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I use the angular spectrum representation to compute exactly the Gaussian beam close to the waist (w,) in the
case of a highly nonparaxial field (wy<\). The computation is done in the vectorial case for a polarized Gauss-
ian beam. In the area of the waist, the contribution of the propagating and evanescent waves is discussed.
Moreover, the Gaussian wave is developed in terms of a series, which permits one to get analytical expressions
for both propagating and evanescent waves when the observation is close to the waist. © 2006 Optical Society

of America
OCIS codes: 350.5500, 260.1960, 260.2110.

1. INTRODUCTION

The beam propagation beyond the paraxial region has
been extensively studied.’™ In the past decade, the vecto-
rial Gaussian beam has been studied in the regime of a
waist width (w() smaller than the Waveleng‘th.‘r’f9 Highly
nonparaxial beams can be very useful in many areas in
physics, for example, in performing optical trapping and
optical manipulation,'®! or in optical diffraction tomog-
raphy where a highly focused beam permits one to reduce
the investigation domain.'?

In the case of a highly focused beam with a waist width
smaller than the wavelength, the study is always done far
from the waist with, for example a power-series expan-
sion for the transverse field® or longitudinal field,” hence
the evanescent waves are not taken into account. In this
paper I focus on the waist area, which implies that the
evanescent waves are not negligible and should be com-
puted correctly. Hence I use an angular spectrum
representation,’® which permits one to separate the con-
tribution of the evanescent and propagating waves with-
out approximation. Then, by using a Taylor series, I ex-
press the electric field in an analytic form when the
observation point is close to the waist. The advantages of
this analytic formulation, not previously derived to my
knowledge, are its speed, and the ease with which one can
compare the weight of the evanescent and propagating
waves.

The paper is organized as follows. In Subsection 2.A the
definition and notation used in the problem are given.
Subsection 2.B develops the theory to compute separately
the evanescent and propagating waves without approxi-
mation as well as an analytical form when the observa-
tion is close to the waist. Section 3 is devoted to the re-
sults, and Section 4 presents the conclusions.

2. THEORY

A. Position of the Problem
To describe a polarized Gaussian beam, I use the well-
known angular spectrum representation in the Cartesian
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coordinate system.'® Omitting the dependence in iwt, the
electric field can be expressed as

E.(r)= f f Ak kyexplikx + kyy + k.2)]dk.d,,

(1)
+%0 +o%0
E/(r)= f f A (ky,ky)expli(kx + kyy + k,2)|dk,dR,,
(2)
LA i I k,
Ez(r) =- _Ax(kx,ky) + _Ay(kx’ky)
o J Lk k.
Xexpli(kx + ky + k,2)]dk,dk,, 3)

in the z>0 half-space, where the z axis is taken to be the
direction of propagation. The wave vector has a magni-
tude k§=(w/c)?=k}+k.+k’ with

k.= (ke - k2 - ki) for propagating waves, (4)

N e VRN
k=14 (ki + k§ - k%) for evanescent waves. (5)

To find the coefficients A, and A,, the initial guess taken
for the field at z=0 evolves from that of Agrawal and
Pattanalyak6

2
p
Ex(x7ya0)=EOxeXp<__2>7 (6)
2wy
p2
Ey(x}y’o)zEOy exp(_Q_u](z)>’ (7)

with p?=x2+y2, w, is the waist of the Gaussian beam, and
E,, and E, are the magnitudes of the Gaussian beam at
the origin for the x and y components, respectively. Using
the inverse Fourier transform, it is easy to find
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wi k2 0
l(kxyky) E()l eXp 92 5 (8)

where [ stands for either x or y, and k2=k§+k§. Since the
Gaussian beam is invariant under rotation about the z
axis, we will work with polar coordinates rather than Car-
tesian coordinates. Replacing dk,dk, with kdkd 6 and per-
forming the angular integration introduces the zeroth
and first-order Bessel function of the first kind, so as to

yield

El(r) = EOlIx(r)7 (9)

L(r)= f wgf(k) exp(ik,z)J(kp)kdk, (10)
0

E,(r) = -i(sin 6E, + cos 0E,)I,(r), (11)

2

“fik)exp(ik2) T, (kp)dk, (12)

k2
Iz(r) = f
0 kz

with A(k)=exp[-(k%w3/2)], sin f=x/p, and cos f=y/p. At
this step, generally, one studies the behavior of the propa-
gating waves by performing power-series expansion for
the transverse field® or longitudinal field® when z is large
compared to the wavelength. Afterwards one usually5’6
compares the different terms of the series to the usual
paraxial or spherical approximation. In our case, we are
interested in studying the field close to the waist and in
comparing, in this area, the contribution of the propagat-
ing and evanescent waves.

