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Electromagnetic analysis of cylindrical cloaks of
an arbitrary cross section
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We extend the design of radially symmetric invisibility cloaks through transformation optics as proposed by
Pendry et al. [Science 312, 1780 (2006)] to coated cylinders of an arbitrary cross section. The validity of our
Fourier-based approach is confirmed by both analytical and numerical results for a cloak displaying a non-
convex cross section of varying thickness. In the former case, we evaluate the Green’s function of a line
source in the transformed coordinates. In the latter case, we implement a full-wave finite-element model for
a cylindrical antenna radiating a p-polarized electric field in the presence of a F-shaped lossy object sur-
rounded by the cloak. © 2008 Optical Society of America
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Metamaterials (known for their subwavelength im-
aging applications [1–3]) open new avenues in elec-
tromagnetic cloaking, either through their heteroge-
neous anisotropic effective material parameters
(transformation optics [4,5]) or through low-index
materials [6] or negative refractive index materials
[7]. Interestingly, the invisibility is preserved in the
case of an intense near field [8], when the ray optics
picture breaks down. Nevertheless, the first experi-
mental realization, chiefly achieved in the microwave
regime [9], suggests that cloaking will be limited to a
very narrow range of frequencies. In the optical spec-
trum, it will be also necessarily dissipative and dis-
persive [10].

In the present Letter, we discuss the design of cy-
lindrical cloaks with an arbitrary cross section de-
scribed by two functions, R1��� and R2���, giving an
angle-dependent distance from the origin. These
functions correspond respectively to the interior and
exterior boundary of the cloak. We shall only assume
that these two boundaries can be represented by a
differentiable function described, e.g., by a finite Fou-
rier expansion. Hence, our approach can be applied
not only to elliptic cloaks [11,12] but also to cloaks
with smooth nonconvex boundaries (but not square
shaped [13]).

To illustrate our methodology, we consider a cloak
that does not possess any rotational or translational
symmetry in the transverse plane. We first inspect
the cloak parameters at its nonreflecting outer
boundary (see Fig. 1). We then compute the full-wave
picture (via finite elements) for a lossy object with
sharp wedges surrounded by the cloak in presence of
a closely located antenna (see Figs. 2 and 3). We fi-
nally compare these numerical results against an
analytical model by evaluating the Green’s function
of a p-polarized electric line source in the correspond-
ing transformed metric (see Fig. 4). This confirms
that cloaking holds not only for the far field but also
for the near field, where the ray model of the field

breaks down.
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The geometric transformation that maps the field
within the full domain ��R2��� onto the annular do-
main R1�������R2��� can be expressed as

�����,�� = R1��� + �
R2��� − R1���

R2���

�� = �, 0 � � � 2�

z� = z, z � R
� , �1�

where 0���R2���. Note that the transformation
maps the field for ��R2��� onto itself through the
identity transformation.

This change of coordinates is characterized by the
transformation of the differentials through the Jaco-
bian:

J���,��� =
������,���,�,z�

����,��,z��
. �2�

Fig. 1. Variation of entries �T−1�rr, �T−1�r�= �T−1��r, and
�T−1���= �T−1�zz=c11 of the inverse metric tensor T−1 on the
outer boundary R2��� of the cloak with respect to the angle

� in radians [c.f. Eqs. (4) and (6)].
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From an electromagnetic point of view, this change
of coordinates amounts to mapping a homogeneous
isotropic medium with scalar permittivity and per-
meability � and �, onto a material described by an-
isotropic heterogeneous matrices of permittivity and
permeability given by [8,14]

��
=

= �T−1, ��
=

= �T−1, �3�

where T=JTJ /det�J� is a representation of the met-
ric tensor in the so-called stretched radial coordi-
nates.

After some elementary algebra, we find that

Fig. 2. Real part of the longitudinal electric field Ez radi-
ated by a wire source antenna centered at point (2.5,2) in
presence of the arbitrary cloak with boundaries defined by
Eq. (9). The central computational domain is a disk cen-
tered at point (0,0) of radius 4. It is surrounded by an an-
nulus of perfectly matched layers �4���5�.
Fig. 3. Zoom on the central region of Fig. 2.
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c12
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where c11����=R2���� / �R2����−R1����� and

c12���,��� = ��� − R2�����R2����
dR1����

d��

−
��� − R1�����R1����

�R2���� − R1�����2

dR2����

d��
, �5�

for R1��������R2����, with

f����,��� = ��� − R1�����
R2����

R2���� − R1����
. �6�

Elsewhere, T−1 reduces to the identity matrix [c11
=1, c12=0, and f�=�� for ���R2����].

