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Abstract—It is well-known that an image can be reconstructed Zernike and Legendre moments. Other orthogonal moments
from an infinite set of moments. Many works have focused on gre Pseudo-Zernike moments [7]. Many works have focused
the reconstruction aspects of orthogonal moments, and have on the reconstruction aspects of orthogonal moments, and

shown that the image can be reconstructed easily from a finite h h that the | b tructed v
set of orthogonal moments. However, reconstruction ability of ave shown that the image can be reconstructed easily from

geometric moments is not yet proved. In this paper, the inverse & Set of orthogonal moments [7] [8] [10] [11] [12]. Since the
problem of geometric moments is addressed. The approach usedcontinuous orthogonal moments are defined only inside a limit

consists_in recovering the Fourier trar_lsform c_Jf the image from th_e domain (—1,1] for Legendre moments, and the unit circle
geometric moments set. Then, the image is reconstructed usingf,; the case of Zernike and Pseudo-Zernike moments), the
the inverse Fourier transform. Both theoretical and experimental . ) .
results are given. com_putat|on of those momgnts require a coqrdmate transfor-
mation. Another problem with the aforementioned moments
l. INTRODUCTION is the approximation of continuous integrals, which not only
The mathematical concept of moments has been arodmeds to numerical errors, but also severely affects the analyt-
for many years and has been utilized in many fields rangimgpl properties which they were intended to satisfy, such as
from mechanics and statistics to pattern recognition and imaiggariance and orthogonality [13].
understanding. Describing images with moments instead ofRecently, to solve this problem, a set of discrete orthogonal
other more commonly used image features, means that glomeiment based on the discrete Tchebichef polynomials are in-
properties of the image are used rather than local propertizesduced [13]. A second class of discrete orthogonal moments
Historically, the first significant work considering moments fois given by Krawtchouk moments [14] which make use of
pattern recognition was performed by Hu [1]. From methods discrete Krawtchouk polynomials.
algebraic invariants, he derived a set of seven moment invari-Referring back to the basic problem of image reconstruction,
ants, using non-linear combinations of geometric momenisis well-known that an image can be fully reconstructed from
These invariants remain the same under image translatitme infinite number of its moments. Moreover, the ability to
rotation and scaling. Since then, moments and functions refconstruct a shape from its moment description is often cited
moments are widely used in pattern recognition [2], shigs justification for their deployment. Unfortunately, non or-
identification [3], aircraft identification [4], pattern matchingthogonal moments can't define inverse transform. Thus, recon-
[5] and scene matching [6]. In addition, the completeness siffuction from geometric moments (and other non orthogonal
their description results in one of their often cited attributesjoments such as complex moments) is not straightforward
the ability to reconstruct an object from its set of momentand requires a moment matching technique [8]. However, this
Unfortunately, the kernel function of geometric moments isiethod is shown to be impractical as it requires the solution
not orthogonal, which makes reconstruction of an imade an increasing number of coupled equations as higher order
from these moments quite difficult [7] and requires momenmoments are considered.
matching method [8]. In this contribution, the inverse problem of geometric mo-
Complex moments was introduced by Abu-Mostafa anuents is addressed. We show that it is possible to reconstruct
Plastis [9] as a simple and straightforward way to derive mthe image from its geometric moments. The approach used
ment invariants. Like geometric moments, complex momentsnsists in recovering the Fourier transform of the image from
are not orthogonal. Thus, reconstruction of an image froits geometric moments. Then, the inverse Fourier transform
complex moments is deemed to be quite difficult. is used to recover the image. The symmetry and periodicity
Teague [8] has suggested the notion of orthogonal momeptsperties of Fourier transform are investigated to make this
to recover the image from moments based on the theory retonstruction possible. Reconstruction results of geometric
continuous orthogonal polynomials, and has introduced batioments are compared to that of Legendre and Tchebichef



moments. B. Legendre Moments

This paper is organized as follows. In section 2, we recall thep,o Legendre moments use Legendre polynomials as the

definition of geometric, Legendre and Tchebichef momentsaqis function. Thep, q) order Legendre moment is defined
Section 3 presents the inverse moment problem, the problegas

encountered when trying to reconstruct the image with geo- ( )( ) [t
: ( _ : 2p+1)(2¢+1
metric moments, and the solutions proposed in the I|teratureL — / / Byp(2)Py(y) f(x, y)dady,
—-1J-1

