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Abstract

Purpose — The purpose of this paper is to present a complete analysis of leaky modes within a
microstructured optical fibre (MOF). Some new numerical results illustrating the versatility and
accuracy of our approach are to be given.

Design/methodology/approach — A method involving both finite elements and perfectly matched
layer (PML) is proposed.

Findings — A rigorous definition of the leaky modes is proposed that leads to a proof of the validity of
the PML approach together with a rule for the choice of the PML parameters.

Originality/value — The choice of parameters associated with the PML are discussed in great detail.
The accuracy of the constant of propagation (and especially the imaginary part) are highlighted.
Keywords Optical fibres, Finite element analysis, Perfectly matched layers

Paper type Research paper

1. Introduction

Conventional optical fibres rely on total internal reflection. For this, it is well known
that the maximum of the index of the core of a fibre has to be greater than the index of
the surrounding dielectric (often called cladding). Nowadays, a new class of fibres —
namely the microstructured optical fibres (MOFs) — has received considerable
attention from the scientific community since pioneering work demonstrated some of
their unexpected and remarkable properties such as endlessly single modedness
(Cregan et al., 1999), supercontinuum generation (Ranka et al, 2000), ... Now, it turns
out that the leaky modes are very sensitive to the variation of the refractive index of
fibres and especially via the imaginary part of the effective index as shown for MOFs
described in paragraph 3.3. In this paper, we propose a versatile and accurate method
allowing to obtain efficiently these modes.

2. Finite element modelling

2.1 Governing equations

Let us consider an open waveguide which is invariant along the z-direction,
heterogeneous in the xy-plane (cross-section) and possibly anisotropic. Thus, we
assume that two tensor fields (g,(x,¥) and w,(x,y)) are given and we let Zo = \/ o/ €0
and ky = w/c. Therefore, the problem of propagation in harmonic regime with a time
dependence in exp(— iwt) in such fibres amounts to looking for a couple (B, ko) and a
non-vanishing field F = (H,E)" which is solution of:
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curlgH = —iwsoi,E
curlgE = +iwuopu,H @

where curl g £(x,y) = curl (E(x, )e'P)e 1z and where curlgH is defined in the same
way. For a given B, these equations can be seen as an eigenproblem:

Ll = kol, (2)
with:
0 ~iZy e~ eurlg
gﬂ = . (3)
iZog, ! curly 0

Of course, from this latest system of equations two equivalent eigenproblems can be
derived:

! eurlg (g, ! curlgH) = KeH

4
g eurlg (r “LeurlgE) = KE. @

2.2 Spectral problem
In the literature concerning the fibres, at least three kinds of modes are studied; the
guided modes, the leaky modes and the radiative modes. All these modes are governed,
of course, by the same formal spectral problem (2) but the functional spaces in which
they live are different. For this purpose, we have to define accurately these functional
spaces.

Definition 1. We say that (E, H) is a guided mode if the following three conditions
are fulfilled:

© B o) ERY

* (B, H#(0,0

- (E H € [LR)P.
Definition 2. We say that (£, H) is a leaky mode if we can find a strictly positive real
number I' in order to fulfil the following three conditions:

« (B, wECT xR, where C" = {z € C; Imiz} >0, Reiz} >0}

* (B H) #(0,0)

« (e "RE e TRH) € [LAR*]®, where R = /22 + 2.



Definition 3. We say that (E, H) is a radiative mode if, for any strictly positive real
number I' the following four conditions are fulfilled:

© (B oweE®Y

* (E H)#(0,0)

- (E H) & [L*®R)P.

« (e TRE, e TRH) € [L2(R*)]®, where R = \/x2 + y2.

For the sake of simplicity, in this paragraph, we assume that the fibre is made of
isotropic and non-magnetic materials. Moreover, the cladding is supposed to be
homogeneous. In other words, for a sufficiently large Ry, the permittivity is constant,
g,{x, ¥) = €. In this case, provided that:

EMax = max(xy)eRz/\/m<R087(x’y)’

is greater than e, and also that finite energy eigenvectors are considered (Definition
1), the spectrum of the operator Lg consists of a dlscrete set of eigenvalues
belonging to [B /ey B /ee [and of continuous spectrum [B%/eq; 4+ o] (Zolla et al,
2005). On the other hand, when ey, < £e, Only leaky modes may exist and
complex valued propagation constants have to be considered. If we focus our
attention only on leaky modes propagating along the increasing z, it turns out that

=Re{B} and B' = Im{B} are both positive. Note that, if the first condition is
fulfilled, the field (H,E) cannot be of finite energy. Actually, within the cladding
every component of the electromagnetic field is solution of Helmholtz equation,
namely:

AU+F.U=0, )

. . =2 .
where U is one component of either E or H and k., = F2,e0 — B2. The function U
can be written in cylindrical co-ordinates as a Fourier Bessel expansion:

U,y) = Udp, @) = Y _c,H (kwp)e™, (6)

nez

where H! refers to the Hankel function of the first kind of order z. This latest
function has a well known asymptotic behaviour, namely:

- 2 . -
H) o) = || 0D 1 070, @)
and leads to:
lk’ g
Up, p) = cr(go) = ®)

e
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with:

2 . .
a() = | = e MY e, ©)
koo neL

where &, = Rel{k} and k2, = Jm{ks}. It is therefore of prime importance to know
the sign of &7, First of all the outgoing wave condition leads to the positiveness of
the real part of k. And if we let B = B’ + iB", we deduce:

Z,/i — kgsw o B/Z + ,3”2 o ZiB/Bll (10)
As a result we have:

BB =~k

Bearing in mind that B and " are both positive together with k', we have to
conclude that %£” is a real strictly negative number and consequently the
electromagnetic field does diverge exponentially at infinity and the coefficient of
this divergence (the smallest I' satisfying the aforementioned condition (c) in
Definition 2) is linked precisely with the imaginary part of the propagation constant
B. From both theoretical and practical points of view, the non-finiteness of energy of
the electromagnetic field leads to dramatic consequences. And especially when
dealing with the weak form of Maxwell equations: the field does not vanish at
infinity. Last, the real part of 8 is of the same magnitude as &y = w/c whereas its
imaginary part can be extraordinary smaller, say 10~ ® %, in the following numerical
experiments and sometimes for very low leakage as small as 10~ %! And for
experimental reasons this latest information is of prime importance.

2.3 Finite element method and PML

2.3.1 Circular PMLs. In the finite element analysis of wave problems in open space, one
of the main difficulties is to truncate the unbounded domain. A common approach is to
surround a finite region of interest with absorbing boundary conditions at finite
distance. An alternative to conditions defined on the boundary is to introduce a special
layer of finite thickness surrounding the region of interest such that it is non-reflecting
and completely absorbing for the waves entering this layer under any incidence. Such
regions have been introduced by Berenger (1994) and are called perfectly matched
layers (PML). Nowadays, the most natural way to introduce PML is to consider them as
maps on a complex space (Lassas ef al.,, 2001; Lassas and Somersalo, 2001) so that the
corresponding change of (complex) co-ordinates leads to equivalent € and u (that are
complex, anisotropic, and inhomogeneous even if the original ones where real, isotropic,
and homogeneous). This leads automatically to an equivalent medium with the same
impedance than the one of the initial ambient medium since & and u are transformed in
the same way and this ensures that the interface with the layer is non-reflecting.
Moreover, a correct choice of the complex map leads to an absorbing medium able to
dissipate the outgoing waves. The problem can therefore be properly truncated under
the condition that the artificial boundary is situated in a region where the field is
damped to a negligible value. To sum up, we have a problem in an unbounded region
with outgoing propagating waves or with exponentially diverging waves. A change of
co-ordinates is performed such that it corresponds to the identity map in a region of



interest (bounded, convex and, for all practical purposes, with a simple shape) and to
complex co-ordinates for the surrounding region. These complex co-ordinates are
chosen to turn propagating waves to evanescent waves (i.e. exponentially decreasing at
infinity) so that this outer domain can be truncated.

The geometry of most MOF leads to rather use cylindrical PML. In this case, the
PML corresponds to a complex stretch of the radial co-ordinate p, the region of interest
is a disk defined by p < R™ and the PML region is a circular annulus around the region
of interest defined by R* < p < R"™™ R™ and R™" are real constants. As the
expressions of the material tensors in Cartesian co-ordinates are needed, the whole
setting requires a transformation between Cartesian and cylindrical co-ordinates.
The recipe involves a sequence of co-ordinate systems. We start here with the physical
coordinates and we finish with the modelling co-ordinates. The mapping will therefore
be from the last system of the list to the first one while the pull back maps will be from
the first system to the last one.

(1) (x, v, 2) are real valued classical Cartesian co-ordinates.