We would like now to look at the electromagnetic
field radiated by a wire source antenna centered at
point rs in presence of a finite conducting object
shaped as a letter “F” when it is surrounded by an ar-
bitrarily shaped cloak. Thanks to the cylindrical ge-
ometry, the problem splits into two polarizations. In
p polarization, we find

���T�=
−1 � Ez� + �0�0	2�zz� Ez = − i	Is�0
rs

, �7�

where �0�0=c−2, c being the speed of light in vacuum,
�T�=

−1 stands for the upper bloc diagonal part of �
=
�−1

[see Eqs. (3) and (4)], and �zz� =��c11f� /���. Also, Ez and
Is stand respectively for the only nonzero components
of the longitudinal electric field El=Ez�� ,��ez, and a
given electric current Js=Is
rs

ez on the wire antenna.
The weak form of this equation has been imple-

mented in the finite-element freeware GetDP [15],
where circular perfectly matched layers were used
to model the infinite outer medium surrounding

Fig. 4. Green’s function in transformed coordinates and
associated ray picture. Boundaries of the corresponding
cloak are drawn for comparison with Figs. 2 and 3.
the cloak. We first looked at a cylindrical cloak of
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elliptical cross section parameterized as ����
=ab /	a2 cos���2+b2 sin���2. We checked that it pro-
vides exactly the same wave trajectories and field
profile as in [12], where similar results were obtained
through a space dilatation of a circular cylindrical
cloak. We further retrieved the wave pattern of [11],
which considered an eccentric elliptic annular cloak.

To obtain general shapes, a finite Fourier expan-
sion,

���� = a0 + 

k=1

n

�ak cos�k�� + bk sin�k���, �8�

may be used. For the sake of illustration, c.f. Fig. 2,
let us consider a cloak with inner and outer bound-
aries expressed as

R1��� = 1 + 0.1 sin��� − 0.15 cos�2�� + 0.2 sin�3��

+ 0.1 cos�4��,

R2��� = 2 − 0.1 cos�2�� − 0.15 cos�3�� + 0.3 sin�3��

+ 0.2 cos�4��. �9�

It is interesting to inspect the cloak parameter val-
ues at its nonreflecting outer boundary R2���. This
can be done through the analysis of the entries of the
inverse of the metric tensor T in the polar basis. We
first notice in Fig. 1 that the off-diagonal terms
�T−1�r�= �T−1��r are generally nonzero, unlike the cir-
cular case when T−1 is diagonal. Here, T−1 is diagonal
only for six values of the angle � corresponding to six
points of the outer boundary where the transformed
coordinate system is locally orthogonal. This demon-
strates that the previous criteria for a nonreflecting
interface R2���, namely, T��

−1=Tzz
−1=1/Trr

−1, Tr�
−1=T�r

−1=0
(circular case [4]) and Tzz

−1=1/Trr
−1 (eccentric elliptic

case [11]), can be further relaxed. In general we ob-
serve that −1� �T−1�r��1, which reflects the rotation
of the tensor T−1 with respect to its eigenbasis. In-
deed, the principal refractive indices of the cloak re-
main positive: Along � we find 	�T−1����T−1�zz=c11

�0 whereas along �, 	�T−1�rr�T−1�zz= �	c12
2 + f�

2� /���0.
We further note that �T−1�rr also varies with �, unlike
for circular, elliptic, and eccentric elliptic cloaks [11],
and �T−1�zz= �T−1��� since f�=��=R2���. Last, 0
� �T−1�rr�1 and �T−1����1.5, in agreement with the
fact that the cloak ought to exhibit a strong azi-
muthal anisotropy for the wave to be bent around it.

Let us now consider a wire source antenna cen-
tered at point rs= �2.5,2�. It radiates in a vacuum
with wavelength �=1 (all lengths are given in arbi-
trary units, micrometers for near infrared), and it
carries a current Is=4i. In Figs. 2 and 3, we show the
wave pattern of the electric field scattered by a
F-shaped lossy obstacle of permittivity �=�0�1+4i�
when it is surrounded by the cylindrical cloak de-
scribed above. We observe some residual interfer-
ences in Fig. 3. For a comparable mesh, interferences
are less apparent in the circular and elliptic cases
[8,12]; this suggests the experimental realization of
an arbitrarily shaped cloak would be fairly challeng-

ing.
Last, it is interesting to compare these numerical
results carried out in the intense near-field limit with
those obtained from an analytical approach. For this,
we compute the Green’s function of Helmholtz’s equa-
tion in the transformed coordinates. The electric field
Ez is therefore given by Ez���� ,���=Ez����� ,��� ,������,
with ���� ,��� and ����� given by the inverse map of
the map defined by Eq. (1). We used the software
Mathematica to produce the corresponding ray pic-
ture (see Fig. 4). Comparing this “ideal” cloaking
with that of Figs. 2 and 3, we notice that the electro-
magnetic eigenfield penetrates the cloak deeper than
in the ray model. The singular behavior of T−1 on the
inner boundary of the cloak might be incriminated.

In this Letter, we analyzed the electromagnetic re-
sponse of an arbitrarily shaped cloak in presence of a
closely located antenna. We compared the full-wave
picture with an analytic computation of the Green’s
function in the transformed coordinates. We noticed
the strong similarities in the numerical results,
which suggests that this cloaking mechanism de-
pends little upon whether we are in the ray optics or
resonance regime. Our design can be extended
straightforwardly to three-dimensional cloaks of ar-
bitrary shape. For this, consider a transformed radial
coordinate ���� ,� ,� where the angle � �0,�� re-
places the longitudinal coordinate z�R in Eq. (1).
Then describe the inner and outer boundaries
R1�� ,� and R2�� ,� of the cloak using the Fourier
series.

This work has been performed in the framework of
the POEM project ANR-06-NANO-008.
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