Section 4 examines how well an image can be reconstructed’ 4

from geometric moments. Experimental results are given in o ®)
section 5. A comparison of reconstruction geometric momery§1ere the pth order Legendre polynomial is given by:
ability with Legendre and Tchebichef moments is also pro- 1 oa

vided in this section. Section 6 draws conclusions from this Py(x) = QTP!@(%” - 1P, zel[-11] (6)

work and presents our future works. ] ] ) .
For a given discrete image, the discrete form of Legendre

Il. MOMENTS moments is given by:
A general definition of moment functions,, of order(p+ N-1N-1
q), of an image intensity functiorf(z,y) can be given as Lpg =Y Y Po(mn)Py(nn)f(m,n), (7
follows: m=0 n=0
b= [ [ bt @)dndy. (1) where o N1
my = ———.

where ¢,(x,y) is the moment weighting kernel. The basis N—1
functions may have a range of useful properties that may beNote that the Legendre polynomials are orthogonal over the
passed onto the moments, producing descriptions which dange—1 < = < 1. Therefore, the image coordinates must be
be invariant under rotation, scale and translation. To apply thizapped into the limit domaif-1, 1].
to digital images, (1) needs to be expressed in discrete form: _
C. Tchebichef Moments
bpq = Zz%q(wﬁ(w)- @) Mukandan and al. [13] have suggested the use of discrete
roy orthogonal moments to eliminate the problems associated with

Moreover, the orthogonality property of the basis function gontinuous orthogonal moments. They introduced Tchebichef
passed onto the moments. Thus, non orthogonal basis fuRt@ments based on the discrete orthogonal Tchebichef poly-
tions result in non orthogonal moments, and orthogonal basi@mial.

functions result in orthogonal moments. Geometric momentsFor a given positive integer N (usually the image size),
are non orthogonal moments, whereas Legendre moments&itd a value x in the rang@, N — 1], the scaled Tchebichef

an example of orthogonal moments. polynomialst,,(x), n = 0,1,..., N — 1, are defined using the
following recurrence relation [13]:

A. Geometric Moments (n—1)?
2n — D)ty (z)t,— —(n—=1)(1 = 22,

Geometric moments are the most popular types of momentgz) = (2n = D1 @)tn-1(2) = (n = 1)( n7 )in-2(7)
and have been frequently used for a number of image process- " (8)
ing tasks. The two-dimensional geometric moment of ord@ith the initial conditions

(p + q) of a function f(x,vy) is defined as

tO(‘T) = 1;
+oo “+o0
Mpg = [ [ 2Pyl f(z,y)dzdy. ?3) ti1(z) = (2r+1—N)/N.

The Tchebichef moments of ord@r+¢) of an image f(x,y)

The two-dimensional moment for @ x N) discrete image are defined as [13]:

is given by N1 N1
+o0o +oo _ _

Mpg = Z Zacpyqf(x,y). (4) Tom = m Z Z tm ()t (y) f(2,9).  (9)
— 00 —00 ’ ’ =0 y=0

Note that the the monomial producty? is the basis function where

for this moment definition. Thus, geometric moments are not N(1— L)1 - i) (1- nj)
orthogonal since this basis function is not orthogonal. The p(n,N) = N2 5 Ni N2
n—+

unigueness theorem states that the momentnsggtis unique
for a given image functiorf(z,y). In addition, the existence Since Tchebichef polynomials are orthogonal in the image
theorem states that the moments of all orders exist. These wamrdinate space, the computation of Tchebichef moments
theorems give rise to the reconstruction property of momentkes not require coordinate transformations.



I1l. I NVERSEMOMENT PROBLEM with an approximate inverse moment transform. In particular,
To investigate the information content of the higher ordérf9endre moments, which make use of orthogonal Legendre

moments, the reconstruction power of the moments is ar%)_lynomials, are orthogonal moments and have the following
lyzed. The inverse problem can be stated as follows : if onlj€rse moment transform:

a finite set of moments of an image is given, how well can too m
we reconstruct the image? F@) = Y Lo-nnPnn(zy)Pa(yn),  (14)
Consider the Fourier transform for the image function m=0n=0
f(z,y): where
+00 oo . —_— 2 — N +1
F(u,v) = / / f(;v,y)el(“”“’y)dxdy. (10) N N-1

If only the Legendre moments of order Nmax are given,

Provided thatf (z,y) is piecewise continuous and the integrage fynction f(x,y) can be approximated by a truncated series:
tion limits are finite,F'(u, v) is a continuous function and may

be expanded as a power series in u and v, where geometric Nmaz m
moments are the expansion coefficient [8] : F@y) = Y > LinpnPa—n(@n)Palyy).  (15)
X (=2im)P & I " 71:0- . . .
F(u,v) = Z A Z(i)up_kvkmpfk k- (12) This is actually the basic equation used in image reconstruction
=0 p! 0 via the Legendre moments.