(2) (#,9,2) are a complex stretch of the previous Cartesian co-ordinates. They are
complex valued and it is fundamental to understand that this change is an
active transformation rather than a mere change of co- ordlnates in the sense that the
ambient space is changed. (x, v, z) area parametnzatlon of R®and the complex stretch
corresponds to an extension of the problem to C* and more precisely to a three
dimensional subspace I' of C (in terms of real dimensions C? is six dimensional and
R and T are three dimensional) (Lassas et al, 2001; Lassas and Somersalo, 2001).
The map from I to R® is chosen in such a way that the restriction of this map to the
region of interest is the identity map. The solution of the original problem on R® can
be extended analytically to C and then restricted to I. If the complex stretch is
correctly chosen, this “complexified” solution on I' is evanescent where the physical
solution involves outgoing or even exponentially diverging waves.

() (B, 6,2) is a cylindrical representation of (¥, 7, 2).

@ (p., 0, zL) are real-valued cylindrical co-ordinates on I'. They are related to
(P, 0,2) via 6 = 6,, 3 = z,, and a radial complex stretch:

pe
p= /0 sp(p)dp, (11)

where s, is a complex-valued function of a real variable, i.e. s, = 1 in the central
region of interest defined by p. < R* (the complex stretch corresponds to an
1dent1ty map in this region) and s, has a complex value in the PML defined by
R < p < R trunc

() (x v, 2. are the Cartesian representation of (p,, 6., z.) and are also real-valued
co-ordinates that will be called modelling co-ordinates. This is the modelling
space where the numerical approximations are written, where the finite element
mesh is defined, and where all the outgoing waves are turned to evanescent
ones so that the computation domain can be truncated.

In the end, only the real-valued co-ordinates x, y, z and «x, ., 2. are involved but the
complex map corresponds to a complex valued Jacobian. In the case of cylindrical
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coordinates, p and p, are just introduced to compute the radial stretch. Note also that
. = 0 and therefore will be simply denoted 6. The Cartesian to cylindrical co-ordinates
transformation is just used to obtain the Cartesian expression of the corresponding
metric tensor. The Jacobian associated to these changes of co-ordinates are:

J)?p' = pr(ﬁa 9)3 Jﬂpc = dlag((aﬁ/apC)a 17 1) = dlag (Sp(pC), 1; 1)7 Jppxc
= Jpx(Pc(xCayc)7 0(xc,ye)).

The global Jacobian J, is the product of the individual Jacobians:
Je =Tl I, = RO i (5,2 1) R0, (12
(4

where R(6) denotes the following matrix of rotation:

cosf® —sinh 0
R@) = | sinf cosf O
0 0 1

Note that we solve in fact numerically the extended problem obtained by the complex
stretch equation (11) and defined on I' that has the very remarkable property to
coincide with our original problem in the region of interest. In order to comply with
traditional notation in the PML context and to avoid cumbersome notations, we drop
the ¢ subscript associated with the modelling co-ordinates that will subsequently be
denoted as p and (x, v, z) without any ambiguity. For isotropic uniform media outside
the region of interest, the cylindrical PML characteristics are obtained by multiplying &
and u by the following complex matrix:

T, =] I, " det(Jo) = R(6)diag (is”’—”sﬂ’) R(-6)=
Sp PP

P

((pspsin(6)*)/p) + ((Fcos(6)*)/ps,p)  sin(B)cos(0)(p/ps,) = (ps,/p) 0
sin(0)cos(0)((p/ps,) = (ps,/P))  ((ps,cos(6)?)/p) + ((psin(6)*)/ps,) 0
0 0 S/ p

This latest expression is the metric tensor in Cartesian co-ordinates (x, y, z) for the
cylindrical PML and 6, p, g, and s,(p) are explicit functions of the variables x and y.
Another remarkable property of the PML is that they provide the correct extension to
non-Hermitian operators (since T, is complex and symmetric) that allow the
computation of the leaky modes and this may be obtained via a correct choice of
the PML parameters, namely R*, R ™, and s,(p). The method used to compute these
parameters is accurately described hereunder (Figure 1).



Cartesian co-ordinates Polar co-ordinates
y y
(xy) (p.0)
j X X
:::7R* R*
PML PML
Complex cartesian Complex polar
co-ordinates co-ordinates
Ye Ye
(Xc.Yo) (Pc. 90

R

Xc Xc
\\\‘:::7R* ) R
PML PML

Notes: The physical spacein Cartesian (x,y) and polar
(p,) co-ordinatesarelinked by x=p cospandy = p
sin ¢. The stretched complex polar co-ordinates (p.,¢.)
and the real polar co-ordinates are linked by p = [
sy(p") dp’ (wheress, isacomplex valued function) and
¢ = ¢.. Finaly, the complex Cartesian co-ordinates
which characterizes the modelling space and the
complex polar co-ordinates are linked by p, = V42 + y2