B. Contribution of Evanescent and Propagating Waves:
Study Close to the Waist

We want to know the contribution of evanescent and
propagating waves, hence we should separate the integra-
tion performed over k as [§*=[§ ko 4 [37, where the first and
second integrations correspond, respectlvely, to the propa-
gating and evanescent waves. To avoid the problem that
occurs at k=k( (which implies £,=0) for I,, I perform the
integration over the normal component of the wave vec-
tor. Hence, one can write

ko +i%°
I(r)= ( f - f )w%f(k)eXp(ikzz)Jo(kp)kzdkz,
0 0

(13)

ko +ioo
L) = ( j - f )w%f(k)exp(ikzzwl(kp)kdkz. (14)
0 0

In a more detailed form Eqs. (13) and (14) become

o, [ wd-
L prolr) = J wiexp| - ————
0

xexp(ik,2)Jo(p\kg - k2)k.dk,, (15)
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* wo(ko +a?)
Ix,eva(r) = f wgexp - o
o 2

xexp(- az)J(py kg + ) ada, (16)

o[ wl-k
I _..(r)= f wzexp -
2,pro 0 9

0

xexp(ik.2)Jy(p\kg — k2) kg - kZdk,, (17)

* wy(ky + a)
Iz,eva(r) == lf w%exp( L)
o 2

Xexp(- CYZ)J1(P\/k(2) + 012) ko +a’da, (18)

where the indices “eva” and “pro” mean that the integra-
tion corresponds to the evanescent and propagating
waves, respectively. One can note from Eqs. (16) and (18)
that the integration that represents the evanescent waves
is real for the x component and imaginary for the z com-
ponent. Equations (15)—(18) can be evaluated numerically
and hence we can obtain the field without any approxima-
tion at any position r. To my knowledge, this is the first
time that the evanescent part of a Gaussian beam is pre-
sented. To the best of my knowledge, one can note only
one recent work that separates the evanescent and propa-
gating parts in expanding the electric field to the modal
function, but in the scalar case. ™

The integrations represented by Egs. (15)—(18) can be
inconvenient to perform, and in the case where the obser-
vation point is close to the z axis, we can use a more effi-
cient approach. We are interested in the electric field in
the waist area with a waist width smaller than the wave-
length. Hence when p increases, the electric field vanishes
very quickly. Then the Bessel functions, J/o(kp) and JJ1(kp),
can be written in terms of series with the argument %p.
Moreover using the binomial theorem, Eqs. (13) and (14)
are rewritten as

N b
L(r) =wif(kg) >, C; > ( f f )
m)!

1=0 mokzm M-

wZ
><exp<k§?°> exp(ik.2)k2"*1dk,, (19)

o I+1 (_ 1)m

L(r) wof(ko>—2 >

2 & A R m (1 + - m)!

ko +i% w%
X(J —f )exp(k?—)
0 0 2

Xexp(ik,2)k2"dk,, (20)

with C;=[(-1) (kop)*]/4'l!. Now each integration can be
easily evaluated as Eqgs. (19) and (20) can be computed us-
ing the following relations!®
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2

v kfwo
Leva= f exp| — exp(ik,z)k"dk,
0

™ m! z
=t Dna| > (21)
0 0

for the evanescent part with

D ( z ) T iz @2)
— | = —w|\ =1, 22
! Wy 2 \;”21,00
z z z
Dy| —)=1-—Dq( —|, (23)
Wy Wy Wy

1
Dm+1(i)=_|:Dm—1(i)_iDm(i):|a (24)
Wy m Wy Wy Wy

where D is related to the parabolic cylinder function. For
the integration representing the propagating part, we get

e (a}
Im,pr():f exp 2 exp(ik,z)k) dk,
0

wik? Y S
=exp| — exp(1koz)w—% - w_glm—l,pro
m-1

- w_%Im—Q,pro’ (25)

with

1 wgk% _ .
Il,pro = E exp 9 exp(ikgz) -1~ lZIO,pro , (26)

0
i T iz (wgk(z))
Iy o=—1\/=| w| ——=—— | —exp
Oy N 2|\ 2w, 2
iZ kaO
X exp(ikgz)w —+— . (27)
wo\e'z \r’

w(-) is the Faddeev function and can be computed in a
very efficient Way.17 In conclusion, computing Eqgs. (19)
and (20) does not require a numerical effort as one needs
only to compute the Faddeev function with two different
arguments and use relations of recurrence. As an example
we give below the first term of the series, i.e., [=0

