuminations, it is preferable to consider the reciprocal con�guration as the
beam given by vj contains many more plane wave directions than that given by uj.

To get an insight on the focusing property of vj=1,...,2M beams, its �eld ESV
j (r)

in the sample domain is generated by propagating each plane wave component in a
simpli�ed medium made of a bare air-silicon interface. One gets,

ESV
j (r) =

NX

q=1

v
p
j(n)Ep(r; �km) + vs

j(n)Es(r; �km); (3.25)

where Ep;s(r; �km) is the �eld at r obtained when the silicon interface is illuminated
by a s or p polarized plane wave with direction �km and v

p
j(n) or vs

j(n) is the p or
s polarized component of vj for the n-th direction.

For each single point-like scatterer, there exists one signi�cant singular value
in case of a scalar illumination and detection [92]. Since we are illuminating and
detecting with two polarizations (s and p), we will have two dominant singular values
for each scatterer. However it has to be noted that the number of singular values
corresponding to a scatterer will depend on the background medium, size of the
scatterer, illumination polarization etc..
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The third step is the improvement of the sample characterization using an itera-
tive inversion method explained in Sec. 3.3.3 on a area or a feature of the sample of
interest. This takes advantage of the DORT focusing properties to identify the area
or the feature of interest. Instead of running the inversion procedure on the 2M �
2N scattered �eld of the scattering matrix K that are obtained for the 2M plane
wave illuminations, we consider the 2M � 2M scattered �eld given by uj=1,...,2M
obtained for the 2M agile illuminations vj=1,...,2M. This means selecting only a
small region of interest inside the full focused �eld. Note that, as long as all the
singular vectors are kept in the reconstruction procedure, the DORT preprocess-
ing corresponds to a simple rearrangement of the data and not to a data reduction
technique. The diminished size of the data and the smaller area of reconstruction
helps in obtaining the 3D result faster, resulting in gain in the non-linear inversion
time. The diminution of the scattered �eld data is entirely compensated by the
information carried out by the complex illumination patterns.

The above stated DORT or SVD inversion can be applied to TDM experimental
data for reconstruction.

3.4.2.1 Experimental result
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Figure 3.11 : Sample geometry in the transverse cut plane. It is composed of four
resin cylinders with permittivity 2, height 170 nm and di�erent radii deposited on
a silicon substrate with permittivity 15.07+0.148i at the illumination wavelength
632.8 nm.

The experimental setup of the TDM is discussed in detail in chapter Chap. 1 and
section Sec. 1.6. For the DORT-inversion, I illuminate a sample with � = 632:8nm
light and an air objective with NA=0.95 (Zeiss Epiplan-Apochromat �50). The
sample used for the demonstration is shown in Fig. 3.11. The sample under study
is made of four resin cylinders with permittivity 2, height 170 nm and radii 250 nm,
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200 nm, 150 nm and 100 nm, deposited on a re
ective silicon substrate, as shown
in Fig. 3.11. For estimating such a thin sample with global transverse width about
7 wavelengths, M = 5 � 5 directions of illumination and N = 60 � 60 directions of
observation regularly spaced within the NA of the objective have been taken. The
number of observation points ensures that the scattered �eld is correctly sampled
while the number of illuminations ensures an appropriate data over unknown ratio
in the reconstruction process as will be shown below. The experiment is conducted
with 25 illuminations, with �max

inc = 61�, and �inc is evenly distributed between 0
and 360�. To retrieve the components of K which are close to the specular region,
we conducted two measurements, one with the sample and one without the sample
(sole the silicon substrate). By subtracting these two �elds we were able to partially
recover the scattered �eld in the specular region.

First, the experiment was performed on the sample (Fig. 3.11) without any noisy
medium. The bright �eld image of the sample is obtained by summing up all the
total �eld intensities as discussed in detail in the previous chapter, section Sec. 2.3.
It is shown in Fig. 3.12.A. The four cylinders are clearly visible with varying width.