. . . . Moreover, discrete orthogonal moments define an exact
From (11) and the two-dimensional inversion formula for : .
. . image reconstruction formula [13] [14]. In particular, the
Fourier transforms, it follows that

image can be recovered from Tchebichef moments using the

+oo +oo . : .
Flay) = / / Fu, v)e 049 dydy following inverse moment transform [13]:
—o0 —o0 N—-1N-1
Foo oo £ (_in)P f(xv y) = Tinr tm(x)t7 (U) (16)
ren = [ [ X 2,2 ot
B B !
P : If only the Tchebichef moments of order Nmax are given,
x Z(ﬁ)up‘kvk’mp_k,ke‘i(1‘$+”y>dudv (12) the functionf(xz,y) can be approximated by :
k=0 Nmazx m
However, the order of summation and the integration in f(z,y) ~ Z ZTm.,mfntm(x)tmfn(y)' (17)
(12) cannot be interchanged. Thus we conclude that the power m=0 n=0

series expansion fdr(u, v) cannot be integrated term by term.

The difficulty encountered in (12) could have been solved \}\f/
i p—k,k

wi?hbtal}]SISV\S/ei{ur ir v} Werre zghct)ig%ntar: [1r2].rnUnll‘grtl{[rr1]ategy, not be used to reconstruct straightforwardly the image since
?k, kee sirass approximation theore [15], the as[ﬁey can not define inverse transform.

set {uP~"v"}, while complete, is not orthogonal. Thus, we

can deduce_that it is not pos_sible to find an inverse transform |y RecoNSTRUCTION FROMGEOMETRIC MOMENTS

for geometric moments, which may be used to reconstruct _ _ S _

straightforwardly the image from its geometric moments. ~ AS we have seen in the previous section, it is not easy to find

To solve this problem, Teague [8] presented two inverdd inverse transform for geometric moments. Nevertheless,

moment transform techniques. The first methadpment We have the relation (11), which may be used to recover
matching derives a continuous function the Fourier transform of the image from the set of geometric

moments. Thus, we may reconstruct the image from geometric
9(x,y) = goo+ 9102 +g01y+ 9202 +g112y+g02y° +-- (13) moments since the image can be easily recovered from its
Fourier transform.
If geometric moments up to ordé¥maz are used, then
él) may be approximated by:

Thus, unlike continuous and discrete orthogonal moments
hich define inverse transform, non orthogonal moments can

whose moments exactly match the momengsy,,}, of
f(x,y) through ordetNmaz. However, this method is shown
to be impractical as it requires the solution to an increasirq

number of coupled equations as higher order moments are Nmaz (—2im)? p
considered. FNmaz(t,v) = Z fZ(i)up*kvkmp_kyk. (18)
The second method for determining an inverse moment p=0 L v

transform is based oarthogonal momentsTeague observed
that the geometric moment definition (3) has the form )f
the projection onto the non-orthogonal, monomial basis sefg, N—1
xPy?. Replacing the monomials with a continuous orthogo- F(u,v) = f(x’y)e(—%w(”ﬁ“y)),
nal basis set results in a continuous orthogonal moment set z

athen considering discrete Fourier transform, which is defined

2

0 0

<
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then (18) becomes: This relation shows that we have an hermitian symmetry
betweenF; and F,. Moreover, it is clear that the sufm + v)

Nmazx . D
(—2im)P U\ g, U : ;
FNmaz(u,v) = E — E (z)(ﬁ)p k(ﬁ)kmpfk,k' of the submatrixty reache2N, whereas it does not exceed
s P N for the case off;. Therefore, as we aim to decrease the

