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Abstract: The present paper deals with the reconstruction of three-
dimensional objects from the scattered far-field. The coméition under
study is typically the one used in the Optical Diffractionnography
(ODT), in which the sample is illuminated with various argytd incidence
and the scattered field is measured for each illuminatiore feirieval
of the sample from the scattered field is accomplished nwalgyri by
solving the inverse scattering problem. We present herdestmethod
for solving the inverse scattering problem based on the @dupipole
Method (CDM) and applied it for complex background configiara
such as buried objects in a layered medium. Numerical exmets are
reported and robustness against the presence of noisedatéis analyzed.
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1. Introduction

The classical optical microscope have a resolution abogemtll known Rayleigh criterion
and give a two dimensional image of three dimensional objetltsing the optical sectioning
technique a three dimensional image can be obtained anddbkition can be improved with
a deconvolution technigue but this is time consuming. [lfhka last decades, intensive devel-
opments of methods have been carried out to image biolog#raples using electromagnetic
probes [2, 3]. The resolution is in some cases below the Rewtgiterion,i.e., better than a half
of the wavelength of the exciting field. Microscopes op@igth the near field, for example the
Scanning Near-Field Optical Microscope (SNOM) [3], have tlisadvantage of approaching
the probe close to the sample. Thus, the interaction bettiregprobe and the sample —which
is not easy to model, since it depends on the shape of the praben the constitutive materials
of both sample and the probe— blurs the image of the samptthéfmore, the probe scanning
on the top of the surface, it is not obvious to extract infaiiorarelated to objects buried in a
substrate. In addition, for the case of a specimen depositegl substrate, moving the probe
along the surface may damage the sample which aimed to bednag

In the present paper, we consider an optical imaging sysesgadon the Optical Diffrac-
tion Tomography (ODT) technique, which circumvents afogaetioned disadvantages, with
however an inferior resolution to the one achieved with rieddt microscopes. The basic idea
underlying the ODT technique is firstly lighting the samplighwarious illuminations and sec-
ondly retrieving the object under test from the scattereld Bepposed known (modulus and
phase). This second part requires a numerical proceduselfging the inverse scattering prob-
lem. Under the Born approximation the inverse scatteriofplgm is linear and an image of the
object under test may be performed through a simple invesaedt transform [4, 5] or thanks
to the singular value decomposition [6, 7].

We have recently developed an algorithm that permits tdexetraccurately the three-
dimensional relative permittivity of scattering objectegent in homogeneous background [8]
or above a dielectric substrate [9] with less than 100 padfitsbservations per illumination.
The main bottleneck of this method is its greed in terms oétoomputation. Typically, several
hours are needed with a rather simple configuratiorm, objects of characteristic dimension
of A /4 present in a homogeneous background medium, and invgrsidormed with an in-
vestigating domain of volume size\8 (A being the wavelength of the incident field) [8]. In
the biological application when studying many sampless #rmount of computation time is
overthrowing. In the present paper, we present a methodwaliows to locate the unknown
objects in complex background environment such as layeredianand to differentiate the
constitutive materials of the unknown objects in terms afaabing or transparent materials.
However, this method is not quantitative since the refvacidexes of the objects under test
are not accurately retrieved. On the other hand the inveisiperformed within only few min-
utes for a configuration involving layered media while thié $olution [8] is obtained within
several hours when the background is homogeneous.

2. Theory

2.1. Forward scattering problem

We use the coupled dipole method to compute the scatterimghoby arbitrary objects. As this
method has been presented in previous article, we onlyl tbeaiain steps [10]. The objects
under study are discretized inkd dipolar subunits, and the field at each subunit satisfies the
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following self consistent equation:

N

E(ri) =E"™(r)+ 3 S(ri,rja(rE(r)), Y
=1

whereE"(r;) is the incident field, and(r ;) the polarizability of thejth subunit which meet
the Claussius-Mossotti relation:

_ 3dde(rj) -1

T ame(ry)+2 )

a(rj)
£(r;) is the relative permittivity of the subunijt andd the size of the subuni§is a tensor which
correspond to the linear response of a dipole in the systerefefencej.e, homogeneous
space [10], a substrate, or a multilayered system [11].ddathiat wheri = j in Eq. (1) the
contact term is take into account through the Clausius-bttisglation [10]. This is the weak
form of the CDM which presents enough accurate for our ainie dipole moment of the
subuniti is written asp(ri) = a(ri)E(ri), hence Eq. (1) can be written under this symbolic
form:

E-E™Ap ®)

whereA is a matrix (3 x 3N) which contains all the tenso® E, E™ andp are vector (8l)
which contain all the local field, the incident field, and thpale moment, respectively. The
field scattered by the objects at an arbitrary positioeads as

P4

E(r)= ) S(r.rjp(rj). 4)
=1

If we have a set oM points of observation, one can use this symbolic form:

f=Bp, (5)

whereB is a matrix (3 x 3N) andf a vector (34) which contains all the diffracted field. Notice
that the matriceé andB do not depend of the incident field and of the nature of theatbje

2.2. Inversion algorithm

The object is assumed to be confined in a bounded ®diest domain or an investigating
domain) and illuminated successively by 1,--- . L electromagnetic excitatioﬁ:rflf_.,L. For

each excitation, the scattered fielfi is measured on a surfadeat M points. The inverse
scattering problem is now stated as determining propesfiemknown objects present in the
investigating domairQ from f;. The approach used for solving this inverse scattering-prob
lem is based on a previous work of authors [12] where a simphdiguration (homogeneous
background medium) is involved. In the present paper weneixtiee method in order to han-
dle layered media configurations. The basic ideas underlyia inversion algorithm remain
the same as in Ref. [12]. In this method, a sequémgés built up according to the following
recursive relation:

Pin=Pin-1+Bndin, (6)

whered, , is an updating direction3 , a scalar number determined at each iteration step by
minimizing the cost functionaf, that represents the discrepancy between the data (measure-
ments) and the scattered field corresponding to the bedableaestimate of the objeq; .
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Fig. 1. Sketch of the illumination and detection configuration. The observatmts are

in the far field zone regularly placed on a half sphere. The illuminatioresponds to 16
plane wave propagating towards to the positive valuesinfboth planegx,z) and(y, z)
such that the electric field is in the incidence plane. The angle between theriheidve
vector and the axis ranges over-80° to 80°. The cube represents the objects under test
and the background can be either homogeneous or layered medium.

The cost functional, is defined thus:

2 . 1
f
b

| Q]| is the deduced norm from the inner product of two vectoR, Q >r defined orl". This
inner product reads as R,Q >r= Y, cr R*(rx).Q(rx) whereR* denotes the complex conju-
gate ofR. Now usingp, , and Eq. (6), Eq. (7) leads to a polynomial expression of thightiag
coefficients§ . Then the cost functional is minimized with respeck tecalar coefficients) ..
As updating directiom, , the authors took the Polak-Ribiére conjugate gradienttioe

%wmszW—wm

<gl~,n;ﬁ s Oimp — gl,n—l;b>Q

— 2
||gl7nfl;b||Q

: )

Qn=0p+¥nlin1. With yn=

where< .,. >q is the same inner product as defined previously but actingotovs defined on
Q. The vector functiom, ;; is the gradient of the cost functiona with respect tg, evaluated

for the (n— 1)™" quantities. This gradient reads as:

gLn;ﬁ = \M'ET FI _Eﬁl.nfl} ) 9)
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=t =

whereB is the transpose complex conjugate matrix of the matiOnce the sourcds are
reconstructed, one can determine the fif@dasideQ using the Eq. (3). The polarizability
at the positiorr is then given by

Ef(rj)pi(ry)
a(r,—):'—. (10)

L
S ()P
I=1

M-

wherex denotes the complex conjugate. The permittidtgistribution is determined easily
using Eq. (2).