Now, we test the focusing property of the SVD. Fig. 3.12.B displays the sum
of the intensities of singular vectors back propagated following Eqn. 3.25 at z=
100nm above the substrate. The four bright patterns that are visible over a null
background demonstrate the focusing properties of these agile illuminations. Yet,
the three-dimensional intensity distribution remains signi�cantly di�erent from that
of simple focusing beams, see Fig. 3.12.G as it re
ects the complexity of the DORT
vectors behavior when the scatterers size is comparable to the wavelength and the
imaging con�guration is not free-space. In particular, the rather small axial width
of the focused �elds is due to the interference between the incident plane waves and
their re
ection by the silicon substrate [129].

The DORT processing permits, thanks to its focusing properties, Fig. 3.12.B,
the restriction of the investigation domain 
 to the most illuminated regions. As
a result, the computation time required by the inversion is drastically reduced and
the reconstruction is more accurate. The sample is reconstructed by running the
inversion process on a 2 � 2 � 0.25�m3 investigation box centered about each
cylinder successively. Note that when the targets exhibit very di�erent scattering
power, a successive selective inversion is more e�cient than a global reconstruction.

Fig. 3.12.C-F display the transverse cut of the permittivity map of each cylinder
and an axial cut of the permittivity of the biggest cylinder is seen in Fig. 3.12.H. We
observe that the quantitative inversion improves signi�cantly the characterization of
the targets as compared to the DORT image especially in the axial plane, compare
Fig. 3.12.G and Fig. 3.12.H. The reconstructions are in satisfactory agreement with
the actual permittivity pro�le and the expected resolution of about �=4 [6, 130].
The permittivity underestimation (especially for the smallest cylinder) is linked to
the overestimation of the transverse footprint due to the limited resolution.

We now consider the much more di�cult con�guration in which the sample is
placed behind an aberrating layer. To realize this, a piece of transparent plastic
foil is placed through the illumination and collection paths in the experiment, see
Fig. 1.17. The plastic foil is placed between the tube lens L1 and beam splitter
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Figure 3.12 : Noise free con�guration. Fig.A�B: Qualitative images of the
sample in the (x, y) plane. Fig.A: Bright �eld conventional microscope image
generated by summing the experimental intensity recorded at the image plane of
the TDM for the 2 L = 50 illuminations. Fig.B: DORT image obtained by sum-
ming the intensities of the �elds generated by all the singular vectors vj=1,...,2L
of the scattering matrix at z =100 nm above the substrate. Fig.C�F: Selective
quantitative reconstructions of the four cylinders. The quantitative inversion pro-
cedure is run on the scattered �elds uj=1....2L obtained for the agile illuminations
vj=1...2L. The investigation domain is restricted to a 2 � 2 � 0:25�m3 box sur-
rounding one scatterer at a time. The reconstructed permittivity map is displayed
in the (x, y) plane at z = 100 nm. Figs.G-H: Image of the sample in the (x,
z) plane along the line passing through the middle of the largest cylinder indi-
cated in subplot Fig.B. Fig.G: qualitative DORT image [as in subplot Fig.B]. The
bright tore observed above the cylinder re
ects the complexity of the DORT fo-
cusing behavior when the scatterer size is comparable to the wavelength. Fig.H:
Selective quantitative reconstruction of the largest cylinder. The scatterer shape
is signi�cantly improved compared to Fig.G.

BS2, so it perturbates the incident and scattered �elds. In this noisy con�guration,
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Figure 3.13 : Same as Fig. 3.12 but in the noisy con�guration.

the conventional bright �eld microscopy image of the sample is so deteriorated that
only the largest cylinder is visible, see Fig. 3.13.A. On the other hand, the DORT
focusing image obtained by summing all the vj=1,...,2M �eld intensities in the sam-
ple domain calculated with Eq. (1) (thus neglecting the in
uence of the aberrating
layer) permits to distinguish the four cylinders, see Fig. 3.13 [121]. The relative
size of the targets can even be roughly guessed and the axial width of the focused
beams is similar to that obtained in the noiseless con�guration about one half of
the wavelength Fig. 3.13.G. Note that the multiple scattering between the cylinders
and the aberrating layer is negligible in this experiment. Hence, the image of the
smallest scatterer in this linear regime gives a good approximation of the resolution
one can expect with this noise level.