Ye
and ¢, = 2 arctan (XCWT%)

2.3.2 How to choose the complex stretch coefficient?. For this purpose, we first introduce
new tensor fields &5(%,) and s (2, y) defined as follows:

&=17"41 " det(Jy) for{ = {e, ul, (13)

We are now in a position to introduce a new electromagnetic field (called substituted
field in the sequel) F, = (H,, E))* which is solution of equation (2) except that we have
replaced &, and w, by &; and u,. The main feature of this latest field is the remarkable
correspondence with the first field F; whichever the function s, provided that it equals
1 for p < R*, the two fields F and F; are identical in the region p < R™ (Berenger,
1994). In other words, the PML is completely reflectionless. In addition, for complex
valued functions s, (3m{s,} strictly positive in PML), the field F; may converge
exponentially towards zero although its counterpart F' diverges exponentially: F; is of
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finite energy and for this substituted field a weak formulation can be easily derived
which is essential when dealing with finite element method.

Moreover, when dealing with simple stretched functions it is possible to give a
simple criterion which ensures the exponential decreasing of the field F,. For instance,

take the following example:
1 forp =R*
Sp(p/) =

&  inPML
where £ is a complex number. In that case, the complex function p(p,) is given by:

Pe for p. = R*
PZYR* +&p.—R*) inPML

The function U can be reexpressed in the stretched polar co-ordinates in the PML as per:

Usslpe, ¢0) = Y} (Reo(R™ + &pe = R™) e

nez

For large values of p,, the behaviour of U is governed by exp (ikoo(R "4 &p — R >k)))
which exponentially converges towards zero if k& has a strictly negative imaginary
part. Consequently, the field F; converges exponentially towards zero as well (and
therefore is of finite energy) if the simple following criterion is fulfilled:

y=klE + kL E">0. (14)

Keeping in mind that £”. is negative whereas k'  is positive, a straightforward solution
could be & < 0and ¢” = 0. In other words, £ would be a real negative number. But, in
that case, the function p(p,) is no longer monotonic and therefore we are “doomed” to
choose the number & within the upper complex plane. As a conclusion, for a given couple
(ko, B)in R* X C*, we compute ke, from equation (10) and &is chosen in such a way that
v is sufficiently large in order to ensure that the skin layer thickness of the substituted
electromagnetic field is of the same order than the thickness of the PML (Figure 2).

In order to illustrate the decreasing of the substituted field within the PML, let us
consider a six hole MOF shown in Figure 3. The Figure 2 shows the exponential
decreasing of the z component of the electric field for a parameter ¢ = 1 — 2¢ and for a
wavelength A = 1.55 um: we find 8 = 5.8323 x 10° 4+ 0.173092i/m "~ '. The decreasing
of the field which is characterized by vy is therefore computed by two different ways:
The first one (denoted yy,) through the equation (14) and the second one (denoted Yyum),
by numerical computing of the field itself. Finally, we find yy, = 4.9810° m ™!
and Youm = 4.97 x 10°m™ %

2.3.3 Weak formulation for the substituted field F. If & verifies the inequality (14) the
field converges towards zero at infinity and, as a result, a weak formulation can be
easily derived. For instance, with the electric field E,, we obtain:

/ 2(&3’lcurl,gXES)-(curll;fo)dxdy— I / (esEy) Edxdy=0  (15)
R = R> =



log | Es(x.0) |

—22 o Numerical decreasing for the substituted field
Theoretical decreasing for the substituted field

o8 L L . . . , X(pem)
20 22 24 26 28 30

Notes : Thelogarithm of the zcomponent of the substituted electric field, log | Eg(x,0) |,
is plotted versus x in the PML (for R* < x < R™), The structure is depicted in Fig. 3

AL A

Notes: A bulk of silicaisdrilled by six air holes
distant each other from A= 6.75 um. Each holeis
circular with aradius equal torg= 2.5 um. Note
that for such as structure no propagating mode can

propagate
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Six hole MOF structure
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for any test function Ej Then, we split the electric field £ into a transverse part £, and
a longitudinal part E:

E;=E+E;z2
from which, we are led to:
curlg X Eg = iBE; X2+ ViE, X2 + (V; X E))z.
Finally, by letting:

gO(Et) - Et Xé
gl(Es) = V[Ez XZ+ (Vt XEt)é’

we derive the following weak formulation for the substituted electric field:

/R B*Fo+iB(Fy) + Fip) + Fadady = /R koG dady (16)
with:
Fo= (' LOE)-(20)(E;)
Fuy = (s~ Z0)E)- () (EY)
£)

Fy = (s~ 2(E) - (1) (E])

Fig=(us ' LDES) (L0)

N

G = (&Ey) Ej

In most applications in optics, we have to find the dispersion curves, i.e. to look for 8's
for a given k. In such a case, the eigenproblem described in (16) leads to a generalized
eigenproblem owing to the presence of both B and B2 (Tisseur and Meerbergen, 2001,
for instance).

