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Modeling of Photonic Crystal Optical Fibers With
Finite Elements

S. Guenneau, A. Nicolet, F. Zolla, and S. Lasquellec

Abstract—The photonic crystal structures have given rise to in- For (E, H) satisfying (1), (2) can be written as
novative techniques to build optical fibers. This paper presents fi-
nite element magnetic and electric field models for determining the curl, H = —iweoer(z, y)E
propagation modes in dielectric waveguides. A combination of edge {
elements for the transverse field and nodal elements for the longi-
tudinal field is used together with a geometric transformation to
cope with the open domain. The model is applied to the study of wWheres,. denotes the relative permittivity (bounded and coercive

photonic crystal fiber structure. The case of leaky modes is also function) and whereurl, H andcurl,E are defined by
discussed.

: 3)
curl, E = jwpoH

Index Terms—Optical fibers, photonic crystals, propagation curl, H(z, y) = curl (H(z, y)e*) e="7* @
modes, Whitney finite elements. s i
y curl, E(z, y) = curl (E(z, y)e"*) e=7%.
|. INTRODUCTION Furthermorediv., being an operator analogously defined as

E CONSIDER a dielectric waveguide of constant cro qul, in (4), it is clear thatliv,curl,p = 0, ¥¢ € [DR)P,
W : : . 9 "OFRat is, for smooth vector-valued functiops Thus, denoting
section{? invariant along the: axis and whose permit-

tivity profile ¢ is supposed to be a known function (e.g., a piecekz)-y ko the wave nutnbedv v #o%o, we are led to the following
. : . s(}/stem of Maxwell’s type:
wise constant function). We are looking for electromagneti

fields (£, M) solutions of the following Maxwell equations: curl (et curl, H) = k2H
T\ ¥ = "o
. ©)
curl H = 52—(: { div., (uoH) = 0.
1
OH @) As the geometric domain is unbounded, one of the pitfall in
curl £ = —pg——

ot this problem is the presence of a continuous spectrum due to the
lack of compacity of the resolvent of the associated operator. It
has been proven [2] that the eigenvalues (discrete spectrum) for
a given~ satisfy the following dispersion relations:

1o being the permeability of vacuum.

Furthermore, choosing a time dependenceeii“*, and
taking into account the invariance of the guide alongitsis,
we define time-harmonic two-dimensional (2-D) electric and y2
magnetic fieldsE andH by

sup £,.(z)
. zCR2
E(z, y, 2, 1) = Re(B(z, y)e™1=72))
H(x, y, 2, t) = Re(H(z, U)efi(wtf'yz)) ) @) An empty discrete spectrum corresponds to frequencies under
) ) the cut-off and an integér = 1 to a monomode fiber.

If [L?(R?)]® denotes the Hilbert space of square integrable Thanks to the dispersion relations (6), we know that every
functions onR? with values in@3, we say that’E, H) is a eigenvalue greater thay? belongs to the essential spectrum,
guided mode when which gives us a numerical criterion to eliminate the modes
without any physical meaning.

<A SA(y) < <A <A (8)

(v, w) € R%.
(E, H) # (0, 0) Il. FINITE-ELEMENT MODELING; MAGNETIC FORMULATION
E, H e [L*(R*)]? The weak form of (5) corresponds to the problem of annulling

wherew is the angular frequency in the vacuum, andenotes (he following residues [1]:
the propagating constant of the guided mode. 1
R(v; H, H') = / — curly H - curl, H dz dy

RrR2 €r
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The numerical formulation is given by the following residue

(2], [3]:
R(v; H, H')
= /Q et (curly Hy - curl, HY, + Vo H; - Vo H',
— ivH, -V H' + ivyV H, - B, +v"H, - H'y ) dz dy
[ (L E ) dody ®)

where the unknown field is now a discrete Hilbert space, i.e.,
with afinite dimension equal to the number of numerical param-
eters to be determined. This formulation involves both a trans-
verse fieldH; in the section of the guide and a longitudinal field
H, along its axis. The section of the guide is meshed with trian-
gles and Whitney finite elements [4] are used, i.e., edge elements
for the transverse field and node elements for the longitudinal
field

{ H, = Y awi(e, y)e™  inR?