The selective inversion procedure improves further the characterization of the
cylinders by retrieving their round shape and axial dimensions, see Figs. 3.13.C-F,
Fig. 3.13.H, albeit with a signi�cant underestimation of the permittivity. Note that,
in this noisy con�guration, the inversion procedure applied to the data without the
DORT preprocessing failed in retrieving the two smallest cylinders.
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3.4.3 SVD in image space

The treatment performed above was done in the Fourier domain. The single value
decomposition (SVD) can also be performed in the image space on a constructed
imaging matrix T . To construct the imaging matrix T, we use the four measure-
ment data sets (x̂D̂1, ŷD̂1, x̂D̂2 and ŷD̂2) explained in the previous section. To
recall, the measurement was obtained by illumination the sample (Fig. 3.11) with 25
illuminations and collecting the complex �eld data for di�erent polarization cases.
For image space SVD, I used dark-�eld data, i.e. the specular re
ection substituted
with zeros in the Fourier space (like dark-�eld imaging explained in Sec. 2.4). Now,
the four data sets with respect to each illumination and detection can be placed in
a imaging matrix T as shown below:

T =

0
BBBBBBBBBBBBBBBB@

T x̂
11D̂1 T x̂D̂1

12 : : : T x̂D̂1
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...
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12 : : : T ŷD̂1
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: (3.26)

The �rst block in the imaging matrix Tmn corresponds to the polarization x̂D̂1,
with m being the incident angle going from 1 to M and n being the detection pixels
ranging from 1 to N. Similarly, the blocks ŷD̂1, x̂D̂2 and ŷD̂2 are positioned in the
imaging matrix.

A B

Figure 3.14 : DORT inversion in the image space. A. The dark-�eld image of
the noisy data with cylinders being distorted. B. The SVD focusing property at
the location of the cylinders, obtained by summing the singular vectors.
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The singular value decomposition (SVD) can be performed directly on the T

matrix using Matlab inbuilt function. We would obtain the corresponding singular
values and the singular vectors. From here, the approach remains the same as
explained for scattering matrix K in the section Sec. 3.4.2. Using equation Eqn. 3.25,
it is possible to compute the focusing of the agile illuminations on the scattering
objects (cylinders of di�erent size).

The SVD was performed on the data set described before (same data set used
in Fourier space K) but in the image space for the noisy data set with the specular
re
ection being suppressed during the processing. The Fig. 3.14.A represents the
dark-�eld image, where it is di�cult to identify the scatterers or the cylinders. By
summing agile illuminations obtained by SVD we were able to focus and detect the
scatterers. The result of this operation is shown in Fig. 3.14.B, in the image space.
The four cylinders are seen without any clutter and reveling their location. Now,
each individual cylinder can be selected and corresponding data can be extracted
in the image space. This data can be further processed with non-linear algorithm
described previously in this chapter to obtain the 3D reconstruction with better
resolution.

The interest of performing SVD in image space is its simplicity. The SVD is
performed directly in the image space and direct extraction of the location of the
cylinders is performed. In case of the Fourier space SVD, the treatment is performed
in the Fourier space and its focusing property is observed in the image space. The
cylinder of interest is selected for the reconstruction in the image space and inverse
Fourier transformed back to perform selective non-linear inversion. Comparing the
result in the Fourier space SVD shown in Fig. 3.13.B and the image space SVD
shown in Fig. 3.14.B, they both reveal the location of the cylinders, with later
providing better focusing without distortion of cylinders. This is mainly due to
the fact that Fourier space SVD was performed with usual data treatment and
image space SVD with dark-�eld data. To recall, the usual data treatment being
performing two measurements, one with sample on the substrate called total �eld
measurement and other without the sample (on bare substrate) called reference �eld
measurement. After normalization, I subtract reference measurement from the total
�eld measurement I suppress the specular re
ection to obtain scattered �eld from
sample only. But the specular re
ection is not completely suppressed. Whereas
the image space SVD was performed with the specular re
ection substituted with
zeros (like dark-�eld imaging explained in Sec. 2.4) along with the data treatment
performed on Fourier space SVD. The smallest cylinder in the image space SVD is
faintly visible compared to the Fourier space SVD. Both methods provide equivalent
results, any of these methods can be adapted to locate the scatterers in noisy data
set.