3. Numerical results

In this section are presented numerical experiments ttilite the performance of the imaging
method described previously. The section is subdividetirieet parts. The first one is devoted
to the simple case involving a homogeneous background. &btensl part deals with objects
embedded or deposited on a substrate. Finally, the ladtrpats the complicated case of targets
buried in a layered medium. In all cases, results of recaogtm from corrupted data are
presented. Thus, the robustness of the inversion schenmestatee presence of noise in data
is emphasized. The synthetic data used for inversion weasra thanks to a forward solver
with a mesh size ol /20 while inversions were performed with a different meshiné a /10.

All presented results were obtained without any post-tneat.

3.1. Simple configuration: case of homogeneous backgrouiiLm

We start with the study of two objects present in a homogesidagckground medium . The
two objects are cubes of side= A /4 and separated by a distancecof A /3 (A being the
wavelength of vacuum). The relative permittivity of the eubcated ak ~ —0.3A is € = 2.25
while the relative permittivity of the other one locatedkat 0.3A is € = 2.25+i0.5. The illu-
mination of the samples is as described in Fig.€l, 16 plane waves in the two perpendicular
planes(x, z) and(y, z). The electrical field remains in the incidence plane (FigL&} us denote
by ki"® the wavevector of the incident field akd the wavevector of the diffracted field. The
investigated domaif is a large cube of volumeA2x 2A x 2A.

Figures 2(a-d) present results of the inversion describelld previous section. The chosen
representation of this configuration is used in the entipepd-or each set of four figures, first
row corresponds to the reconstructed real part of the velggrmittivity, in the planéx, z) for
the left image and in the plarig,y) for the right image. The second row is as for the first row
but for imaginary part of the relative permittivity insteafithe real part. The full line curves
represent the boundaries of the actual objects.

The convergence was achieved after 20 iteration steps, daati observe any marked
changes when pursuing the iterative process. Hencefdthymerical experiments reported
in the present paper correspond to the 20th iterate solufiba needed CPU time to com-
plete the inversion was 5 mn using a standard commerciabRar€omputer with an internal
clock frequency of 3 GHz. Notice thatis obtained only in 80 seconds by minimizing the cost
functional.# defined in Eq. (7). Therefore, the main computation time eénspo obtained the
internal fieldvia Eq. (3). Hence the main advantage of this method is that Bqs {(&ed only
once. In the method presented in Refs. [8, 9] the linear systpresented by Eq. (3) is solved
at each iteration step for each angle of incidence, thisaéxplits amount of the computation
time about 10 hours.
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Fig. 2. Map of the reconstructed relative permittivity using our inversareme. The size

of the investigating domain isA2x 2A x 2A. Objects under test are cubes (boundaries of
these cubes are plotted in black) of s@le- A /4 and separated by= A /3. The actual
relative permittivity of the cube ig = 2.25+ 0.5i andg, = 2.25 for the left and right cube,
respectively. The four left figures are obtained from noiseless détite the right figures
are obtained from a corrupted scattered field with 10%. a) and e) shows the real part of
the relative permittivity in the plang= 0. b) and f) shows the real part of the permittivity
in the planez= 0. ¢) and g) shows the imaginary part of the permittivity in the plare0.

d) and h) shows the imaginary part of the relative permittivity in the piané.

Figures 2(a) and 2(b) show that the resolution for the reel gfathe permittivity is better
along thex axis than along the axis. Using Ewald’s sphere, the projectionkdf— ki"® along
the z axis yields to an interval of—k"°; k"] while the projection along the axis leads to an
interval twice larger. This explains the better resoludnngx axis. However, the reconstructed
objects are not well separated along xexis. Regarding the reconstruction of the imaginary
part of relative permittivity, Figs. 2(c) and 2(d), the dimg@bsorbing object is perfectly located
(the left cube), yet it is shifted downwards. This may be duté illumination done only in the
direction of thez axis positive. Using a symmetric illumination in both ditieas @ positive and
negative), the reconstructed objects would be perfectiyered on the actual objects. Note that
a slight absorbing part appears on the right-hand cube,alaesmeak coupling between both
cubes. Now, we investigate the robustness of the algorifimeconstruction against a presence
of noise in data. In view of approaching the experimentaldéioms, we corrupt the scattered
far-field dataf|:1,...,|_, by an additive uncorrelated noise on each component of¢trie field
at each position of observation,

fY(re) = £'(ri) + uAe®. (11)

v stands for the components alorgy, orz, A= max(|fi_1... (rk)|) andk=1,....M. @is a
random number taken for each component of the positions sgrehtion and incident angles
with uniform probability density i0, 271; u is a real number smaller than unity that monitors
the noise level. Figures 2(e-h) show the reconstructiohénpresence of noisel & 10%) . It
appears evident that the obtained results are similar setebown in Figs. 2(a-d).