H; = 27 /ﬁwf(x, ) inR Fig. 1. Localized mode (real part of the transverse magnetic field) in a crystal
fiber made of 80 air holes (nearest hole center spatirg3 m)in a dielectric

whereq; denotes the line integral of the transverse componé}ﬂk (v = 2) of wave numbekA = 12.446 and propagating constant\ =
H, on the edges, and|; denotes the line integral of the longitu-
dinal componenf{_ along one unit of length of the axis of the _ o _ _
guide (which is equivalent to the nodal value). In additiar§, ~ AS the eigenvalue problem is linear4gj and not iry, we fix
andw? are, respectively, the basis functions of Whitney 1-forns € R+ and look for(k3, H) satisfying (5). We are thus led to a
(edge elements) and Whitney o-forms (nodal elements). Motérear generalized eigenvalue problem that we solve by applying
over, the use of the Whitney elements solves the spurious md@e Lanczos algorithm that is well suited to this kind of large
problem in a way similar to the one of the cavities [4]. sparse Hermitian matrices [3]. The practical implementation of
To see this, it must be noticed that the penalty term involviri§e model has been performed thanks to the GetDP software [6].
the divergence is not introduced in the discrete formulation be-It is also to be noticed that taking Dirichlet boundary con-
cause the use of Whitney elements guarantees the nullity of fiéons at a finite distance (without geometric transformation)
divergence in a weak sense. This point will be further develop&@m the cross section of the guide allows to consider an op-
and discussed in the electric formulation because both casese4ftor with a compact resolvent (thus artificially eliminates the
completely similar. continuous spectrum) but it would add the modes of a spurious
To deal with an open problem, a judicious choice of coordmetallic guide. As for us, we pay a special attention to the lack
nate transformation allows the finite element modeling of the i®f compacity of our resolvent operator: the operator remains
finite exterior domain [5]. Considering two disk3(O, A) and unbounded under the transformation method and we therefore
D(0, B) of centerO = (0, 0) and radiiA andB > A strictly use the relations (6) as a practical criterion to select the discrete
including$2, we define a coron& = D(O, B)\ D(O, A). Let spectrum corresponding to propagating modes and reject the nu-
(z, y) be a point inR? \ D(O, A) (the infinite outer domain) merical values corresponding to the continuous spectrum.
and(X, Y') be a pointinC, the transformation is then given by

{x = fi(X,Y) = X[A(B — A)/[R(B - R)| I1l. APPLICATION TO PHOTONIC CRYSTAL FIBERS

y=f2(X,Y) =Y[A(B — A)]/[R(B — R)] In this work, we study a novel type of optical dielectric wave-

guide whose properties derive from a periodic arrangement of
where R denotes the Euclidean norgdX2 + Y2, This trans- fibers (not necessarily circular) and from a central structural de-
formation may be viewed as a mapping of the finite corGha fect along which the light is guided [7]. In our case, the fiber is
with the nonorthogonal coordinate systéid, Y') to the infi- an indefinite circular cylinder where air holes are disposed ac-
nite domain with the Cartesian coordinate systemy). cording to a regular pattern (see Fig. 1). The permittivity of the

This way, the finite-element discretization appears as bailk material of the fiber igey and the one of the holes #g.

chained map from the reference space to the transformed spiice 1 shows a localized mode (real component of the transverse
and from the transformed space to the physical space. Usmggnetic field) in the central defect (no hole). Note that thanks
discretizations entirely based on differential forms allows @ the symmetry of the problem, only one quarter of the domain
straightforward formulation of transformation methods bis modeled. Fig. 2 shows a closer view to the transverse field in
pull-back of the corresponding weighted residuals. the defect.
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Fig. 2. _Z?olr(? on the mode in the core of the fiber (real part of the transverggnose now an electric field formulation (duaI to the magnetic
t . . " :
magnetic field) one) to get simple boundary conditions because the tangential
component of the electric field is null [8], what is not the case
IV. LEAKY MODES of the tangential magnetic field equal to the surface current.

In the previous section, the waveguide is made of holes inThe solution of the leaky mode problem is then given by the

a dielectric bulk. The periodic pattern of the holes products tHainimum 02f the foIIowigg functional in the weighted Hilbert
crystal photonic effect responsible of the confinement of the epRaCE[H (R \ €y, dL)]” whered/ is the Lebesgue measure

ergy in the core of the fiber. This core is in fact a defect cof+ dx dy:
responding to the absence of a hole in the periodic pattern. It

is now interesting to consider the inverted situation where tfR(v; E, E') = / curl, E - curl,E/ dL
waveguide is made of dielectric rods disposed in a periodic pat- R\

tern. There are of course modes propagating in the rods corre-
sponding to the classical waveguide. Nevertheless, what is of
interest here are modes propagating in the air to avoid disper-
sion. The core of the fiber is now a defect corresponding to tAdis problem of minimization admits a unique solution thanks
absence of rod. It is known [9] that such modes are not reatly the penalty ternfRz\Qm div, Ediv, E/dL, which acts in
propagating modes in the sense that they correspond to a céet as a constraint which forces the nullitydif, (¢, E) in the

plex frequency. There is some energy leaking during the progxterior of2,,,.