I have demonstrated the usefulness of SVD in dealing with noisy TDM data.
In the previous section (Sec. 3.3), I have shown that a transverse resolution of
100nm can be achieved with non-linear inversion procedure. Now, we would like to
combine these two procedures (non-linear inversion + SVD treatment) in addition
with an approximate knowledge about the sample to further improve the transverse
resolution, presented in next section.
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3.5 Bounded inversion method for �=10 resolution

In this section, we present a sophisticated inversion technique which takes advantage
of the imposition of binary behavior to the permittivity distribution in the non-
linear inversion procedure and noise reduction procedure using SVD explained in
the previous section for the improvement of the data. With those we obtain an
unprecedented �=10 resolution on complex objects, experimentally.

Thanks to the non-linear inversion algorithm, it gives us the possibility to add a
priori information about the object under reconstruction. Usually we poses minimal
information about the objects that we would like to reconstruct. This minimal
information can be introduced in the non-linear inversion program, helping it to
converge faster and better. The minimal information that we will introduce in this
section is the permittivity bound. We don’t specify the exact permittivity value of
the object that we are trying to reconstruct in 3D, but minimum and maximum
bound of the permittivity value is provided to the algorithm.

Along with a priori information, we also calculate the singular vectors and Eigen
values corresponding to the data. Summing of the singular explained in Sec. 3.4.2
provides focusing on the sample and helps the inversion procedure to better converge
iteratively. In other words, the DORT or SVD procedure bring the noise reduction
in the data.

Both the above steps helps in achieving �=10 resolution, demonstrated here ex-
perimentally. This development should �nd general applications each time the target
is made of a known material, particularly in the nanotechnology or solid-state do-
mains.

The permittivity distribution "(r) within a bounded investigation domain 
 was
reconstructed from the scattered far-�eld data using non-linear inversion reconstruc-
tion algorithm, hereafter called Bounded Inversion Method (BIM). This took advan-
tage of the knowledge of the object and background permittivity values, "ref and
"background respectively. Several techniques can be used for implementing this a priori
information in inversion schemes. Some of them impose strictly two values to the
permittivity distribution [131, 132], others are less constraining and use an auxiliary
function to bound "(r) between "ref and "background [132]. We have implemented the
latter option as it can be readily implemented in a standard gradient minimization
method. More precisely, the permittivity contrast �(r) = "(r) - "background in 
 was
estimated iteratively by minimizing a cost functional F (�) [126] representing the
distance between the experimental data fmes

l;m (�) and the �eld f sim
l;m (�) that would

be scattered by the permittivity estimate:

F(�) = =

PL

l=1

PM

m=1



fmes
l;m � f sim

l;m



2

PL

l=1

PM

m=1



fmes
l;m



2 ; (3.27)

The f sim
l;m was simulated rigorously, thus accounting for multiple scattering if any,

by solving Maxwell equations (see the previous two sections for a description of the
forward and inverse problems). To constrain the permittivity, the contrast � was
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written in the form,

� = ("ref � "background)
�
1 � exp(��2)

�
(3.28)

where � became the novel parameter of the inversion algorithm. Using this formu-
lation, least � corresponds to the background medium and maximum � corresponds
to the object. At each iteration, � was modi�ed along a descent direction which
depended on the gradient of the cost function with respect to � times the derivative
of� with respect to �. By construction, the descent direction tends towards 0 for
small and large � and thus promotes the extreme values �background or �ref for the
estimated permittivity.

Experimental result

We now try to demonstrate the feasibility of this method on several samples from
the experimental data. We considered a sample made of 12 resin rods ( "ref=
2), of length 520nm, width about 97nm and height 140nm touching each other at
the center of the star, see Fig. 3.15.A. Note that the spacing between the rods is
always inferior to the Rayleigh limit, even at the external border where it reaches
320nm. The sample was illuminated with 44 incidence angles with a NA=0.95 and
the scattered �eld data is measured for four di�erent polarization combination with
� = 475nm. The full-vectorial data set is built and normalized and non-linear
inversion can now be performed on this data.

Despite a moderate contrast and small 140nm height, we observed with rigorous
simulations that the sample (Fig. 3.15.A) supports multiple scattering and that the
noise on the experimental data is about 55%. The noise was estimated by replacing
f sim

l;m (�) in Eqn. 3.27 with the f sim
l;m (�true), with the later being the �eld calculated

using the forward problem for the sample shown in Fig. 3.15.A. Such a numerical
forward calculation provides the scattered �eld one would obtain from the sample
without noise.