(19) maximum of the sun{u + v), we will not computeF; using
However, the relation (19) cannot be used in practice unlgd®) since we can deduce it by hermitian symmetry frem.
several difficulties are solved. In fact, it is well-known that the In addition, we have the following relation between Fourier
higher order moments capture increasingly higher frequenciasefficients:
within a function. To illustrate this remark, we have compared -
the Fourier transform coefficients computed from the image, F(N —u,v) = F(u, N —v). (21)

to these recovered from geometric moments using relatigg a result of (21), we have an hermitian symmetry between
(19), up to the QfdGNma:z:. The table (1) gives some FourierF2 and F. Since the sunfu +v) reaches% for both £, and
transform coefficients values and the ordémax needed so . ‘we se of hermitian symmetry will not decrease in this
that the recovered ,Coeff'c'edimM(“W) reaches the one case its maximum. Nevertheless, it reduces the computational
computed from the image. time since recovering a Fourier coefficient using (19) is
TABLE | computationally more expensive than deducing it by hermitian
HIGHER ORDER NEEDED SO THATF s (11, ) REACHES F (1, v). symmetry. We can conclude that we can deduce all the Fourier
coefficients if we know onlyf; and F», which are represented
by the gray part of the matrix in Fig (1).

Coefficient Value Nmaz We will now investigate the periodicity property of Fourier
F(0,0) 64770 0 transform. This property can be expressed by the following
F(0,1) -34100-2521i 19 .

F(2,1) || 7108.8+3355.2i|| 46 relation:
y .8+ 2l _ _
F(4,2) -573-513.5i 82 Fu, N = v) = F(u, -v). (22)

Let F’ be the translated matrix df in v direction by a vector

. , —-N h in Fig. (2). As for th h i
We can see in this table th#ty,,..(0,0) reachesF'(0,0) %,. ),Ias j oc\er; I'nt '];q @) bs ?ri)};’ eF(iaifiEtéFe, rEatnx
since the first order. In fact, we hav®0,0) = mqo. Whereas IS alSo divided Into four submatrixy, s, £15 ahdfy. From

Fnmaz(0,1), Fymaz(2,1) and Fymax(4,2) reach F(0,1),

F(2,1) and F(4,2) only when moments of greater order are S/ S i S S
used (respectively 19, 46 and 82). Thus, we can deduce that Fl’ F | F, F

the order needed to recover a Fourier transform coefficient Ny

F(u,v) is higher when the sunfu + v) is greater. Another F | F | E |F,
problem encountered when using (19) is that when the sum

(u+ v) is great,Fnmaqz(u, v) does not reacl’(u, v) even if v 1

higher orders are used. Those problems can be solved if we 4
investigate the transform Fourier properties, such as symmetry
and periodicity.

We recall that our goal is to decrease the maximum of ﬂegz)’ we can conclude that, is equal toF,. Moreover, the
sum(u-+v) needed to recover the Fourier matrix. Let us dividgum<u +v) of the submatrixt, does not exceed N, whereas
the Fourier matrix” into four submatrixiy, Fy, F3 and Fy,  j reaches® for the case off,. That is why we will use
as shown in Fig. (1). (19) to computeF} instead of F,. Thus, only F; and FJ,

which represent the gray part of the matrix in Fig. (2), will

Fig. 2. F and F’ represented in coordinates space (0,u,v).

0 N N be recovered using (19). The other submatrix will be deduced
o from these submatrix using Fourier transform properties.
1 2 Thanks to the symmetry and periodicity properties of
N Fourier transform, the maximum of the sym+ v) has been
P; F4 decreased from 2N to N. The use of those properties has two
N

advantages. On the one hand, the decrease of the maximum of
the sum(u+v) is compulsory for image reconstruction. On the
other hand, recovering only the half of the Fourier transform

Fig. 1. Fourier matrix divided into four submatrik;, F», F3 and Fy. result in decreasing by half the computational time.

As a consequence of hermitian symmetry, we have the V. RESULTS

following relation between Fourier coefficients: . . . . .
9 In this section, experimental results are provided to validate

F(N —u,N —v) = F(u,v). (20) the framework developed in the previous section. The binary



order of reconstruction, taking values from 10 to 110 in the
case of geometric moments and from 6 to 20 for Legendre
and Tchebichef moments, are shown in the top of this figure.
The basic reconstructions (without threshold) are also given.
This figure shows also the thresholded images, the difference
images and the reconstruction errors for both middle and
32 x 32 letter 'E’, shown in Figure (3), is used as the tespdaptive thresholds. T_he difference ir_nage_s show gray pixels

for correct reconstruction, black for pixels incorrectly added,
ﬁ\ad white for pixels incorrectly removed.

Fig. 3. Original letter 'E".

image.