agation of the signal and the imaginary part of the frequencyWe introduce finite elements in a way similar to the magnetic
corresponds to a decreasing exponential. The nickname of sfmimmulation. Whitney finite elements are used for the electric
modes is “leaky modes.” Itis not possible to capture such mod#sid, i.e., edge elements for the transverse field and nodal ele-
with our previous model, but we use the following trick. We denents for the longitudinal field

what we have carefully avoided before, which is that the dielec-
tric waveguide is embedded in a cylindrical metallic waveguide.
As noted before, working on a bounded domain modifies the
structure of the spectrum: there is no more a continuous spec-
trum but only a discrete spectrum and tffeupper bound in (6)

is no more valid and instead

+s / div,E div,E dL — pow? / E -EdL.
R2\ 2, R2\Q2,,

E, = Z a;we(z, y)e’*, in R?
E = !

n

E. = Zﬁjwf(a:, y)e*, inR

J
2

— < AY(y) S AX(y) < - < AR(y) < o whereq; denotes the line integral of the transverse component
e er(2) E, on the edges, angd; denotes the line integral of the longitu-

dinal componenf . along one unit of length of the axis of the
What is expected is that the leaky modes with small complexiide (what is equivalent to the nodal value). In additier,
part are now projected on the real axis (see Fig. 3). This agndw? are still, respectively, the basis functions of Whitney
proach is somewhat connected to the supercell method. 1-forms and Whitney O-forms.
We developcurl, anddiv, in their transverse and longitu-

V. FINITE-ELEMENT MODELING: ELECTRIC FORMULATION dinal components

The presence of metallic wall introduces unknown surface
currents and the magnetic formulation is not well suited to take
into account such metallic boundary conditions. Therefore, we

divy E =divy E; +ivE,
curl, E =curly Ey e, + (VL E. — ivE,) X e,.
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Fig. 5. Zoom on the defect.

Fig. 4 shows alocalized mode in a structure made of dielectric
rods. The high values of the electric field occur in the air defect
in the center of the guide. This is a highly non trivial effect

Fig. 4. Localized mode (real part of the transverse electric field) in a cryst® have the field mainly located in the low index part of the

fiber made of dielectric rods:(= 4 and nearest rod center spacig= 3 um)  strycture Fig. 5 shows a zoom on the defect
of wave numbekA = 47.053 and propagating constant\ = 21. ' ' '

VI. CONCLUSION
We know that we only have to minimize the following func-

tional- In this paper, the application of the finite element method

to photonic crystal waveguides has been presented. One of the
o ____ main advantage of this approach with respect to more usual
R(v EE)= / (curly E; - curl, B/, — ¢ yE, - V.E'.  methods in the field is its extreme flexibility with respect to

R#\2 the geometry and the material characteristics of the problem.
+iyV,E. - E, +~°E, - E/,) dL Reversing the optical index contrast, introducing one or several
defects or disturbing the shape or the pattern of the elements of

— pow? / (E.-E, +E.FE".) dL. the photonic crystal is not a problem. Future work will concern
R2\ Q. the improvement of the eigenvalue computation process and the

. . . , . direct search of leaky modes as complex eigenvalues.
The point here is to notice that the penalty term involving the

divergence is not introduced in the discrete formulation because
the use of Whitney elements guarantees the nullity of the diver-[1

gence ina Weak sense. [2] S. Guenneau, A. Nicolet, F. Zolla, C. Geuzaine, and B. Meys, “A finite
To show this property, one must take element formulation for spectral problems in optical fibeGOMPEL,
vol. 20, no. 1, pp. 120-131, 2001.
, . [3] B. Meys, Ph.D. dissertation, Univ. Liége, Liége, Belgium, 1999.
E = V%P = Vo +iype, [4] A. Bossavit, “Solving Maxwell equations in a closed cavity, and the
question of spurious modedEEE Trans. Magn.vol. 26, pp. 702-705,
: : : e : : Mar. 1990.
In (7),_Where<p IS aWhltney 0-form (th_ls is allowed _SIﬂ@,(p 1S [5] A. Nicolet, J.-F. Remacle, B. Meys, A. Genon, and W. Legros, “Trans-
aWhitney 1-form). The very properties of the Whitney complex =~ formation methods in computational electromagnetism&ppl. Phys.
ensures thaturl, V¢ is null and it follows from (7) that for all vol. 75, no. 10, 1994. _
w # 0 [6] P. Dular, C. Geuzaine, F. Henrotte, and W. Legros, “A general environ-
ment for the treatment of discrete problems and its application to the
finite element method,TEEE Trans. Magn.vol. 34, pp. 3395-3398,
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