We �rst examined the sample using classical microscopy. As expected, the dark-
�eld microscope image, Fig. 3.15.B, obtained by summing the di�racted intensities
recorded at the image plane for all the illuminations, retrieved a doughnut without
any hint about the rods. The standard tomographic reconstruction (using a Fourier
transform technique for processing the data ), did not show any improvement either
(not shown in �gure). In contrast, the rods were visible up to mid-length on the
non-linear reconstruction Fig. 3.15.C and were spectacularly retrieved on the BIM
reconstruction Fig. 3.15.D. The axial-cut along the axial z direction versus the curvi-
linear abscissa of the reconstructed rods are shown in Fig. 3.15.E, it shows the rods
separately with accurate estimation of height of the rods. More precisely, the air
wedge between the resin branches could be retrieved by non-linear inversion down
to 150nm 3.15.C and by BIM down to 50nm 3.15.D [133].

To push further the investigation on the limits of our imaging technique, we
considered in a second example a star-sample made of rods of width 76 nm, length
about 490 nm and height 140 nm Fig. 3.16.A. With this smaller and less scattering
sample, the experimental noise was estimated to 85%. Unsurprisingly, classical



92 3.5 Bounded inversion method for �=10 resolution

microscopy and standard tomography failed to image the sample, see Fig. 3.16.B. On
the other hand, the rods started to be visible in the HM reconstruction Fig. 3.16.C
and were retrieved up to their contact point by BIM, Fig. 3.16.D. More precisely, in

A

C D

300 nm

B

E

Figure 3.15 : Images of a resin star-sample of 97 nm wide rods of length 520
nm on a Si substrate. Fig.A: Scanning electronic microscope image. Fig.B: Dark
�eld microscopy with NA=0.95. Fig.C: Reconstruction obtained with non-linear
inversion method from Tomographic Di�raction Microscopy data with NA=0.95.
Fig.D: Permittivity reconstruction obtained with BIM using the knowledge of the
resin permittivity from the same data as Fig.C. Fig.E: Permittivity distribution in
the axial z direction versus the curvilinear abscissa of the dashed circle in Fig.D.
The mesh size taken for all the reconstructions is 20 nm. BIM is able to distinguish
the rods down to an inter spacing about 50 nm. The width of the rods is estimated
to 117 nm in average (between 5 and 6 pixels). The color code indicates the level
of relative permittivity in Figs.C and D at � = 632:8nm.
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this noisier experiment, the air wedge between the branches could be retrieved by
non-linear inversion down to 200 nm and by BIM down to 50 nm.

Most impressively, BIM was able to tell the di�erence between rods of width
97 nm and rods of width 76 nm, compare Fig. 3.15.D and Fig. 3.16.D. The average
values of the reconstructed rods width, measured at mid-length over all the branches,
was 117 nm for the �rst sample and 87 nm for the second one. This result is in
agreement with the air wedge retrieval and suggests that, on these examples, the
resolution of BIM was about 50 nm if not better.

In case of non-linear inversion the reconstruction was better than the Rayleigh
limit of 330 nm. In addition, introducing a priori information on the target, as
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Figure 3.16 : Same as Fig. 3.15, but the rods width is 76 nm and their length
is 490 nm. Similarly to Fig. 3.15, BIM is able to distinguish the rods down to
an inter spacing about 50 nm. The rods width is estimated to 87 nm in average
(between 4 and 5 pixels) at � = 632:8nm.
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in BIM, had a strong e�ect on the accurate recovery of the object high spatial
frequencies. The resolution of the BIM images reached about 50 nm. To point out
the interest of the binary constraint on the permittivity retrieval, we compared the
BIM reconstructions to that given by an iterative inversion algorithm presented in
the previous section, that assumes only the positivity of the sought permittivity.

We have demonstrated the best transverse resolution with the TDM and in
marker-free microscopy of about 50nm at � = 632:8nm.