We have tested the reconstruction from moments usi
different numbers of moments. The effect of using different
thresholds for the reconstructed images was also investigate
In fact, both middle and adaptive threshold [16] are appli
to the reconstructed intensity values, to obtain a binary imag{
The differences between the reconstructed image and the o

inal were measured. The reconstruction error was compu in the diff . hat th b f
as the total number of pixels that do not have the same valfff ¢@" S€€ In the differences images that the number o

in both the original and the thresholded (reconstructed) binaHAY pixels (for correct rgcoqstruction) increases, whereas the
images. This error is given by the following formula: number of black and white pixels (for incorrectly added or re-

moved pixels) decreases, as the reconstruction order increases.

dt is clear in Fig. (4), (5) and (6) that increasing the order
moments in reconstruction improves the resulting images.
g.fact, these three figures show a general improvement in
> quality of the basic and thresholded reconstructed images
en the order of moments used is increased. In addition,

Nl Thus, we can deduce that, like orthogonal moments (Legendre

Erreur = Z Z [f(@,y) = T(fnmae(z:9))l,  (23)  and Tchebichef moments in our study), the quality of the
v=0 y=0 reconstructed image from geometric moments is improved

whereT(.) is the middle or adaptive threshold. when using higher orders. This remark is confirmed by the

Fig.(4), (5) and (6) show the reconstruction results of thaots displayed in Fig. (7). Indeed, Fig. (7) shows the detail
binary letter 'E' using respectively an increasing large ge@lot of the reconstruction error of Geometric, Legendre and
metric, Legendre and Tchebichef moments set. The maximdrohebichef moments of the letter 'E’, versus the maximum
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Fig. 4. Example reconstructions with geometric moments at various orders.
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Fig. 5. Example reconstructions with Legendre moments at various orders.

reconstruction order. The reconstruction error is computed Tpis remark is confirmed by the values of reconstruction
to order 75 for geometric moments, and up to order 20 ferror (14 erroneous pixels when reconstructing with geometric
Legendre and Tchebichef moments. As can be seen from thements up to order 70, whereas only 8 erroneous pixels
Fig. (7), the reconstruction error of various moments decreaselsen reconstructing with Legendre and Tchebichef moments
as the order of moments used increases. up to order 15). In fact, unlike Legendre and Tchebichef

The second remark is that, for Geometric, Legendre afgPments, geometric moments are not orthogonal, and as a
Tchebichef moments, the adaptive threshold improves betf@nsequence, they suffer from information redundancy. That
the accuracy of reconstruction compared to middle threshol@l.Why reconstruction from non orthogonal moments (and in

It is clear in Fig. (4), (5) and (6) that the number of erroneouticular geometric moments), require higher orders when
pixels is lower when the adaptive threshold is used. compared to the reconstruction from orthogonal moments. To

éﬁst the robustness of Geometric moments in the presence of

Er}1|0ise, image 'E’ is perturbed with salt and pepper noise. The

finite se_t (.)f mqments may cha_rac_terlze an image ad?quat results are summarized in Fig. (8). It can be seen that higher
In fact, it is quite clear from this figure that the lettdr’ is . . .
eometric moments are more sensitive to noise.

recognizable f_ro_m the reconsruction up to and mclgdmg ordnginaIIy, Fig. (9) gives reconstruction results for the binary
55. However, it is also clear that the reconstructed image dcfﬁs o
L a2 x 32 letter 'A.
not match the original. Thus, we can deduce that recognition
requires fewer moments than reconstruction. V1. CONCLUSIONS

In addition, compared to orthogonal moments, reconstruc-In this paper, the inverse problem of geometric moments
tion from geometric moments requires higher orders. In fact,hfis been addressed. We have shown that an image can be
we compare the reconstructed image from geometric momergsonstructed from a finite set of geometric moments. The
up to order 75 (Fig. (4)), to the reconstructed images froproposed method consists in recovering the Fourier transform
Legendre moments (Fig. (5)) and Tchebichef moments (Figom the geometric moments, firstly. Then, the image is re-
(6)), it is clear that the quality of the reconstructed imageonstructed using the inverse Fourier transform. Experimental
from Legendre moments is better even if only Legendre amesults showing the reconstructed images and the computed er-
Tchebichef moments with order lower than 20 are userbr are given. Both reconstruction error and visual results show

Moreover, we can see in the Fig. (4) that a relatively sm
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Fig. 6. Example reconstructions with Tchebichef moments at various orders.
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Fig. 9. Example reconstructions of letter ‘A’ with Geometric moments at various orders.