We examine now the ability of the inverse algorithm to retie@ complex shaped object.
Therefore, we consider an inhomogeneous "U-shaped" dijatts constituted by a dielectric
bar and two absorbing cubes. The bar is of widitAnd of sectionX /4 x A /4). The relative
permittivity of this bar ise = 2.25. The two cubes are of side/4 and of relative permittivity
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Fig. 3. Same as Fig. 2 but with an inhomogeneous U-shaped object. Ajert &5 con-
stituted by a dielectric bare(= 2.25) and two absorbing cubes located at the extremities
(¢ =2.25+0.5i). Maps a), ¢), e) and g) are plotted in the plane0; b) and f) in the plane
z=0; and d) and h) in the plaree= —0.4A. The dashed lines in the figures a), c), €) and g)
represent, the cross sections maps of b), f), d) and h) i(xlye plane. The figures on the
right are organized as the figures on the left but with a scattered fialdpted with noise
(u=30%).

& =2.25+0.5i. The illumination as well as the observation is unchangegliré 3 presents re-
sults of the inversion. It is clearly shown that the "U-staipgbject is accurately retrieved even
from corrupted data with a value ofas high as 30%. Thus, the reconstruction method pre-
sented here is very robust against a presence of the noisganld addition, this fast method
can provide us with a 3-D cartography showing objects thatadasorbing or not. In the fol-
lowing sections, we will attempt to show that this method tlees major advantage of being
applicable to extremely complex situations, which woulddsious to carry out with a method
as described in Ref. [9].

3.2. Case of two semi-infinite media
3.2.1. Objects above a dielectric substrate

We consider the same objects as in Figa2=(A /4 and separated by= A /3) of the same
relative permittivity but now deposited on a flat interfaeparating the superstrate (air= 1)
and the substrate (glass= 2.25). The total reflection angle is in this ca8&= 41.8°. The
investigating domain is of volume A2x 2A x A) and located above the interface.

The computation time (5 mn 20 s) is similar to the one may oleiin the case of the
homogeneous background medium (5 mn).

Figures 4(a-d) show the reconstruction obtained using pripagative illuminationi.e.,
|8""| < B°. In this case, Figs. 4(a) and 4(b) are similar to Figs. 2(a) &{b) in terms of
resolution. This is due to the fact that Ewald’s spheres deatical in both configurations.
However, Figs. 4(c) and 4(d) show an accurate localizatiohesimaginary part of permittivity.
We interpret this superior resolution as being the reswdtadupling effect between objects and
the substrate, with multiple scattering improving the heson [9]. Figures 4(e-h) show the
result of reconstruction using only evanescent illumioati.e., |8""| > 6°. Considering the
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Fig. 4. Map of the reconstructed relative permittivity using the inversioorétlgn. The size

of the investigating domain is2x 2A x A. We havea= A /4,c=A /3, andg) = 2.25+0.5i,

& = 2.25, andes = 2.25. The four left figures are obtained with only propagative waves,
while the figures on the right are obtained with solely evanescent wavasda) show the
real part of the permittivity in the plane= 0. b) and f) show the real part of the permittivity
in the planez~ A /7 (dashed line). c) and g) show the imaginary part of the permittivity in
the planey = 0. d) and h) show the imaginary part of the permittivity in the plareA /7
(dashed line).

real part of permittivity, both cubes are now perfectly tesd as shown in Figs. 4(e) and 4(f).
However, the objects do not lie on the surface. The resuthimaginary part is less accurate,
because the absorbing cube seems to float above the sunfiaces significant portion of the
imaginary part appears at the object on the right. The useasfescent illumination thus yields
to good resolution, due to the high spatial frequenciesigeal/by the incident wave (enlarged
Ewald’s sphere), yet the object is not well located.