3.6 Conclusion

Tomographic di�ractive microscope (TDM) images reconstructed by the most of
the research teams around the world are performed under Born approximation for
low permittivity contrast objects. Though this approach limits the resolution, it is
twice better than the Rayleigh criterion resolution. On the other hand, the TDM
had not been applied to samples deposited on a substrate and for samples with high
permittivity contrast. In this chapter, it was demonstrated by applying accurate
inversion techniques the possibility to achieve even better transverse resolution and
3D geometrical quantitative reconstruction of sample with the permittivity map.
This was possible due to the accurate modeling of the scattering of light and taking
into account the polarization of the light. The polarization is important to achieve
isotropic transverse resolution. Using non-linear inversion algorithms on complex
measured TDM data a transverse resolution of 100 nm was achieved at � = 475nm.

The application of singular value decomposition (SVD) or Decomposition of Time
Reversal Operator (DORT) to identify scattering objects in noisy TDM data was
demonstrated experimentally. This will help in identifying individual objects and
reconstructing them better in noisy TDM measurements. Combination of SVD
noise reduction technique and if the permittivity bound of the sample is known, the
transverse resolution can further be improved to 50 nm (�=10) at � = 632:8nm, best
ever transverse resolution achieved in the marker-free optical microscopes.

The TDM reconstruction techniques under Born approximation in chapter 2
provided quick reconstruction of sample with reduced transverse resolution. This
chapter demonstrated the need and the power of accurate techniques to improve
transverse resolution and obtain 3D quantitative material properties map. The
axial-resolution still remains a problem with the best possible axial-resolution being
about �. We will try to improve the axial resolution of optical microscopes in the
next chapter.



Chapter 4

Mirror-assisted tomography: axial
resolution improvement

\There are two ways of spreading light: to be the candle or the mirror that re
ects
it."

-Edith Wharton, Writer

4.1 Introduction

The axial resolution of optical microscopy and optical di�ractive tomography mi-
croscopy is several times worse than the transverse resolution in transmission con-
�guration. This is due to the inability to illuminate and detect the light from all
possible directions on an object under observation. The illumination and observa-
tion is usually performed in one side of the object. If an object is illuminated from
all possible directions, the object scatters the light in 4� steradians, but we usu-
ally detect with an objective with a �xed NA. The scattered �eld within the reach
of the NA of the objective is only collected, the remaining �eld goes undetected.
The remaining scattered �eld is important for the isotropic resolution. Similarly to
collecting the scattered �led in all directions it is also crucial to illuminate in all
possible directions. The illumination and detection both are essential for isotropic
resolution.

In this context, several ideas had been proposed to overcome the asymmetry and
to improve the angular coverage of a microscope. One of the widely explored idea
is to illuminate and detect with 2 objectives which are positioned at opposite di-
rections to each other with object between them, called 4Pi microscope [134]. This
needs precise positioning of the two objectives. In the similar context of two objec-
tives, theta microscope has also been proposed [135]. In this, one of the objective
for collection is positioned at an angle to the illumination axis. This objective helps
to collect the scattered �eld that is not collected with single objective setup. On the
other hand, the idea of sample rotation is being explored as an alternative too. The
principle is to rotate the sample, which facilitates to illuminate and detect along
a particular axis of rotation [28, 61, 136], this was further extended by performing
tomography on the rotating sample to have better angular coverage for illumination
and detection [137]. The idea has been successful but are limited to certain objects
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that are rotatable. The rotation can be performed with optical tweezers while ob-
serving with TDM as well [138]. But rotating a sample needs precise maintenance of
the center of rotation. In spite of these methods, the image resolution remains below
the resolution one would obtain with an isotropic con�guration, when the sample is
illuminated and detected in all possible directions.

To overcome these challenges, we explore the idea to illuminate and detect in all
possible directions, the idea of mirror-assisted tomography was proposed by Mudry
et al. [3] to address this problem. This method involves deposition of sample on top
of a mirror and perform tomography. A mirror-assisted tomographic microscope
includes the advantages of both transmission microscope and re
ection microscope
con�gurations. Thanks to the re
ection of the mirror, the sample is illuminated and
observed in both directions. The sample then has to be numerically reconstructed
by taking in to account the presence of the mirror.