2.3.4 Generality on finite elements. The discretisation of the equations is obtained
via finite elements (Zolla et al., 2005; Nicolet et al., 2004, 2006; Guenneau et al., 2001,
2002; Lasquellec et al., 2002; Nicolet and Zolla, 2007). The cross-section of the guide is
meshed with triangles and Whitney finite elements are used, i.e. edge elements for the
transverse field and nodal elements for the longitudinal field:

#edges #nodes

E =) dwixy and E.= Y efwl(x,),

=1 j=1



where ¢! denotes the line integral of the transverse component E; on the edges, ¢ j
denotes the line integral of the longitudinal component [, along one unit of length of
the z-axis (which is equivalent to the nodal value), and w”, and w, are, respectively, the
basis functions of Whitney 1-forms and 0-forms on triangles.

3. Numerical results

3.1 Comparison with the multipole method

One of our former challenge was to compare our results with those obtained with other
methods such as the multipole method. The philosophy of this latest method is
completely different from those described in this paper and the reader can refer to Zolla
et al (2005) for a comprehensive review of this method. This method is indeed
well-suited for the step index MOF. Be that as it may, we consider the hexagonal
structure shown in Figure 3 for a given wavelength Ay = 1.55 um for which the index
of silica is about eg; = 1.4440. For this structure, we give a map representing one mode
in Figure 3 and the corresponding complex effective index, namely 7. = B/kg for the
two different methods: 1438774 + 4.32 x 10~ % for the multipole method and
1.438773 + 4.28 x 10~ % for the finite element method. Besides, it is worth knowing
that the practical implementation of the model has been performed thanks to the
COMSOL software with about 40,000 elements and the computation takes a few
seconds on an ordinary laptop. Note that regarding its smallness with respect to the
real part, the imaginary part is computed with an amazing accuracy.

3.2 Leaky modes for gradient index MOF
In this paragraph, we present some numerical results for more sophisticated fibres.
Besides of the six air holes, the permittivity of the bulk varies continuously as per:

A 24 .2
e(x,y) = &1 + €] exp <— ul :;y ) a7
0

The case corresponding to the precedent paragraph is therefore £; = eg; and sﬁ =0.
By way of example, we take 7, = 10 um (7 is therefore of the same magnitude as A)
and we give a curve representing #.s versus &) with 1 = &g; for the same wavelength
as before z.e. Ay = 1.55 um. Note that the central symmetry of &, does not break the Cs,
symmetry of the fibre (Figures 4 and 5).

3.3 Leaky modes for elliptical hole MOF

In this paragraph, a six elliptical hole structure is considered as shown in Figure 6 for a
given wavelength Ay = 1.55 wm for which the index of silica is about es; = 1.4440. The
elliptical holes are distant from each other from A = 6.75 um and are characterized by
their semi-major axis ¢ and their semi-minor axis b. Moreover, the orientation and the
choice of @ and b are chosen in such a way that both the Cg, structure and the area of
these ellipses are preserved (ab = r%). Eventually, for 7y = 2.5 um, and for different
values of b, effective indices (real part in Figure 7 and imaginary part in Figure 8) are
given.
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Figure 4.

Modulus of the Poynting
vector for the Cg, six hole
MOF shown in Figure 3

Figure 5.

The complex effective
index 7 as a function
of &

%1075 x10%

—2

4 . . .
-4 -2 0 2

x107°
Note : The structure is surrounded by cylindrical PML

Re{nee}
. 108 Sm{neg} ----- ]

Neff

4. Conclusion

The search for leaky modes is far from being a simple task. The first way of obtaining
these modes consists in computing the scattering matrix and looking for poles of this
latest matrix in the complex plane. This numerical stage is a delicate operation and has
two major drawbacks: the “pole hunting” in the complex plane is generally performed
in a point-by-point fashion and this method is merely devoted to step index fibres. On
the other hand, the method used in this paper as shown before is a versatile and
efficient method and may be useful for obtaining leaky modes in delicate situations.
Finally, we hope to obtain leaky modes for the challenging nonlinear MOFs.
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Six elliptical hole MOF
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