We now use both propagative and evanescent illuminaitien,—80° < 8" < 80°. Further-
more, noise has been added to the diffracted fiele: L0%) in order to mimic experimental
conditions. Figure 5(a-d) clearly show that adding propigsgand evanescent waves improves
the result: both the real and the imaginary parts show extefidequation between the ac-
tual profile and the reconstructed one. The two cubes areleggted and perfectly resolved.
Furthermore, Figs. 5(c) and 5(d) show only one truly absayliube, which is not the case
in Figs 5(g) and 5(h) where only evanescent waves are useith ifogs 4(g) and 4(h) where
noiseless data are used. The effect of noise in the recatistiuwhen using evanescent waves,
Figs. 5(e-h) (in particular, artifacts appear at the tophef investigating box in Fig. 5(e)), is
much higher than the one observed when using both propagati/evanescent waves Fig. 5(a-
d). In fact, an illumination with evanescent wave contaiightspatial frequencies, which are
known to be sensitive to noise. llluminating targets witthhjaropagative and evanescent waves
leads to combine the robustness and the accuracy of thesteection.

3.2.2. Objects buried in the dielectric substrate

We consider herein a configuration of objects buried in asgtastrateg = 2.25). In Figs. 6
and 7 the objects are the same as in Section 3.2.1 : cubegawith/4 separated bg = A /3
with a relative permittivityg = 2.25+ 0.5i for the cube located gt-0.3A,0,—0.651) and
& = 2.25 for the cube located &0.3),0, —0.65) ). lllumination remains at-80° < 8""° < 8(°
and the dimension of the investigating domain %3>22A x 1.5A and includes the air-glass
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Fig. 5. Map of the relative permittivity given by our inversion scheme mtiee scattered
field is corrupted with noiséu = 10%). The size of the investigating domain i8 & 2A x

A. We havea= A/4,c=A/3, andg = 2.25+ 0.5}, & = 2.25, andes = 2.25. The four
figures on the right are obtained with only evanescent waves, while tne§ign the left
are obtained with both evanescent and propagative waves. a) ahdve}tse real part of
the permittivity in the plang/ = 0. b) and f) show the real part of the permittivity in the
planez= A /7 (dashed line). c) and g) show the imaginary part of the permittivity in the
planey = 0. d) and h) show the imaginary part of the permittivity in the plareA /7.

interface. This configuration would be more difficult to studith an optical microscope. It is
typically the one that would be used for mines detectionéf sbattered fields were measured
closed to the interface. This is not a limitation for our noethit suffices to replace the far-field
tensor into the near-field one.

Figures 6(a-d) show the reconstruction obtained withoigenwhen the observation points
are located only above the substrate as in all the previouseig The objects are clearly well
located below the interface and the cubes are separatecevdowthe objects are not resolved
as clearly as in Figs. 5(a-d). This may be due to interacti@tween the objects and substrate’s
surface. The imaginary part of the relative permittivitgigremely well located on the left-hand
cube, although it appears above the surface like an abgpobiect. To improve the quality of
reconstruction, observations were carried out below amdealhe surface. The illumination
remains unchanged. We observe in Figs. 7(a-d) a good latializalong thez axis for the
real part of permittivity, and a good lateral separationadiulition, the imaginary part is now
perfectly located on the actual cube. We explain this resoilby looking at the Ewald sphere,
which is slightly enlarged with respect to tlxeaxis and much more enlarged in tk@xis
direction. In the case of the scattered field corrupted witisen 4 = 10%), Figs. 6(e-h) and
Figs. 7(e-h), show that the reconstruction is almost neradt by the presence of noise in the
data. This is particularly true when observation pointslacated above and below the surface
(Figs. 7(e-h)).