In this chapter, we will understand the need of mirror-assisted tomography, its
advantages, the sample fabrication and the experimental results and challenges in
details. I studied the sample requirements for the experimental demonstration of
the axial-resolution improvement with non-linear inversion program. The fabrication
was performed in LPN, Marcoussis. I took part in optimizing the fabrication steps.
I performed measurements with the samples, treated the data and used non-linear
inversion algorithms to show the �rst results on mirror-assisted tomography. The
preliminary results show spectacular improvement brought about by the mirror-
assisted tomography for axial-resolution.

4.2 Problem statement

Let us understand the axial resolution problem in optical microscopy. As stated in
the section 1.5.4, if we place ourselves in the context of the Born approximation,
using the angles of illumination and detection in all possible directions, with 4�
steradians, provides a perfectly isotropic resolution to reconstruct the object: it is
called the complete con�guration (Fig. 1.14). To achieve such a con�guration one
has to illuminate and detect in the all possible directions on a objects as shown in
Fig. 4.1.A. It is however di�cult to achieve in practice because of the need to use
several objectives to illuminate and detect in several directions.

With the tomography approach, it is possible to illuminate and detect in sev-
eral directions beyond just one illumination angle. But even the tomography ap-
proach does not provide a complete con�guration. Tomographic microscope is either
used in transmission con�guration or re
ection con�guration. Almost all the tomo-
graphic microscopy research groups adopt a con�guration in transmission (shown
in Fig. 4.1.B). In this con�guration, object is illuminated with one objective and
detected with another objective placed in the opposite side to each other. This
transmission tomography microscopy con�guration should enable to do better than
the Rayleigh criterion in transverse resolution, but the axial resolution is signi�-
cantly worse, and that of at least a factor of 3 ([19], p. 491). This is due to the fact
that the �eld scattered by the object is collected with a limited NA of the objective
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A B

C D

Mirror

Figure 4.1 : Di�erent possible con�gurations used for imaging in microscopy.
Fig.A: Isotropic or complete con�guration (hypothetical con�guration). Fig.B:
Transmission con�guration. Fig.C: Re
ection con�guration. Fig.D: Mirror-
assisted con�guration

used for detection and only in a single direction. The OTF of the transmission con-
�guration is shown in Fig. 1.8. The PSF corresponding to it is shown in Fig. 1.9.
The PSF is elongated in the axial direction, also explains the poor axial resolution
with transmission con�guration.

However, in the re
ection con�guration (shown in Fig. 4.1.C), the sample is
illuminated and detected with single objective from the same side of the object.
Compared to the transmission con�guration, in the re
ection con�guration we detect
di�erent scattered �eld components. This can be understood with help of OTF
shown in Fig. 1.12. The detected spatial frequency components are di�erent and
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the range of detected frequencies also vary. To recall, the re
ection PSF is complex
in nature (shown in Fig. 1.13).

By putting together the transmission tomography OTF (Fig. 1.8) and re
ection
tomography OTF (Fig. 1.13), we �ll OTF with more spatial frequencies in the axial
direction for one-half of the OTF as shown in Fig. 4.2.
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Figure 4.2 : Combination of transmission con�guration and re
ection con�gu-
ration OTF, which is Fig. 1.8 + Fig. 1.12 for NA= 0.95. This yields better axial
OTF support.

But the disadvantage is that we have to perform two measurements on the same
sample, once in transmission and once in re
ection with same illumination and de-
tection tomography schema just to �ll better the one-half of the OTF. It would
be advantageous to perform single tomographic measurement to have both trans-
mission and re
ection spatial frequencies and �ll better the OTF close to isotropic
con�guration. This leads us to the mirror-assisted tomography.