L) = fllo)| 1 z\/; : (28)
reva(r) = ko - 1, 2w \,Ewo >
) z \/; iz wokg
Ix,pm(r) = eXp(leO) 1- w_O Ew m + V_E

- Ix,eva(r) ) (29)
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ip \/? wgk§+z2+wg) iz
L cvar) = ——flko) | 2 - S w s
alt) = 5k T -

(30)
p ) iz
Iz,pro(r) = 5 eXp(lsz) — kO + w_(2)
m(wikb+2 v wy\ [ iz wok
iy i | Z
2 Wy wO\“Jz \”2
- Iz,eva(r)- (3 1)

Notice that when z becomes large compared to the wave-
length Eqgs. (28)—(31) can be written in terms of a power-
series expansion in 1/z:

w? 1
Ix,eva(r) = Z—Qf(ko) +0 2_4 ’ (32)

1
—2), (33)

4

w%ko

—

Iy pro(r) = =1 exp(izkgy) + O

ikZw? 1
Iz,eva(r) =—-p f(kO) +0 3 (34’)
2z z
ikiw? wik ' 1
Iz,pro(r) =p 9% f(ko) -p 22 exp(IZko) +0 ; .
(35)

Hence, one can note that for the z component, the first
non-null term is the 1/z term for both evanescent and
propagating waves. Therefore, it seems that the evanes-
cent waves contribute to the far field as the propagating
term. Incidentally, a few years ago, there were some
claims as to the contribution of evanescent waves to the
power radiated to the far field by a dipolar source.'® The
1/z term is a mathematical artifact associated with the
choice of a particular plane with respect to which the an-
gular spectrum representation is derived. From a physi-
cal point of view, no energy is carried to the far field by
the evanescent modes of the field and the only physically
sound quantity in the far field is the total field which is,
for all practical purposes, propagating.’®! Then, one can
see that the total field, i.e., I, cya+ L pro and I, eya+1; pros
matches perfectly the first term of the power-series ex-
pansion of the transverse and longitudinal field presented
in Ref. 5 with the approximation that z is large compared
to the wavelength and p is close to zero.

3. NUMERICAL RESULTS

In this section, I present some results computed in the
waist area for a waist smaller than the wavelength.
Figure 1 presents the propagating and evanescent parts
for the x and z components of the electric field for a
Gaussian beam with a waist of wy=\/2. The polarization
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Fig. 1. (Color online) Gaussian beam with wy,=\/2 in the (x,z) plane at y=0. The left- and right-side are on the x and z components,
respectively. (a) and (e) are the logarithm of the modulus of the component of the electric field. (b) and (f) are the logarithms of the
modulus of the propagating part, (c) and (g) are the logarithms of the modulus of the evanescent part, (d) and (h) are the ratios in percent
between the modulus of the evanescent part and the modulus of the total electric field.

of the Gaussian beam is such as E(,=0, E(,=1, and the
field is presented in the plane (x,z) at y=0. Note that in
Figs. 1(a)-1(c) and 1(e)-1(g), we present the logarithm of
the components (detailed in the legend of the figure) in or-
der to appreciate more easily their variations.

No qualitative difference emerges from Figs. 1(a) and
1(b), and Figs. 1(e) and 1(f) between the modulus of the
electric field E, and E, and the modulus of the propagat-
ing part i.e., E, ,, and E, ., respectively. One can notice
that the z component of the electric field vanishes on the z
axis. Figures 1(c) and 1(g) present the evanescent part for
the x component and z component, respectively, and when
z>\ they exhibit a dark horizontal line that denotes a
strong decrease of both components. To my knowledge,
this effect has not previously been commented upon.
When we look carefully at the expressions of the evanes-
cent part, Eqs (16) and (18), they contain the terms
exp(— az)JO(p\rk +a2) and exp(-az )Jl(p\k0+ a2) for the
x and z components, respectively. When z increases,
exp(—az) decays very quickly and only « close to zero
gives a significant contribution to the integral. Hence,
when p is such as Jy(pkg)=0 the x component vanishes,
and when p is such as J;(pky)=0 the z component van-
ishes: this explains the dark line in Figs. 1(c) and 1(g).
Figures 1(d) and 1(h) represent the ratio, in percentage,
between the modulus of the evanescent part of the electric
field and the modulus of the electric field, i.e.,
100|E, ¢va|/|E,| for Fig. 1(d) and 100|E, ,|/|E,| for Fig.
1(h). As expected, Fig. 1(d) shows that for the transverse
component the contribution of the evanescent waves for
z>\ is less than 0.5%, thus it is perfectly negligible com-
pared to the propagating waves. In the case of the longi-
tudinal component, Fig. 1(h), the relative difference is
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z component

«

T 1z/)2

strong for a small value of z when the electric field is com-
puted close to the waist, and large for a value of z due to
a mathematical artifact as explained previously in Sub-
section 2.B.