In all previous examples we have restricted our study toatbjsituated in a singléx, z)
plane. One may wonder what would be the reconstruction ibtjects are placed somewhere
else. This is investigated in Fig. 8 where the observatidntpare located above and below
the surface, the illumination being the same as previolstyure 8 presents the result of the
reconstruction of four targets located in differértz) planes. All objects are well retrieved.
In fact, objects can be distributed anywhere, we have onbgeh objects in particular plane
for sake of simplicity. In addition, the computational tirgeidentical for all cases presented
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Fig. 6. Map of the relative permittivity when the objects are embedded inubstrate.
The size of the investigating domain id Z 2A x 1.5A. We havea= A /4,c=A /3, and

§ =1.5+4+0.5i, & = 1.5, andes = 2.25. Left figures (a-d) are obtained without noise and
figures on the right (e-h) are obtained with a scattered field corruptedwiie (1| = 10%).

a) and e) show the real part of the permittivity in the plgne 0. b) and f) show the real
part of the permittivity in the(x,y) plane located at = —0.65A (dashed line). c) and g)
show the imaginary part of the permittivity in the plane 0. d) and h) show the imaginary
part of the permittivity in the plangx,y) located az= —0.65A (dashed line).
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Fig. 7. Same as in Fig. 6 but with measurements carried out from botiv lagld above the
surface. lllumination of objects remains unchanged.
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Fig. 8. Same as in Fig. 7 but with four objects located(-a0.3A,—0.3A,—0.651),
(—0.31,0.3A,-0.651), (0.3A,—0.31,—-0.651), and (0.3A,0.3A,—0.651), with £ =
2.25,6 =225+ 0.5i, ¢ = 2.25+ 0.5i, ande = 2.25, respectively.

in Figs. 6-8. Indeed, the computational time is completaljependent of the shape and the
distribution of the objects inside the investigating domai depends only of the size of the
investigating domain.

3.3. Complex configuration: Case of layered medium

The last configuration studied in this paper concerns aivelgtcomplex configuration. This
configuration involves a multilayered system with objedifferent permittivities. The chosen
geometry is depicted in Fig. 9(a). The illumination is thengaas in Section 3.2.2;80° <
gi"® < 80r, and the observation points are located only above thecirfa

Note that the computational time in this rather complex éasmly about 16 mn, which is
mainly due to the construction of the multi-layer tensa, matrix A. Once the matripA is
built the needed computational time for solving the invessattering problem remains almost
unchanged. Saving the matixwould be preferred for a repeated imaging objects present in
an investigated domain of fixed size.

Figures 9(b-e) show the reconstruction obtained with thergdry described in Fig. 9(a).
Note that each layer has its own color scale. In the case stlesis data, the map of the real
part of the relative permittivity, Fig. 9(b), shows that thigects are perfectly retrieved, except
the one slightly above the substrate. Figure 9(c), repteshe imaginary part of the relative
permittivity. It is shown that a single absorbing cube issgr in the layered medium. The
case where the scattered field is corrupted with ngise: 10%) is presented in Figs. 9(d)
and 9(e). The main effect of the noise is to perturb the mapeirhaginary part of the relative
permittivity. We noticed that when two cubes are locatedffieent layers but one on top of the
other, coupling occurs, thus hindering reconstructions Type of coupling, between different
objects present in different layers, deserves to be irgatstil more in depth.
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Fig. 9. a) Sketch of the studied configuration. The dimension of the inatistigdomain
is 24 x 24 x 2.2A anda= A /4. b) Real part of the relative permittivity in tH&, z) plane.
Notice that each layer has its own color scale. ¢) Imaginary part of theveepermittivity
in the(x,z) plane. d) and e) same as b) and c), respectively, but with noisy uatd 0%).

4. Conclusion

We have simulated an experiment of optical diffraction tgnaphy. The method that we pro-
posed is a full vectorial inversion scheme. It permits talze the objects and to discriminate
absorbing objects and transparent ones. The objects carhbeniogeneous space or put upon a
flat substrate or buried in a substrate. Is is also possiliiaridle a more complex configuration
with many objects in a layered medium. The main advantagewofm@thod is the rapidity. The
requested computational time is only few minutes. This lemputational time can be useful
in the biological applications, if one wants to localize tigects in stratified media. Notice that
if one knows the value of the relative permittivity of the ebis, then a post treatment can be
done which will enhance the resolution.
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