4.3 Solution: Mirror assisted tomography using

non-linear inversion

As transmission and re
ection con�gurations provide di�erent spatial frequency com-
ponents in the OTF, combining both these would be an ideal case to better �ll the
OTF and improve the PSF. Assuming a numerical aperture of 0.95, this combined
con�guration that can be approximated by breaking it successively in to two trans-
mission measurements and two measurements in re
ection, according to the two
possible orientations of the optical axis. We will understand this with help of the
Fig. 4.3. The transmission measurements are represented in Fig. 4.3.A with 1 and
2 from two opposite sides of object for illumination. The respective transmission
components are detected along the directions 4 and 3 in Fig. 4.3.A. Similarly, for
re
ection measurement one has to perform two measurements, represented by 1
for illumination with 3 for detection and 2 for illumination with 4 for detection in
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Figure 4.3 : Fig.A: General microscopy con�gurations, �rst transmission

measurement: illuminated along 1 and detected along 4, second transmis-

sion measurement: illuminated along 2 and detected along 3, �rst re
ection

measurement: illuminated along 1 and detected along 3 and second re
ection

measurement: illuminated along 2 and detected along 4. Fig.B: Mirror-assisted
tomography: this con�guration includes two transmission measurements (il-
luminated along 1, mirror with its re
ection helps in detecting transmission com-
ponents 4 and illumination along 2 with detection along 3) and two re
ection

measurements (illuminated along 1, detection of re
ection components along 3
and mirror illuminates the sample 2 with detection along 4). Note that all these
components are mixed.

Fig. 4.3.A. One can be convinced by considering support for spatial frequencies ac-
cessible in Fourier space for combination of the 4 measurements, we better �ll the
OTF.

To combine these steps and get as close as possible to the full con�guration, the
approach that I have initiated is to place the object to reconstruct on top of a mirror
and use a tomographic re
ection con�guration [3]. This is shown in Fig. 4.1.D and
Fig. 4.3.B. The mirror is perpendicular to the optical axis of the microscope and the
sample is between the mirror and the objective (see Fig. 4.1.D). The di�racted �eld
is the coherent superposition of the �elds that would be obtained from both sides of
the object in re
ection and transmission. The Fig. 4.3.B helps us to understand how
we can obtain the coherent superposition of transmitted and re
ected components
in single measurement.

In Fig. 4.1.D the sample on top of mirror is illuminated once but it involves
various con�gurations as shown in Fig. 4.3.B. The light can be transmitted directly
through the object and re
ected from the mirror to the detector surface as shown in
Fig. 4.3.B by 1 and 4. Or it can be re
ected from the mirror directly and transmits
though the object shown by 2 and 3 in Fig. 4.3.B. The other possibility is, it can
directly re
ect from the object and detected on the detector surface represented by
1and 3 in Fig. 4.3.B. One more re
ection possibility is by light re
ecting on the
mirror and re
ected by the object and reaching the detector, shown by 2 and 4 in
Fig. 4.3.B. So, a single mirror-assisted tomography yielding 4 measurements, but
they are mixed and has to be unmixed into respective components.
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A B

Figure 4.4 : Mirror-assisted tomography OTF and PSF. Fig.A : axial cut
(K xK z) of the 3D synthetic aperture along the center of theK y axis in the
Fig. 4.5.C. Fig.B : Intensity of the PSF along the axial direction.

The mirror-assisted tomography measurement would containall the spatial fre-
quency components but they are mixed. These components can be positioned in the
3D synthetic aperture, this is demonstrated with its formation shown in Fig. 4.5.
The �nal axial cut of OTF obtained by mirror-assisted TDM is shown in Fig. 4.4.A.
It is better �lled in comparison to transmission or re
ection OTF, though there are
certain void positions still present. The PSF of mirror-assisted TDM is partially
isotropic (in both transverse and axial direction) in nature, shown in Fig.4.4.B.

Even if the Born approximation is valid, it is impossible to reconstruct the ob-
ject by a single inverse Fourier transform from the 3D synthetic aperture because
transmission and re
ection components are mixed. Using nonlinear inversion proce-
dure explicitly taking into account the presence of the mirror in the modelling then
overcomes this di�culty.

In this mirror-assisted con�guration, it is necessary, notto place the object too
close to the mirror. Because, the intensity resulting from the interference between
the incident wave and specular re
ection is low on average close to the mirror over
all angles of illumination, and therefore not conducive to e�ectively illuminate the
object.

The concept of mirror-assisted tomography has been theoretically validated by
Mudry et.al [3]. I will discuss brie
y about that here.

4.4 Validation on synthetic data

The theory of mirror-assisted tomography is presented in detail in the thesis work of
E. Mudry [139]. He discuss the role of polarization, modeling of the electromagnetic
�eld in the presence of a mirror and the reconstruction of theobject. He also
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