We study the same Gaussian beam as in Fig. 1 but in
the plane (x,y) close to the waist. i.e., at z=\/4. As previ-
ously observed, at first view there is little difference be-
tween the modulus of the electric field with its propagat-
ing components [Figs. 2(a) and 2(b)]. In Figs. 2(c) and 2(g)
the evanescent component shows circles due to, as previ-
ously stated, the Bessel function. For the z component
note that it vanishes for y=0. Figures 2(d) and 2(h) show
that the error made if the evanescent waves are not taken
into account increases drastically for both components
when the observation becomes far from the z axis, i.e., p
>N\N= 2LU().

Figure 3 compares the exact solution obtained from
Eqgs. (15)—(18) (crosses) and the series described by Eqgs.
(19) and (20) versus x. The cutoff for the series is done at
[=10 (solid curve) and /=30 (dashed curve). One can note
that when x increases, it is necessary to compute the se-
ries for higher values of [, but for a small value of x, the
series is a rapid way to obtain the components of the elec-
tric field.

Figure 4 studies the effect of the distance z, and of the
waist on both components. As expected, when the dis-
tance z increases, the evanescent waves decrease for both
waists. Note that the oscillations of the evanescent com-
ponent are due to the Bessel function as explained previ-
ously, which means they do not depend on the waist
width. The only effect of the waist on the evanescent
waves is to lower their magnitude, but the shape stays
the same. For the propagating waves, the effect of the
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Fig. 2. (Color online) Gaussian beam with w,=\/2 in the (x,y) plane at z=\/4. Same legend as in Fig. 1.
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Fig. 3. (Color online) Gaussian beam with w,=\/2 versus x/\ at Fig. 4. (Color online) Gaussian beam with wy=\/2 versus x/\ at

z=MN/4. With crosses the exact solution using Eqgs. (15)—(18). Solid
curve and dashed curve with the series development with /=10
and /=30, respectively. (a) x component for the evanescent wave.
(b) x component for the propagating wave. (¢) z component for the
evanescent wave. (d) z component for the propagating wave.

waist is obvious and well known. Notice that the series
associated with the propagating waves converge more
quickly than those associated with the evanescent waves.

Table 1 presents some results on the convergence of the
series expansion of Eqgs. (19) and (20) versus wy, p, and z.
It shows that when the waist increases, the convergence
is easier. When p increases, the convergence is more diffi-
cult. This is because the Bessel function is developed in a
Taylor series in a power of p. Regarding z, a larger value
will give a quicker convergence when we are close to the
waist, but this is no longer the case for high values of
z(z>100\), because in that case it does not make any

z=M\/4 in the solid curve and z=5\ in the dashed curve and with
wo=\ at z=\/4 in the dot-dashed curve and z=5\ in the dotted
curve. Note that the symbols are the results of the series devel-
opment with /=30. (a) x is the component for the evanescent
wave. (b) x is the component for the propagating wave. (¢) z is the
component for the evanescent wave. (d) z component for the
propagating wave.

Table 1. Value of I Needed to Compute I, and I,*

p=\/4 p=N\/2 p=X\
z=N4 z=N  z=N/4 z=\ z=\/4 z=\
wo=N4 3(2) 3(2) 7 (4) 5(4) 21(8) 11 (8)
wo=N\/2 3(2) 3(2) 5(3) 5(3) 10 (7) 9 (7)
wo=\ 3(2) 3(2) 5(2) 5(2) 9(3) 9(3)

“Value of / needed in Egs. (19) and (20) to compute /, and I, (propagating and
evanescent waves) with a precision smaller than 1% compared to the exact solution
computed through Eqs. (15)—(18). Between brackets, the value of / is needed only for
the propagating waves to reach the precision wished.
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sense to take our formulation, and a series expansion in
1/z (Refs. 5 and 6) would be preferable.

4. CONCLUSION

In this paper, I compute the longitudinal and transverse
components for a fully vectorial, highly nonparaxial beam
without approximation. I separate the contribution from
the evanescent and propagating waves and study the im-
portance of the evanescent waves close to the waist. I note
some oscillations of the evanescent waves versus p that
are independent of the waist and the distance z (for z
>\) and give analytical expressions of the evanescent and
propagating waves when the point of observation is close
to the waist.
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